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Chapter 1

Introduction

Scattering theory can be schematically described as follows. We study an evolution equation

£(6) =0, (L1)

on R; x ¥ where ¥ is an n-dimensional manifold with or without boundary. Our goal is to
identify, for each solution ¢ in a certain class to be defined, some functions ¢+ that characterise
the behaviour of ¢ in the distant future/past. Moreover, the correspondance between the solution
and its future (resp. past) asymptotic behaviour ¢4 (resp. ¢_) should be one-to-one, i.e. there
are mappings, the so-called wave operators,

W+ g oF
that are invertible and allow to define the scattering map
S:= w7 twt

that summarises the whole evolution of the field. The functions ¢* may serve as asymptotic data
(referred to as scattering data) to reconstruct the field via the inverse wave operators. These
scattering data may or may not be functions on ¥ as we shall see in various examples in this
book.

One of us (JPN) wishes to express his deepest thanks to Alain Bachelot for his marvellous
lecture course on scattering theory that he was fortunate to attend in the early 1990’s. They
were unfortunately never published, probably because Alain felt that they were not bringing
any new material compared to the book by Lax and Phillips. However his presentation differed
sensibly from the book it was based on and was extremely detailed and pedagogical. Chapter 5
owes much to the lecture notes of this course.
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Chapter 2

Some notions of special and general
relativity

2.1 Minkowski space-time

Minkowski space M is R* endowed with the Minkowski metric, whose expression in Cartesian
coordinates is given by (the speed of light being taken equal to 1)

n=dt? — dz? — dy? — dz2. (2.1)

Another useful expression of the metric 7 is in terms of spherical coordinates. It is particu-
larly useful in order to perform an explicit conformal compactification. Is it a straightforward
calculation to show that

n=dt* — dr? — r’dw?, dw?® = d#* + sin® fdp?, (2.2)
where the spherical coordinates (r, 6, ) are related to (z,y, z) by
x=rsinfcosy, y=rsinfsinp, z=rsind.

The metric dw? defined in (2.2) is the euclidian metric on the 2-sphere.
The Minkowski metric acts on vectors at a point or vector fields on M as follows

9 ] ] ] B 9 9 3
_ 109 19 2 ¢ 39 _wod 1 0 5 0 5 0
VEV et et ey T e W e e W W e
77(‘/7 W) = nabvawb = VOWU — V1W1 _ V2W2 _ V3W3 ’
n(V,V) = (V) = (V)2 = (V)" = (V3. (2.3

Remark 2.1. Note that the tangent space to M at a given point p is R* endowed with the
Minkowski metric, but as a vector space. Minkowski space has the structure of an affine space.
The tangent space at any given point will be referred to as Minkowski vector space. We shall see
in Section 2.4 that it is the model for the tangent space to any space-time.

We see that for each point p € M, (2.3) distinguishes three disjoint classes of tangent vectors.

9



10 Some notions of special and general relativity

Definition 2.1. Let p € M, a vector V € T,M s said to be

o spacelike if n(V,V) < 0 (the projection of V' on the space directions is longer than its time
component),

o null if n(V,V) =0 (the time and space parts of the vector are of equal length),
o timelike if n(V, V') > 0 (the time part of the vector is longer than its space part).
Also V' is said to be causal if it is either timelike or null, i.e. n(V,V) > 0.

Remark 2.2. This gives us a local classification of curves (at least differentiable) as timelike,
spacelike or null according to the classification of their tangent vector at a point.

Remark 2.3. Let us consider on M the trajectory of a particle whose “experience” of time is
described by the variable t. This is a curve y(t) = (t,x(t),y(t), z(t)). Its tangent vector is

(0 = 57 + ()5 + 05+ )5

and
n((1),7(t) = 1 — () — §(t)* — 2(t)*.

In the framework of classical mechanics, the vector

V(t) = x(t)f)aa: + y(t)aay + Z(t)aaz

is understood as describing the speed of the particle at time t. At a given time t, we know that
the particle goes faster than, slower than, or at the speed of light, depending whether |V (t)|> =
)2+ 9@)2 + 202 > 1, [V@®)]? < 1 or |V(#)]? = 1. However there is nothing unique about
the choice of time parameter t, it is relative to the observer. A change of time parameter t will
change the value of the time component of 7 and the length of the space part of the tangent vector
will then need to be compared to some quantity other than 1 (in fact the length of the time part)
to compare the speed of the particle with that of light. As a matter of fact, even the notion of
time and space part is not well defined, many other choices are possible corresponding to different
choices of coordinates.

In relativity, the notion that replaces that of speed vector is that of 4-velocity vector, it is y(t),
the tangent vector to the trajectory of the particle. This is still a non unique notion since its
“length” changes with a change of parameter of the curve. Its direction however is an intrinsic
notion. And this gives us an intrinsic way of comparing the speed of a particle with that of light : a
particle at a given point moves faster than, slower than, or at the speed of light depending whether
the tangent vector field to its trajectory at that point (measured for any choice of parameter that
is not singular at that point) is spacelike, timelike or null.

A massive particle will move along a timelike curve, a massless particle will move along a
null curve.
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Definition 2.2. Given p € M, the set of null vectors in T,M is the cone

0 0 0 0
— _ 0 1 2 3 Y 02 12 22 3)2
(%_{V_VQ%+Vax+Vay+Vaf(v) (V)+OW«+W)}.

It is called the lightcone at p.

There are some useful orthogonality properties between vectors in the spacelike, timelike
and lightlike cases. They are worth writing and proving in details since the orthogonality for
an indefinite symmetric 2-form is less intuitive than for a positive definite one. First, let us
introduce some notations that will be used extensively in the following proofs. Let U € T,M, we
denote

U=U%,+U",

where U’ is the projection of U on the spatial directions, i.e.
U =U', +U%,+U?),.
We shall also denote |U’| the euclidian norm of U’
U = U+ 0P+ (0P
Let U,V € T,M, we denote by (U’, V') the euclidian inner product of U" and V"' :
UV =Uuv+ UV + UV,

Proposition 2.1 (Orthogonal to a timelike vector). Let T' be a timelike vector at a point p and
V € T,M such that n(T, V) =0, then V is spacelike or zero.

Proof. We assume that V' # 0. We know that T is timelike, i.e.
T° > |T"|.

Moreover,
n(T,V)=TV® —(T",V') = 0.

This implies in particular that V’ # (0,0, 0), otherwise the equality above would imply also that
Vo = 0 and this would contradict V' # 0. In addition, it follows that

! !/ ! !/
@V _ v

VO =
VA= = T

< |V'].

This concludes the proof. ]

Remark 2.4. This means that the orthogonal in T,M to a timelike vector at p for the metric n
is a hyperplane in T,M containing only spacelike vectors.

A vector orthogonal to a spacelike vector is not necessarily timelike, a simple example is given
by the vectors 9, and 9,, but if we restrict ourselves to a plane spanned by a timelike and a
spacelike vector, then the result becomes true.
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Proposition 2.2. Consider at a point p in M a spacelike vector V' and a timelike vector T'. Let
W be a vector in the plane spanned by T and V and that is orthogonal to V, i.e. n(W,V) =0,
then W is timelike or zero.

Proof. The restriction of 1 to the plane spanned by T and V is a quadratic form whose

matrix in the basis {T,V'}
A:<n@$>Mﬂm)
(T, V) n(V,V)

is real symmetric and has negative determinant
det A = n(T, T)n(V, V) = n(T,V)?.

Hence A has one positive and one negative eigenvalue. In the basis {V', W} (assuming of course
W #0), the matrix of the quadratic form is diagonal since n(V, W) = 0. Since n(V,V) < 0 and
the determinant of the matrix must still be strictly negative, it follows that n(W, W) > 0, i.e.
W is timelike. O

When looking at the space of vectors orthogonal to a null vector field, the situation gets more
unusual.

Proposition 2.3. Let V' be a non-zero null vector at a point p in M. The subspace of T,M of
vectors orthogonal to V' contains V' ; except for the straight line generated by V, it is entirely
composed of spacelike vectors ; it is the hyperplane tangent to the light-cone containing V .

Proof. The fact that V is orthogonal to itself is trivial since V is assumed to be null. The
vector V' can be decomposed as follows

V=v%,+V.

We can find two linearly independent vectors U and W in the hyperplane spanned by 0., 9y, 0.
which are orthogonal to V' for the euclidian inner product on R3. Then U, V, W are three linearly
independent vectors orthogonal to V' and which consequently span the hyperplane orthogonal to
V. Moreover they are mutually orthogonal and since V' is null and U and W are spacelike, it
follows that any linear combination of the three is spacelike unless it is parallel to V. O

Definition 2.3. Let S be a C' hypersurface in M. We say that S is :

o spacelike if its normal vector at each point is a timelike vector, this means that its tangent
plane at each point is entirely composed of spacelike vectors ;

o null if its normal vector at each point is a null vector, this means that its tangent plane
at each point is composed of spacelike vectors and one null direction given by the normal
vector ;

e achronal or weakly spacelike if its normal vector at each point is a causal vector ;

o timelike if its normal vector at each point is a spacelike vector, this means that its tangent
plane at each point is generated by one timelike and two spacelike vectors ;
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2.2 Manifolds, tensors

We start with a short description of manifolds and their tangent structures; for more details, we
refer the reader to the excellent book by do Carmo [15].

Definition 2.4 (Differentiable or €* manifold). A real n-dimensional differentiable (resp. €*)
manifold is a set M equipped with a differentiable (resp. €*) atlas, i.e. a family {U,} of open
sets in R™ and a family of injective maps ¢, : U, — M such that

1. the family {Vo = ¢oa(Ua)} is a covering of M, and

2. for any a and B such that W = ¢o(Uy) N ¢sUs) # 0, ¢ (W) and gZ)El(W) are open sets
of R™ and the map (Z)él 0 o P HW) — qﬁgl(W) is differentiable (resp. €% ).

The pairs (Uy, ¢o) are called local parametrisations of M or local charts.

From an atlas, we can easily construct a mazximal atlas by adding all possible parametrisations
that are compatible with the ones we already have, in the sense that they satisfy the second property
above. A mazimal atlas is called a differentiable structure.

A € manifold will also be called a smooth manifold.

Examples. For all n € N* R" is an n-dimensional smooth manifold, with the 1-chart atlas
{(R™,I)}. Parametrised surfaces in R? are 2-dimensional manifolds and they are submanifolds
of R3. For instance, the unit 2-sphere S? can be realised as a 2-dimensional manifold with an
atlas with two charts

Uy =0, [x]0,27[, ¢1(0,¢) = (sinf cos p,sinfsin p, cosb),
Uy =0, 7[x]0,27[, ¢2(0, ) = (—cos b, —sin O cos ¢, sin O sin ).
Remark 2.5. A smooth differentiable structure induces a topology on M and allows to define

the notion of a differentiable function from M into another differentiable manifold, by requiring
that the function conjugated by local parametrisations

Uil ofoda t Us— Vg

be differentiable. This induces the definition of the differential of a function. If we have a smooth
differentiable structure, we have access to the notions of smooth functions and distributions (see
Chapter A).

It turns out that any differentiable n-dimensional manifold M is in fact a submanifold of R¢
for d large enough depending on M and not just on n, this is a theorem due to Whitney in 1936
[60]. A submanifold of R? can be defined in a slightly different manner as follows, taking the
ambient space into account.

Definition 2.5. A €% submanifold of R? of dimension n € {1,...,d — 1} is a subset S of R?
such that, for any point py € S, there exists V a neighbourhood of py in R, U a neighbourhood
of 0 inRY and ¢ : U =V a €% diffeomorphism such that $(0) = po and

SNV = {p:¢(Q)§ q= (xl,..,ajn,(),...,()) € U} )

i.e. it is a subset of R® that can locally be straightened as an n-dimensional plane.
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The theorem by Whitney suggests that the notion of a submanifold is sufficient, but given
an n-dimensional manifold, it is not always natural to describe it as a subset of a larger R? and
it is often much easier to consider it intrinsically as a manifold.

Definition 2.6 (Tangent and co-tangent bundles). Let M be an n-dimensional differentiable
manifold and p € M. A differentiable function from |—e, e[ to M is called a differentiable curve.
Consider a a differentiable curve such that a(0) = p and F a family of differentiable functions
from M to R. The tangent vector to the curve o at t = 0 is the map o' (0) from F to R defined
by
o/(0)f = 2D o).

All such maps are called tangent vectors to M at p, they form an n-dimensional vector space
denoted T, M and called the tangent space to M at p. Its dual T; M is called the cotangent space
to M at p, its elements are co-vectors at p. We denote by TM (resp. T*M) and call tangent
bundle (resp. cotangent bundle) the set of pairs (p, X) where X € TyM (resp. X € Ty M). Both
are smooth manifolds of dimension 2n. The sections of TM (resp. T*M) are maps from M
to TM (resp. T*M) that can be continuous, differentiable, €*, smooth or even distributional.
The sections of T M are called vector fields and those of T* M are called 1-forms. The spaces of
sections of TM and T* M are denoted T'T M and I'T* M. The differential is a linear map from
D' (M) into TT*M.

Definition 2.7 (Coordinate basis). Consider a differentiable manifold M and a local parametri-
sation (U, ¢). The coordinates functions x',...,x™ on ¢(U) are the differentiable functions defined
by o' = 1o ¢! where w is the projection on the i axis on R™. Their differentials dat, ..., dz"
at each point p are linear forms on TyM, they form a basis of TyM; its dual basis, denoted

0

8‘/1;1 VRS 81‘7’1}
bases.

or simply 0,1, ..., Opn, is a basis of T M at each point p. These are called coordinate

A tensor bundle on M is a multiple tensor product of the tangent bundle T'M and the
cotangent bundle T* M. The sections of a tensor bundle are called tensor fields. The valence
of a tensor bundle reflects the number of times the tangent and cotangent bundle appear in the
tensor product. For instance,

TMITMKTMQT*M and TM @ T*M @ T*M

2
information on the order in which we take the tangent and cotangent bundles in the tensor
product, but changing the order is meaningless as the different permutations give bundles that

are respectively tensor bundles of valence [ g } and [ ! } The valence does not give any

can be canonically identified. Tensor fields of valence [ 2 ] are called p-forms. Differential forms

are completely skew p-forms.

2.3 Abstract index formalism

Projecting tensors onto local bases is very useful for doing explicit calculations. The disadvantage
of such calculations is that sometimes, they depend on the basis chosen. The intrinsic aspect of



Abstract index formalism 15

the result is therefore often a problem. However, in many cases, the advantage of a local basis is
purely notational, in keeping track of the indices. This is what led Roger Penrose to developing
the abstract index formalism. A complete axiomatic description of this set of notations is given
in Spinors and space-time Vol.1 [45]. We simply intend to give a flavour of the essential idea
here in order to be able to use this formalism for explicit calculations.

Abstract indices

Consider T a tensor field of valence [ T: ] . We shall denote T' with indices, m up and n down,

in order to be able to see the nature of this object purely from the way it is denoted. The indices
used are always lower case lightface latin letters', possibly with indices themselves. Here for
instance, we would do well to use a notation like
Ty

For the moment, the respective position of an index that is up and another that is down is
unimportant, for the reason already mentionned earlier that the product on R is commutative,
therefore there is no reason a priori to distinguish between a ® V and V ® a, where « is a 1-form
and V a vector field. So we write the up and down indices above one another.

It is important to understand that the notation above does not refer to a collection of com-
ponents in referrence to a basis. It is the intrinsic tensor field to which we have just put some
stickers to see how many legs up and down it has®>. The tensor T" has m 1-form arguments and
n vector field arguments. Suppose we wish to express

T(a,B,....;y, UV, ..., W) (2.4)

with abstract indices, we shall denote the 1-forms with an index down, since they are tensor fields

of valence [ } and the vector fields with an index up since they are tensor fields of valence

1

[ (1) ] . Then the notation for (2.4) will be

a1a2...a b b bn
Tblle?..bn'maa1BQ2"'7a7rLU 1V 2W .

There is no sum over indices of course since these are not indices that take numerical values,
purely labels. The fact that an index is present once up and once down in the same expression
means that a contraction has to take place, this denotes the action of one “leg” of the tensor on
a vector or a 1-form. This is the abstract index version of the Einstein convention. The order of
the factors in the above expression is irrelevent, the repeated indices simply tell us in what slot
a vector or a 1-form should be contracted.

'In Penrose’s abstract index formalism, indices denoted by upper case latin letters are for spinors and indices
denoted by greek letters are for twistors. As for boldface indices, they are concrete indices with referrence to a
basis.

2Indeed, a more abstract set of notations has been developed by Penrose, consisting purely of diagrams with
legs. See [45] for a description of the “legged diagram” formalism.
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The tensor bundles of a given valence can be denoted with abstract indices too, for example
2
T,S denotes T*S and TS is the tensor bundle of valence [ 1 } .

The link between the quantities with indices and without indices is formally realized by
objects denoted dx® and aga' For instance,

0

V=ve
oz’

0
a = qgda®, T:Tl?cﬁéédxb@dxc.

This looks like a decomposition on a basis, but the indices are all abstract, this is purely a formal
link between indexed and non indexed quantities. This type of link is required for the coherence
of some expressions. Typically, if we integrate a 1-form on a curve, we wish to obtain a scalar,
hence without an index, so it is clear that the expression

I:/aa,
€

is inadequate. Instead, the following expression should be used

I—/aadxa.
€

Another good reason for using these dx® and 82“ conventions is that most expressions should be

the same with abstract indices or with concrete indices referring to a basis.

Symmetrizers and anti-symmetrizers

The symmetry operations on a tensor can now be expressed explicitely. If we swap two indices
(they have to be both up or both down for this to be legitimate), this means that when applying
the tensor to 1-forms and vectors, we shall swap the corresponding arguments. The symmetry
operations known as symmetrizers are denoted by parentheses on each side of the group of indices
it applies to, and anti-symmetrizers are denoted by square brackets. For example

1
Theya = 5 (Thea + Toa) »

bd 1
N:} c| _ 5 <N€a})cd o Neabed> ’

1
= (Kabc + Kbca + Kcab - Kbac - Kacb - cha) .

K[abc] = 6

If we wish to exclude an index or a group of indices from a symmetry operation, we put them
between vertical bars, such as

1
b b b
Tcldelpyg = 9 (ngefg + TJ(‘Ide@) :
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Concrete indices

Concrete indices refer to a given basis and label the components of tensors with respect to
this basis, they take numerical values. They are denoted by boldface lower case latin letters.
They also label the basis vectors and 1-forms. For instance, a frame {V1, ..., Vi } will be denoted
{Vata=1,..r and the dual basis of 1-forms {&®}a=1, . As indexed objects, the basis vectors are
denoted V' and the 1-forms of, i.e. we can write

. 0
Va=Vig o

There is no contraction possible between a concrete index and an abstract index,
they are objects of different natures.
The decomposition of a vector or a 1-form in the basis is written as

W = WaVe or W = WaV,,
Ba = Pacd or = fac®.

For handwriting, boldface letters are not exactly natural, instead one can underline the indices
to signify that they are concrete indices.

2.4 Space-time, metric, connection, curvature

The framework of general relativity is a space-time: it is a 4-dimensional manifold equipped with
a Lorentzian metric. We start by defining this notion.

Definition 2.8 (metric). Let M be a smooth manifold of dimension n. A metric on M is a
symmetric 2-form on M that is non degenerate.

Consider a metric g on M, for any point p of M there exists a neighbourhood U of p and a
local frame (i.e. a family of n linearly independent vector fields) {V1,..,V,,} that is orthonormal

for g i.e.
[0 i#],
We say that a metric g on M has signature +... + —...— with k£ “4” and n — k “—" if, for any

point p of M there exists a neighbourhood U of p and an orthonormal local frame {V1,..,V,}
on U such that for exactly k values of i € {1,...,n} we have g(V;,V;) = 1 and for exactly n — k
values of i € {1,...,n} we have g(V;, V;) = —1. When the signature is + + ...+, the metric is said
to be Riemannian; when it is + — ...— (resp. — + ...+), it is said to be Lorentzian.

We can now give the definition of a space-time.

Definition 2.9. A space-time is a pair (M, g) where M is a 4-dimensional real smooth manifold
that is orientable and g is a Lorentzian metric on M of signature + — ——. The tangent space
at each point p of M equipped with the quadratic form g at p is isometric to Minkowski vector
space.
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The relativity community is divided into two sub-communities according to the preference
between the signatures + — —— and — + ++ for Lorentzian metrics. Each community has good
reasons for their choice. By and large, the two conventions are purely a matter of taste, except
when one deals with spinors using the 2-spinor formalism, in this case, the signature + — —— is
preferred. This is the convention we adopt.

Remark 2.6 (The metric as an index raising and lowering operator). Consider a space-time
(M, g). To a vector V* at a point we can associate a covector by contracting V' into the metric
at that point. We denote by V, the covector thus obtained

Va = ngab .

Since the metric is a non degenerate symmetric 2-form, this operation is an isomorphism between
vectors and covectors. We denote by g the inverse operator, i.e.

Ve — gab% )
. . 2 ‘
Then ¢® is a symmetric tensor of valence [ 0 } and by construction we have

gabgbc = 52 ,

where 65 is merely an operator that replaces the index a by the index c, i.e. it transforms a vector
field into the same vector field but with the index denoted by another letter. In terms of concrete
indices, gap will be the matriz of the metric in the chosen basis, g2° will be the inverse matriz
and 03 is the usual Kronecker symbol, that is 1 is a = ¢ and 0 otherwise, i.e. the identity matriz.

Remark 2.7 (Musical isomorphisms). For vector fields and 1-forms, the raising and lowering of
indices using the metric is sometimes denoted using the ‘sharp’ and ‘flat’ notations and referred
to as the musical isomorphisms. So if o is a 1-form and V® a vector field, the notations ot and
V? refer to the vector-field a® and the 1-form V.

As soon as we start raising and lowering indices using the metric, we realize that the respective
position of up and down indices may have some importance. Typically we want to avoid the
following absurdity

g ITS =T g T = TS whence TS, = T3

dec cde dec

which looks like a symmetry property whereas it should just be T = T. Hence, in some cases
where we wish to keep track of indices through raising and lowering operations, we will order all
indices, irrespective of their position up or down. We will have notations like

gaiTabcdef = T’ibcdef .

We will need to differentiate tensor fields (sections of tensor bundles), for this we need a
connection, we will use the Levi-Civita connection.

The Levi-Civita connection on a Lorentzian manifold is defined exactly as in the Riemannian
case, in fact the definition and uniqueness of the Levi-Civita connection are independent of the
signature of the metric.
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Definition 2.10. Let M be a smooth manifold. A connection V, is an extension of the differ-
ential to arbitrary tensor fields, such that:

1. it is linear from any tensor bundle F to T*M ® F';

2. it satisfies the Leibniz rule.

Theorem 2.1 (Levi-Civita connection). Let (M,g) be a space-time. There exists a unique
connection V, such that:

1. it is torsion-free, meaning that [Vo, V| f = 0 for any scalar field f, where [Vy, V] is
the commutator of Vo and Vy, [Va, Vi = VoV — VpVa;
2. it commutes with the metric, i.e. Vagpe =0 and Vagbc =0.
It is called the Levi-Civita connection. In a local coordinate basis ex = 0a, da?, denoting
Va = Vy, = (9a)"Va,
its action on vector fields and 1-forms is given by:
(VaV)P = dzP(VaV) = 8.VP + TaPve,
(Vaw)b = (Vaw)(ep) = dawb — I'ap we

and for a tensor field of valence [ 5 },

(vaK)ll...lpj g — aaKll.”lpjl...jq _ Fajlellmlpb...' - — FajqbKlln'lpjl...b

1---J Jq
+ Fathb...ipjlqu + ...+ FabipKil"'bjln_jq , (2.5)

where the Christoffel symbols are defined by
1

Cap® = §9°d (Oagba + Obgad — dJab) (2.6)

and satisfy
Lap® = Tan) -

Remark 2.8. [t is important to note that the Christoffel symbols T'a1° are not a tensor field:
it is very easy to see that they depend on the choice of local coordinates. For instance, on
Minkowski space-time in cartesian coordinates, the Christoffel symbols are all zero, but this is

not the case in spherical coordinates. However, the connection is an intrinsic object independent
of the coordinate system.

Proposition 2.4. When the commutator of two covariant derivatives acts on tensor fields of
arbitrary valence, it involves a mew tensor field: the Riemann curvature tensor Rgpeq. More
precisely,
[Va, Vo] K" 5 = Rapc K" . 4 ...+ Ra" K",
— Ry "K g o— o= Ry K g (2.7)

In a local coordinate basis, its expression in terms of the Christoffel symbols is given by

Rabcd = ab (Facd> - 8a (Fbcd> + 11bceraed - Facered . (28)
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Although the Christoffel symbols and the Riemann tensor can be calculated by hand, it is
much faster and often safer to use a formal calculus software (we strongly recommend SageMaths
[50] which is free and open source) for such calculations.

Theorem 2.2. The Riemann tensor has the following symmetries:
1. Rigpyea = 0;
2. Rap(ea) = 0;
3. R[abc]d = 0; it 1s the first Bianchi identity which, using Rgp)cq = 0, becomes

Rabcd + Rbcad + Rcabd =0;

4- VigRyq® = 0 (second Bianchi identity).

Definition 2.11. We define some important curvature quantities that are special parts of the
full Riemann tensor:

e the Ricci tensor Ry is the trace of the Riemann tensor in its second and fourth indices

- _ cd .
Rab = Racbc - gc Racbda

e the scalar curvature R is the trace of the Ricci tensor
R:=R," = gabRab
and it is often denoted by Scaly;

e the Finstein tensor G, is defined as
1
Gap = Rap — §Rgab;

o the Weyl tensor Cupeq 1S the trace-free part of the Riemann tensor

1

1
Cabed = Raped — 3 (9aieRapp — gpjcRaja) + 3

Rga[cgd]b .

Proposition 2.5. We have the following properties of the Ricci and Einstein tensors:
1. Ray = Rap) (which implies immediately Gap = G (qp));
2. ViGg = 0.

The Einstein vacuum equations that characterize the geometry of an empty universe are
simply
Gap=0. (2.9)
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In the case of a universe containing energy or matter, the Einstein equations will become
Gap = 811y

where Ty is a tensor (referred to as the stress-energy tensor) describing the distribution of matter
and energy in the universe.

Considered as an equation on the metric, Einstein’s equations are a system of non linear
second order partial differential equations. Taking the trace of G, we obtain

1
Go"=R," ~ jRg." =R 2R = -R,

whence (2.9) is equivalent to

Ry =0. (2.10)

Einstein vacuum space-times are also referred to as Ricci-flat space-times.
There is a modified version of the Einstein equation, due to Einstein himself in 1917, involving
a constant A called the “cosmological constant”. It has the following form

Gab + Agab = 87TTab . (2.11)

A usual description of the reason why Einstein introduced this modification is that, for religious
reasons, Einstein favoured a static universe and the original form of the theory did not allow
for it unless it is also flat. The cosmological constant induces a repulsive force which Einstein
adjusted so that it would counterbalance gravitation exactly. His new version of the theory thus
allows for a static universe: the Einstein cylinder which we shall encounter again later. In fact,
the reason is completely different and of a scientific nature. Einstein was trying to describe the
movement of galaxies using statistical mechanics and trivial topology led to inconsistencies in
their behaviour. This is what led him to change the topology and a natural manner of doing this
was to introduce the cosmological constant. This unfortunately prevented him from discovering
the expansion of the universe which Hubble proved in 1929. He subsequently declared that this
was his greatest mistake. It is interesting to notice that observations made from 1993 to 2005
show that the expansion of the universe is now faster than we would expect. A well accepted
explanation is that a repulsive force induced by a cosmological constant is responsible for it: in
the early stages of the universe, the expansion from the big bang was slowed down by gravity,
but as the universe expanded, the effects of gravity weakened and this repulsive force (referred
to as dark energy) accelerated the expansion. The universe would appear to have a small but
strictly positive cosmological constant. It is regrettable that Einstein never knew that his greatest
mistake was just another brilliant idea.

Taking the trace of (2.11), we see that in the vacuum case, i.e. for T,; = 0, the cosmological
constant is a multiple of the scalar curvature:

1
A=-R.
R
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2.5 Causality, global hyperbolicity

If (M, g) is a space-time, then we can find in the neighbourhood of each point an orthonormal
basis. In such a basis, the metric g is described by the matrix

oo o=
oo~ o
|
o~ OO
_ o oo

The tangent space at each point is therefore a copy of Minkowski vector space. This gives us
natural definitions of timelike, spacelike, null and causal vectors and a similar classification for
curves and hypersurfaces.

Definition 2.12. Let p € M, a vector V € T, M is said to be
e spacelike if g(V,V) <0,
o null if g(V,V) =0,
o timelike if g(V, V) > 0,
e causal (or also non-spacelike) if g(V, V') > 0.

The definitions of timelike, spacelike, etc... for curves and hypersurfaces follow exactly as
they do in Minkowski space.

Definition 2.13. A time orientation on a space-time (M, g) is a globally defined nowhere vanish-
ing continuous timelike vector field on M. If a time orientation exists on (M, g), the space-time
1s said to be time orientable.

Definition 2.14. Let (M,g) be a time orientable space-time and T* a time orientation. A
causal vector V at a point is then said to be future oriented (resp. past oriented) if gV eT® > 0
(resp. gapVeT® <0).

The following proposition establishes, among other things, that the definition above is mean-
ingful.

Proposition 2.6. Let (M, g) be a time orientable space-time on which we consider T* and 7®
two time orientations. Then one of the two following assertions is true:

(1) for any causal vector V at a given point, the signs of gV eT® and gV er® are the same;
the orientations are then said to be the same or compatible;

1) for any causal vector V at a given point, the signs of gaVeT? and g Ver? are opposite;
Y g g g g
the orientations are then said to be opposite.

Proof. On Minkowski space-time, we have the following result.
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Lemma 2.1. Consider a timelike vector T = T, + T'0, + T28y + T30, and a non-zero causal
vector V.=V8, + V10, + V29, + V30, at a point p in M. Then the sign of n(T,V) is that of
TV,

Proof. We have T? # 0 since T is timelike and V% # 0 since V is non-zero and causal. Then
denoting T = T°0; + T" and V = V99, + V",

n(T, V) = 1T°VO — (1", V')
_ 030 (1_ <T’,V’>> '

T0V0
Now
(T, vh| _ 7' V' <1
TOVO | = 79[ [VO]
since T is timelike and V is non-zero an causal. Hence the result. O

Lemma 2.1 entails the result of Proposition 2.6 by choosing orthonormal frames in an open
covering of M. O

Proposition 2.7. Let (M, g) be a time orientable space-time. A spacelike vector has no time
ortentation. More precisely, given V' a spacelike vector at a point p, there exist two choices Ty
of timelike vectors at p with the same time orientation such that g(Tx, V') have opposite signs.

Proof. Consider W a timelike vector at p orthogonal to V. For £ > 0 small enough, the vectors
T:t =W £V

are both timelike and belong to the same component of the light-cone at p, moreover the quan-
tities
9(T4,V) = £eg(V, V)

are non zero and have opposite signs. ]

An important notion is that of the domain of dependence of a set (we also define the domain
of influence):

Definition 2.15. Let (M, g) be a time orientable space-time on which a time orientation has
been chosen. We consider a set A in M.

e Domain of influence. The future (resp. past) domain of influence of A in (M,g) is
the set of points of M that can be reached from a point of A along a future (resp. past)
oriented causal curve. These are often merely referred to as the future or the past of A.
The domain of influence of A is the union of its future and past domains of influence.

e Domain of dependence. The future (resp. past) domain of dependence of A in (M, g)
is the set of points of M such that all inextendible oriented causal curves containing M
intersect A in the past (resp. future) of M. The domain of dependence of A is the union
of its future and past domains of dependence.



24 Some notions of special and general relativity

This is related to the concepts of Cauchy hypersurfaces and global hyperbolicity. Of all the
equivalent definitions that have been proposed for a globally hyperbolic space-time, the first one
being due to Leray, the clearest is certainly that which R.P. Geroch put forward in 1970 [18].
The fundamental definition is that of a Cauchy hypersurface.

Definition 2.16 (Cauchy hypersurface). Let (M, g) be a time orientable space-time. A Cauchy
hypersurface on (M, g) is a hypersurface X satisfying:

1. X is spacelike;

2. every inextendible timelike curve intersects ¥ at exactly one point (in particular, this entails
that the domain of dependence of ¥ is M ).

We see that this is an adequate surface on which to impose initial data for covariant equations
(a covariant equation on a Lorentzian space-time will necessarily be a generalization to the case of
a curved space-time of covariant equations on Minkowski space, which are hyperbolic equations),
since they propagate the information at finite speed lower than or equal to the speed of light; the
condition that the domain of dependence of ¥ should be the whole space-time is exactly what
ensures that by specifying some data on X, we have enough information to propagate the solution
to the whole space-time. Moreover, the second condition is here to guarantee that the information
propagated along causal geodesics does not come back to a point where the solution is already
determined, thus creating some possible incompatibility. A globally hyperbolic space-time as
defined by Geroch is simply a space-time that admits a Cauchy hypersurface.

Definition 2.17. A time-orientable space-time (M, g) is said to be globally hyperbolic if it admits
a Cauchy hypersurface.

Remark 2.9. The original definition of global hyperbolicity is more complicated. It is the property
for a time orientable space-time to be causal (i.e. to admit no causal loop) and to be such that
the intersection of the past of one point and the future of another, if non empty, is compact.
Geroch [18] established that this is equivalent to the existence of a Cauchy hypersurface. This is
also equivalent to saying that the set of C' causal future-oriented paths between any two points is
compact in the C' topology. For a thorough presentation of all the notions of causality one can
define on a space-time, see [36].

So globally hyperbolic space-times are essentially the space-times for which the Cauchy prob-
lem makes sense. The space-times in which it is hardest to make any sense at all of the Cauchy
problem are called totally vicious space-times, they are such that any point can be reached from
any other point in the space-time along a future oriented timelike curve. An example of a totally
vicious part of a space-time is the inner part of a rotating black hole.

In fact, global hyperbolicity has stronger consequences: the existence of a smooth time
function ¢ whose level hypersurfaces ¥; are all Cauchy hypersurfaces and are diffeomorphic to
a fixed 3-surface X. For a long time, the only available proof of this result was due to Geroch
and his construction only guaranteed the existence of a continuous time function whose level
hypersurfaces were homeomorphic to a fixed hypersurface. The work of Bernal and Sanchez
[3, 4] proved that the time function can be chosen smooth when the metric is smooth. Their
result in fact gives a €* time function when the metric is €.

Examples.
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1. Minkowski space-time is a globally hyperbolic space-time and ¢ is a natural global time
function on it whose level hypersurfaces are all diffeomorphic to R? and are Cauchy hyper-
surfaces.

2. Removing a single point p from Minkowski space-time deprives it of its global hyperbolicity.
Any inextendible timelike curve v in M going through p will be split in the new space-
time into two inextendible timelike curves, 1 lying in the future of p and -5 lying in its
past. Any spacelike hypersurface on Minkowski space-time that does not contain p, fails to
intersect either vy or 2. Therefore any spacelike hypersurface in the new space-time fails
to intersect either v or 2. It follows that the new space-time does not admit a Cauchy
hypersurface.

3. Another less obvious example can be obtained on R x R™ with a variable speed of light as
follows
g = v(r)%dt? — dr® — r2dw?,

where dw? is the euclidean metric on the (n — 1)-sphere. The lightcone of the origin will
exist globally and be generated by integral curves of the vector field

0 0
V—a‘i‘v(r)a

For any such integral line starting from the origin and for any r; > 0, the time #; at which
it reaches the value r = rq, if it does, is given by

T 1 d
t1 = / ——dar.
o v(r)

v(r) =1+7r2.

Take for example

jus

Then the lightcone of the origin reaches infinity in the future in finite time, at t = 3

precisely since
+00 1
/ L oa=T
0 1 + 7"2 2

Moreover the lightcone of the origin is time symmetric.

Any spacelike slice going through the origin will be caught between the two components of
the lightcone and will therefore be contained in the strip

m™ T

Q=]-2 =
=33

[xR"™.
Consider now an integral curve of the timelike future-oriented vector field

o w(r)d
U= —+——

ot 2 ar
going through the point (27,0) € R x R™. These curves start at infinity at time 7 and

end up at infinity at time 3w. Therefore they are inextendible timelike curves that never
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meet any spacelike slice going through the origin. For any spacelike slice, let (tg,0) be
the coordinates of its intersection with the time axis, then by translating the previous
construction in time by fy we also obtain families of inextendible timelike curves that do
not touch the slice. This space-time therefore does not admit any Cauchy hypersurface; it
is not globally hyperbolic.

4. Another classic example is the universal covering of anti-de Sitter space-time. It is given
in stereographic coordinates on R; x R} x S2 by the metric

1
2,742 2 21,2
We have a family of null vectors at each point (¢,7,w) given by

9 5 O

We have exactly the same effect of widening of the light-cones as in the previous example.
The light-cone of the origin reaches infinity at time ¢t = /2.

2.6 Differential forms and conservation laws

Recall that the bundle of differential 1-forms on M is simply A'(M) = T* M and the bundle of
differential p-forms is the p'" exterior power of A*(M), i.e.

AP(M) = AL M) AAY M) A o AAE M),

p times

it is the totally skew part of
T"MIT" MR .. T*M

/

p times

Definition 2.18 (Volume form). The volume-form on (M, g) is the 4-form e whose expression
in a coordinate basis is given by (the ordering of coordinates being chosen in agreement with the
orientation of M)

e =/]g|dz® A dat A dz? A da. (2.12)

Equivalently, it is defined as follows : consider an ortonormal basis B = {eq,e1,e2,e3}, for any
set of 4 vectors {U,V,W, Z}, denoting UY, U, U%, U3 the components of U in B, etc..., we have

UO VO WO ZO
Ul Vl Wl Zl
Uz vz w? z?
us v w3 z3

CabeaUVPWeZ?E = det (2.13)

We shall often simply denote the volume form dVol, or dVoly to make the relation to the metric
explicit.
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The volume form has the following useful properties :

Proposition 2.8. The volume form is covariantly constant, i.e.

Vieaped = 0.
Moreover,
_ q r s d _ q d _ q]
Cabed€”?™* = —24gPglg" g5 | eapeac?™ = —6gPglgl | eqpeac? = —4gP gl |
bed bed d q
eabcdep = _6957 eabcdea = _247 eabc ecdpq = _4gt[ngb] .

Proof. The proof of the covariant constancy follows easily from the expression of the volume
form in terms of the spinorial symplectic forms (see [45], Vol. 1, p. 138, eq. (3.3.31)). The proof
of the other properties is merely a matter of counting permutations. O

We shall essentially use differential 1-forms and differential 3-forms (often simply referred to
as 1-forms and 3-forms) in the context of conservation laws (exact or approximate). Hence we
will often make use of the Hodge duality and of Stokes’ theorem.

Definition 2.19 (Hodge dual). Let w € T'(AP(M)), 0 < p < 4, the Hodge dual of w is the
(4 — p)-form defined by
1
kW I= —e ... W, (2.14)
p! ~—~—

p times

where e is the volume-form on (M, g). More explicitely,

o for a 0-form f
(*f)abcd = feabed ;

o for a 1-form «
d
(*a)abc = €abcd® " ;

e for a 2-form [

1
(*B)ab = ieabcdﬁai;
o for a 3-form
1
(*V)CL = geabcd’}/b(zd;
o for a 4-form e
1
(x€) = — eapeac™ .

24

The Hodge star is an isomorphism between p-forms and (4 — p)-forms, as the following
property, which is a direct consequence of Proposition 2.8, shows :

Proposition 2.9. For a p-form «, we have

* (k) = (—1)p+1a.
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Proof. This is obvious for a 0-form, let us check the property for the other types of forms.
e p=1:

1 .
*(xa)g = feabcdeb“hai

1 ) 1 )
= _*eabcdedeZai = _7(_69Z

1 g
d
*(*a)ab = ieabcdec Z]aij
d
= ieabcdgemc Q5
_1(_41'3'),.' is sk
= ;(~4gag,)aij since a is skew,

= —Ogp-

1 ..
dijk
*(*a)abc - eabcdge J

1 1 > A
ijkd
= ——e€gbed=€”?" Oy
6 abcd2 ijk

1 -
= —5(—6959igf])aijk

= gzgig(]fozijk since « is skew,

Qijk

= OQgpc-
e p = 4. In this case we have agped = feabed, hence

1 ..
ijkl
*(¥Q) gbed = eabcdﬂe] ikl

1 .
ijkl
= €abed® €ij
24 abed f ijkl

1

= ﬂ(_24)feabcd = —Qgbcd -

This proves the proposition. ]
The Hodge * operator has the following property, that entirely characterizes it :

Theorem 2.3. For any two p-forms o, B, 1 < p <3,

aAxf = (—1)?%@, B)ge, (2.15)

where
<a7 /B>g = aal...ap/Balmap .
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Proof. We write the proof for each value of p.

e p = 1. Since the quantity aA*[ is a 4-form, it is necessarily a multiple of the volume form,
all we need to do is work out the proportionality factor. We proceed as follows : since

aN*f = ajq (%8)ped) = [eabed
then
g (+B)peq et = —24f .
We calculate

Alq (*/B)bcd]eade = Qq (*/B)bcde

i _abed
= aaebcdiﬁ €

= _eibcdeadeaaﬁi = Ganaﬁi = 605i/6i .

abed

Whence

1
(Oé A *B)abcd = _Zaiﬁzeabcd .

e p =2. We proceed similarly :

Qlab (*ﬁ)cd}eab“l = Qgp (*ﬁ)cdeade

i abed
= O‘abiecdijﬁweac

1 3
= ieijcdeadeO‘abﬁw
= 5(_492‘(19]' o3

a
(2

= —20éijﬁij .

ggaabﬂ” since « is skew,

Whence

1 -
(e N %) gbed = ﬁaijﬁmeabcd .

e p=3:

Alabe (*/B)d]eade = Oghc (*ﬁ)deade

1

- aabcgedijk

1 .
= e o
1 .
= _6(_6)gz[ag?gz]aabcﬁwk
= g'ghgiaancB" since o is skew,

i
= BT

5ijk€abcd

Whence

(@A) abed = _ﬂaijkﬁijkeabcd .
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This concludes the proof. O

If instead of taking the exterior product with another 1-form, we take the exterior derivative of
the Hodge dual of a 1-form, we recover a 4-form which is (—1/4) times the dual of the divergence
of the associated vector field:

Proposition 2.10. Let a be a 1-form, we have

1 .
(d(*a))abcd = _Zviazeabcd .

Proof. The proof is analogous to that of the case p = 1 in the above theorem, with just an
additional ingredient : the covariant constancy of the volume form. O

We now turn to conservation laws, i.e. to Stokes’ theorem for the Hodge dual of a 1-form.
Recall Stokes’ theorem for a 3-form :

Theorem 2.4. Let Q a bounded open subset of M with piecewise C' boundary S. Let w €

L(A3(M)), C on Q, then
/w:/dw.
S Q

In the case where w is the Hodge dual of a 1-form « the above equality gives the Lorentzian
generalization of the divergence theorem.

Theorem 2.5 (The divergence theorem). Let 2 be a bounded open subset of M with piecewise
€' boundary S, n® an outgoing normal vector field to S and I* a vector field transverse to S
such that l;n® = 1. Let a be a 1-form €' on Q, then

/ agn®(ludVol) = / V.a%dVol.

S Q

Proof. We have essentially already proved the result above. Take the 3-form w to be
w = *a,

then .
dw = —Zvaa“dVol.

Moreover, denoting by n” the 1-form (n’), = nq (see Remark 2.7),

/S*a = /S(l,n>g>ka

_ /Sl_n(nb/\*a)—/snb/\(l_n*a)
s

=0 since nlS

= / (=LY aan®(1dvol). (2.16)
s 4

This concludes the proof. ]
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The left-hand side of the equality in Theorem 2.5 is the outgoing flux of the vector field
a® = g%ay, also denoted af. Generally, we can define the flux of a vector field across an oriented
hypersurface as follows.

Definition 2.20. Let S be an oriented, piecewise €1 hypersurface and J a vector field defined
in the neighbourhood of S. Let n be a normal vector field to S whose orientation is compatible
with that of S and | a transverse vector field to S such that g(I,n) = 1. The flux of J across S
is defined by the two formulae whose equality is established in (2.16)

Fo(J) = /S Jan® (1sdVol)

= —4/*Jb.
S

2.7 Flow of a vector field, Lie derivative, Killing vectors

Beside the covariant derivative along a vector field, there is an important type of directional
derivative called the Lie derivative. It is independent of a choice of connection and is a derivation
along the flow of a vector field. We start by defining the flow of a vector fields and its action on
tensors.

Consider on a space-time (M, g) a C* vector field V, i.e. a C* section of TM.

Definition 2.21 (Integral curve). An integral curve of V is a curve in M that is a mazimal
solution to the equation

V'(s) =V(v(s))- (2.17)

By the Cauchy-Lipschitz theorem (used in open sets of R™ through local charts), we have
existence and uniqueness of maximal solutions to the Cauchy problem for (2.17). This allows
us to define the associated propagator or flow of the vector field. A more detailed use of the
machinery of the theory of ordinary differential equations shows that it is a local 1-parameter
group of diffeomorphisms.

Definition 2.22 (Flow). The flow of the vector field V' is a family of mappings ®v (s) that to a
point p in M associate vy(s), where vy, is the unique maximal solution to the Cauchy problem

Tp(s) = V((s)), 1(0) =p.

Remark 2.10. Since the maximal solution does not necessarily exist for all values of s, the
mapping Py (s) is not usually globally defined, except of course ®yv(0) which is the identity.
However, if ®y(s) is well defined at a point p € M, it is defined in a neighbourhood of p.

Proposition 2.11. Let V be a C* vector field, then its flow ®v is a local 1-parameter group of
C* diffeomorphisms, i.e. it has the following properties:

1. given s € R and an open set U of M on which ®v(s) is well defined, ®y(s) is a C*
diffeomorphism from U onto V = @y (s)(U);
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2. for any si,s2 € R, we have @y (s1)Py (s2) = Py (s1+52) wherever all quantities are defined.

We omit the proof of this result and refer to the classic theory of ordinary differential equations
for it. A good reference in french is the book by Zuily and Queffélec [62], see also Teschl’s
monograph [58|. It is important to understand that the second property as well as the invertibility
of @y (t) are trivial consequences of the uniqueness of maximal solutions of the Cauchy problem.
The delicate part of the proof is the regularity of ®y. This amounts to proving the regular
dependence of the solution with respect to the initial data.

The Lie derivative along V', denoted Ly, is a way of differentiating tensor fields along the
flow of V. We first define it on scalar functions simply as the action of V on the function

Lyf=V]. (2.18)

Then, we extend it to tensor fields by requiring that it satisfies the Leibnitz rule. For a differen-
tiable vector field X and a scalar function f on M, we have:

(LvX)f = Lv(Xf)—XLyf
— VXS XVf=[V.X]}.

where [V, X] is the Lie bracket of the two vector fields V' and X, i.e. their commutator as
differential operators acting on functions. It follows that

Ly X =[V,X]. (2.19)
Note that this can be expressed in terms of covariant derivatives as
(LyX)* =VPV,X? — XV, Ve = Vy X¢ — Vx Ve (2.20)

In particular, the Lie derivative of a differentiable 1-form on M can be obtained using the fact
that for a differentiable vector field X%, w,X?® is a differentiable scalar function and that we
know the Lie derivatives of both vector fields and scalar functions. Indeed, we have on the one
hand

ﬁv (waW“) = VV (waWa) = W“VVwa + anvWa

and on the other hand

Ly (waW®)

WLy we + we Ly W
WLy we + wa VW —w Vi Ve,

Putting the two together, we obtain
W Lyw, = WVyw, +wa Vi Ve = W* (Vywe + eV V")
We have therefore proved that

Lywg = Vbewa + waaV” (2.21)



Flow of a vector field, Lie derivative, Killing vectors 33

The formula for a general tensor field is then

LyTHg G, = VOV g, =T 5 VeV — = Tty NV
+T”'"2paj2...quj1 VOt + T“mlpjlquflavqua' (2:22)

Of particular interest is the expression of the Lie derivative of the metric along a vector field. It
is obtained using (2.22) and the fact that the Levi-Civita connection commutes with the metric:

Lvgay = 9ebVaV + gac VoV = 2v(aVb) : (2'23)

Proposition 2.12. The Lie derivative is independent of the connection, i.e. it can be expressed
using any connection, it will remain the same.

Proof. This is clear for its action on vector fields and scalars. Now given a vector field X
and a 1-form w,
ﬁv(waXa) =w Ly X*+ X Lywg,

whence

Xaﬁvwa = ['V (waXa) - waﬁvX“

is the sum of two terms independent of the connection. This extends to all types of tensors by
the Leibnitz rule. O

Definition 2.23 (Killing vector). A Killing vector field on a manifold M equipped with a metric
g is a differentiable vector field K* on M such that its flow leaves the metric invariant, i.e.
Lrga = 0. As a consequence of (2.23), a differentiable vector field K* on (M,g) is Killing if
and only if K% satisfies the Killing equation

Vi) = 0. (2.24)

Definition 2.24 (Stationarity, staticity). A space-time is said to be stationary if it admits a
global timelike Killing vector field. It is said to be static if it admits a global timelike Killing
vector field that is orthogonal to a family of spacelike hypersurfaces (equivalently, orthogonal to
a Cauchy hypersurface).

As an example, the symmetry group of Minkowski space-time (preserving the metric, ori-
entation and time-orientation) is the Poincaré group. It is the 10-dimensional group generated
by the four Cartesian coordinate translations, the three space rotations and the three boosts
or hyperbolic rotations. The infinitesimal generators of these transformations provide the 10
independent Killing vector fields of Minkowski space-time:

translations: 0O, Oy, Oy, O:;
rotations: x0y — Y0y, Y0, — 20y, 20, — x0.;

boosts: x0y + 10y, YOy + 10y, 20y + 0., which are sometimes viewed as generating rotations in
the planes (it,x), (it,y) and (it, z) (hyperbolic rotations).
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2.8 Geodesics

It is a classic notion that the most direct path between two points is the straight line. The
notion of straight line however only has a meaning in affine spaces. We of course do not live in
an affine space, so this classic image is in fact wrong and even meaningless. It is however true to
a very good degree of accuracy provided the two points are not too far from each other (which
may mean arbitrarily close to each other if the curvature is arbitrarily large). In an affine space,
a useful notion is that of a “freely falling object”, i.e. an object that is not accelerated. The
trajectories of such objects are of course exactly the straight lines. The advantage is that the
notion of an object that is not accelerated can be extended to a general manifold, its trajectory
is then a particular type of curve referred to as a geodesic. We have some freedom in the way we
define the acceleration, i.e. on how we differentiate the speed vector along the curve. We choose
a way of differentiating along the curve that transforms a tensor of a given valence into another
tensor of the same valence, it is the so-called absolute derivative

D

Ds = Vi)

i.e. the covariant derivative along the speed vector.
This provides us with the following definition of a geodesic.

Definition 2.25 (Geodesics). A geodesic on a space-time (M, g) is a C* curve on M (i.e. the
data of a pair (I,7) where I is an interval and v : I — M is a C? function such that ¥(s) does
not vanish on I) such that its acceleration, defined by Dgsf'y(s) = Vj5)7(s) = 0. Ezxpressing the
covariant derivative in a coordinate basis, this immediately gives the equation of a geodesic

d2,ya a %d,yc _
ds? be'ds ds

If we consider a differentiable vector field T® that is propagated parallel along itself, i.e.
such that T*V,T? is colinear to T its integral curves are geodesics. Indeed, modulo re-
parametrization, we can assume that 7¢V,T? = 0 ; the parameters of the integral curves that
give a tangent vector field satisfying this are called affine parameters, because if we know one
such parameter, all the others are obtained from it by affine transformations.

The geodesic equation is a differential equation whose coefficients are the Christoffel symbols,
i.e. involve first order derivatives of the metric. Therefore, the metric needs to be such that its
derivative is locally Lipschitz in order to ensure the existence and uniqueness of maximal solutions
by the Cauchy-Lipschitz theorem. For a C? metric, this is naturally guaranteed.

Remark 2.11. In euclidian space or Minkowski space-time in cartesian coordinates, the Christof-
fel symbols all vanish and the geodesics are the straight lines.

Remark 2.12. In Riemannian signature, a geodesic between two points can be understood as a
length minimizing curve. There is no such property in Lorentzian signature (see figure 2.1).

The definition of a geodesic entails the existence of a conserved quantity along such a curve.
Moreover, any Killing vector field will give another conserved quantity along a geodesic.
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Co

Cs

Figure 2.1: In Lorentzian signature, geodesics between two points are not extrema of the arc
length. Here we consider curves on Minkowski space-time lying in the (¢, ) plane. The curve
C1 is a geodesic but C2 and C3 are not. The length of C2 is larger than that of C'1 which is
larger than that of C'3. Also, C2 and C3 can be continuously deformed to C'1 whilst retaining
the same ordering of lengths.

Proposition 2.13. Consider a space-time (M, g) whose metric is C*> (or has locally Lipschitz
first derivative), let v be a geodesic. Then we have the following two properties.

1. The quantity
9(3(5),4(5)) = gap(v(5))7*(5)3"(s)

is conserved along the curve.
2. If K is a Killing vector field on (M, g) or on an open neighbourhood of v, then
9(3(), K) = gan(7(5)) 7 ()K" (~(5))
is conserved along .

Proof. For the first quantity, we have

d s caf o a :
907 (53" (5) = (Vi) 9ab) °(5)7(5) + 20067 (5) V53" () = 0

since the connection is metric compatible and the curve 7 is a geodesic.
Now for K a Killing vector field on (M, g),

d . a a\ 2 a 2
&gabKa’Yb(s) = (Vi) 9ab) K9 (8) + gab (Vi) EK) 7°(5) + 9ab K Vs (97(s) -
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The first term is zero since the connection is metric compatible and the third since 7 is a geodesic.
As for the second term, it can be written as

gab")/b(s)v"y(s)Ka = gabgcd;yb S ’YC(S)VdKa
4°(s)VI K since K is Killing

(s)
= Gabged?’(8)
ol (S)WC(S)VWK“]

=  —9GdbJca P
= —9e" (
= _gab;y (

$)V(5) K
5) V(5K by symmetry of gap -

This concludes the proof. O
The first part of the proposition above has the following consequence.

Corollary 2.1. Under the assumptions of Proposition 2.13, the tangent vectors 4(s) and %(t)
at any two points of the curve v have the same causal type. In other words, a geodesic that
is timelike (resp. spacelike, resp. null) at one point is timelike (resp. spacelike, resp. null)
everywhere.

Some functions referred to as optical functions have the interesting property that their gra-
dients generate geodesics.

Definition 2.26. An optical function on a space-time (M, g) is a scalar function w on M such
that its gradient is everywhere null.

Lemma 2.2. Let u be an optical function on a space-time (M, g), then denoting I* = V®u, the
integral curves of I are a congruence of affinely parametrised null geodesics, i.e.

Vil =0.
Proof. The proof is a simple calculation:

Vil = Vv.Vlu,
= V,uV*Vy
= V,uV’V% since the connection is torsion-free,
— V) (VeuViu) — (vaau) Vou
= 0— VouV®V’ since Vu is null and the connection torsion-free,
= —Vg.Vlu.
O

Note that for a general null congruence, the more complete Propositions (7.1.60) and (7.1.61)
in Penrose and Rindler Vol. 2 [45] state that the following three properties are equivalent :

1. it is hypersurface-orthogonal;
2. it is hypersurface-forming;

3. it is geodetic and twist-free.
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2.9 Conformal transformations and classes

A conformal transformation consists of multiplying the space-time metric by a positive function.
The new rescaled metric has the same light-cone structure as the original one, but it may have
different asymptotic properties. The whole family of metrics generated from the original one by
such transformations is called its conformal class.

Definition 2.27 (Conformal class). Consider a space-time (M, g). We say that a metric § on
M is conformally equivalent to g if there exists a positive nowhere vanishing smooth function
on M such that § = Q%g. We also say that § is a conformal rescaling of g. The conformal class
[g] of g is the set of all metrics on M that are conformally equivalent to g.

The property that conformally equivalent metrics have the same lightcones is in fact a char-
acterisation of conformal equivalence.

Theorem 2.6. On a manifold M, two Lorentzian metrics g and h are conformally equivalent if
and only if they have the same lightcones.

Proof. One of the two implications is trivial. Let us prove the other. Consider two metrics
g and h that have the same lightcones. Let p be any given point in M and eg be a unit timelike
vector for the metric g, i.e. g(ep,e9) = 1. We consider V' the orthogonal subspace to eg in T, M
and S its unit 2-sphere, which is the set of v € V' such that g(v,v) = —1. Let e; € S, then the
vectors eg + ey are both null for g and therefore also for h. Hence we have

h(eo —e1,e0 —e1) = h(eg,eo) + h(er,e1) — 2h(eg,e1) =0,
h(eo+€1,€0+61) = h(eo,eo) +h(€1,€1) +2h(€0,€1) =0
It follows that h(eg,e1) = 0 and h(e1,e1) = —h(eg,e9). Moreover, the metrics g and h have

the same timelike vectors, since the timelike vectors for a Lorentzian metric at a given point
are exactly given by the sums of pairs of null vectors belonging to the same component of the
light-cone. Hence, h(eg,eg) > 0. It follows that the quadratic forms g and %h coincide on
ep and on S. By homogeneity and the polarisation identity, the two metrics coincice on V' and
the line spanned by eg, but since the two are orthogonal for both g and h, then the two metrics
coincide on T, M. This is true at any point, so h = Q?g where Q = /h(eg, o). O

Under a conformal rescaling, the connection changes in a rather simple way. Recall the
expression of the Christoffel symbols in a coordinate basis

(¢

1
Fap© = §g°d (Oagbd + Obgad — Odgab) ,

then for a metric § = Q%g, Q > 0 on M and smooth, we have the Christoffel symbols

1, . . .
L = §ng (0agbd + ObJad — OdJab)

1.
= Tap®= 59 26°d (0a(2%gba) + O (2%gad) — 9a(Q?gan))
= Tup+ ZQ?bVC)In Q— gpcV2In Q.
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We denote by C3.* the difference between the two Christoffel symbols ; note that this is a true
tensor field (contrary to the Christoffel symbols) expressing the difference between the Levi-Civita
connections V and V of the two metrics g and § :

~

Che® =T —Tab®, Cpt = Qg?bvc)an =gV InQ, Cp = Cpe)* (2.25)
This tensor can be used to express the difference between the Riemann tensors for g and g : first
we write
@aﬁbwc = va(vch - Cbcdwd)
- abe(vewc - Cecdwd)
—Cl(Viwe — Cpew?) .
This gives
Ay e e A .
_Rabc wWqg = (Vavb — vaa)wc
= _Rabcdwd - 2v[acb]cdwd
—0
—2C(, " Viwe + 2C.(, Che"wq
whence

Rabcd - Rabcd - 2(v[acb]cd) - 2Cc[aecb]ed . (226)

By taking the trace of (2.26), we can obtain the relation between Scal; and Scal,. The trace of
the second covariant derivative will appear ; it is referred to as the d’Alembertian

Definition 2.28 (d’Alembertian). On a given space-time (M, g) the d’Alembertian operator is
defined by
Oy = V,V*. (2.27)

It is easy to check that in a local coordinate basis, its expression is given by
1

Vgl

Note that one must be careful. Taking the trace of (2.26) means using a metric to raise an
index, ¢ for R and g for R. The index d is already raised, so we just need to contract with
gg = 937 but we also need to contract with §%¢ = Q2¢%. We get

Oy = ——=08a(\/19l9* ) - (2.28)

Scalg = Rabab = Q_Z(Rabab + gaCQ(V[aCb}Cb) — 29“ C[aecb}eb)

and after a long but straightforward calculation, provided we are careful and do not make mis-
takes, we find the result?.

3A more detailed study of the modification of the different parts of the curvature under conformal rescalings
is given in [59], with a different sign convention for Lorentzian metrics though, so some conversions are necessary,
and in the formalism of Weyl spinors in [45].



Spinors 39

Theorem 2.7. Consider a space-time (M, g) and a metric § in the conformal class of g with
conformal factor Q, i.e. § = Q2g, then

Scaly = szScalg + GQ*SDQQ.

The Weyl tensor Cypeq has conformal weight 2, i.e. under the conformal rescaling § = Q?g,
it changes as follows
Cabcd = QQCvabcd

and if we raise one index, we have

C

d __ d
abc =C, .

abc

Definition of a conformal Killing vector field. Conformal Killing equation. Conformal Killing
vector fields of Minkowski space-time.

2.10 Spinors
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Chapter 3

Classic space-times and their conformal
compactification

Conformal rescalings can be used in some cases to bring infinity to a finite distance and to extend
the original manifold by adding a boundary to it that describes infinity for the original metric.
This is called a conformal compactification. We present a simple example of such a construction,
well-known from undergraduate geometry courses but not always presented from the point of
view of metric rescaling : the stereographic projection from the North pole of the unit 2-sphere
to its equatorial plane. The formula relating the points on the sphere in spherical coordinates
(0, ) to those on the plane in polar coordinates (r,1)) are

=, 0 =2arctan(1/r).

Let us write the euclidean metric on the 2-sphere in terms of the variables r and ¢ :

eg2 = df* + sin?Adyp?
2
= (2;21 N _:T12> dr? + sin? fdy?
= (1—ij47“2)2dr2 + (154:7242>de2 , using the identity sint = m ,
= a7 +4T2>2 (dr® + r?dy?)

4
(1+r2)2 %

where eg2 is the euclidean metric on R2. So we see that by multiplying the euclidean metric on

R? by Q2, where
2

0= -
1472’7

we turn it into the Euclidean metric on S%. The thus rescaled metric is defined only away from
the North pole, but it can be extended analytically to the whole 2-sphere. This is the conformal

41
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compactification of R?, which is the “metric” version of the usual Alexandroff compactification.
It is called conformal because, since the metric is merely multiplied by a positive function, the
angles, as measured using the metric, are unchanged.

Can we perform a compactification of a space-time by rescaling its metric, just as we did
with the euclidean metric on R??

3.1 Minkowski space-time

3.1.1 The conformal embedding in the Einstein cylinder

The contents of this section, and much more, can be found in [44]. The Minkowski metric in
spherical coordinates is expressed as

n=dt? —dr? — r?dw?, dw? = d#* +sin?6dy?.
We choose the advanced and retarded coordinates
u=t—r,v=t+r. (3.1)
The metric 7 in terms of these new coordinates takes the form

(U_U)Qd 2

7 = dudv — 7 w”.

We now introduce new null coordinates that allow us to describe the whole of Minkowski space
as a bounded domain :
p = arctanu, ¢ = arctanuv. (3.2)

We obtain
(v —u)?
4

Finally coming back to time and space coordinates as follows,

n=(1+u?)(1+v%)dpdqg— dw?.

T =p+ q = arctan(t — r) + arctan(t + ),

¢ = q—p=arctan(t + r) — arctan(t — r), (3:3)
we get
1+ u?)(1+ 02 a2
= Lt )4( +0?%) (de_dcz)_dez_

Remark 3.1. It can be useful to express partial derivatives in the (t,r,w) coordinate systems in
terms of those in (1,(,w) coordinates and vice versa. We have the following relations

2
at+8r = m(67+a<),

2

A T

(0r = 9c),
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which yield

1 1

% = e O 0T @ %) 34
1 1

O pr e L R e s A 39

These relations shall be important in particular at t = 0 (which corresponds to T = 0) when
considering the rescaling of initial data through a conformal transformation:

1+ 1+ 72
5 Otlt=0, O¢lr=0 = 5 Orlt=0 - (3.6)

87"7':0 =

Choosing the conformal factor

4 4
€= \/(1 + UQ)(l + U2) a \/(1 + tan2p)(1 4 tan? Q) = 2cospcosgq, (3.7)

we obtain the rescaled metric

2
¢ = OPp=dr’-d¢* - (1 +(22_)(11L)+ v?)dw2
— 7 —d¢® — ((tang — tan p) cospcos q)” dw?
= dr?—d¢® - (singcosp — sinpcos q)? dw?
= dr?—d¢? — (sin(q — p))? dw?
= dr? —d¢? - (sin¢)* dw?
= dr? - Ugvs )

where 03,3 is the euclidian metric on the 3-sphere. Minkowski space-time is now described as the

diamond
M= {lr|+¢<7m, (>0, we S%}.

The metric ¢ is the Einstein metric, it extends analytically to the whole Einstein cylinder
_ 3
€=R: X5,

The full conformal boundary of Minkowski space can be defined in this framework. It is described

as

OM = {|r|+¢=m, (>0,we S?}.
Several parts can be distinguished (see Figure 3.1).

e Future and past null infinities :

It = {(T,C,w);T+C:7T,CE]O,7T[,w€S2},
I- = {(T,C,w);C—T:W,CG]O,W[,weSQ}.
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Figure 3.1: Penrose diagram of compactified Minkowski space-time

e Future and past timelike infinities :

They are smooth points for ¢ (2-spheres whose area is zero because they correspond to

¢ =0).

e Spacelike infinity :
ioz{(T:O, (=7, w); wGSQ}.

It is also a smooth point for e.

Proposition 3.1. The hypersurfaces '+ are smooth null hypersurfaces for e. Their null gen-
erators are respectively the vector fields

9 — ¢ for I and 0- + 9 for I~ .

Proof. They are clearly smooth hypersurfaces. The vector fields 0; — d; and 0- 4 0, are null and
tangent respectively to # T and .# . They are orthogonal to the two other generators of #*: 9y
and d,. They are therefore normal to .# and .#~ respectively. This proves the proposition. [

We defined compactified Minkowski space-time as

M :=MUOM. (3.8)
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An interesting property of the conformal factor €2 is that its gradient is everywhere smooth on
M, is tangent to .# and vanishes at % and i (it also vanishes at the origin {t = r = 0}), as can
be seen from its explicit expression in (7, (,w) coordinates:

V. = e 1(dQ)
= ¢! (—sin7dr — sin¢d¢)

= —sinT— —sin(—

or

We also observe that the coordinate vector fields 9; and 0, extend smoothly to the boundary
and we have

1 1
0 = —0,| = O, — 0 Or — 0¢), 3.9
] o+ |+ T u — ( ) = T g)g( 9 (3.9)
1 1
8 — :aT — = _— 87-"‘8 == 67-+8 . 310
le =0l = @0 = e 0 k). G10)

In particular, 9; and 8, both vanish at i* and . The different parts of the conformal boundary
can be realised as endpoints of different families of geodesics. Recall that the geodesics of
Minkowski space-time are the straight lines (see Remark 2.11).

e Timelike infinities are the endpoints in the future and the past of all timelike
geodesics.
A timelike geodesic is a curve described in cartesian coordinates as

Y(t) = (t + to, tv + )
where tg € R, ,v € R? are fixed parameters such that ||v| < 1 and (z,v) = 0 (we denote
by (.,.) and ||.|| the usual inner product and associated norm on R3). Along such a curve,

as t — +oo we have

= arctan (t + to + |[tv + z||) + arctan (t + to — |[tv + z||) = 7
¢ = arctan (t+to + ||tv + z||) — arctan (¢ + to — |[tv + z||) = 0

e Spacelike infinity is the enpoint of all spacelike geodesics.
A spacelike geodesic can be described as

~v(t) = (t + to,tv + z) where tp € R, |[v|| > 1 and (z,v) =0.
Along such a curve, as t — +o00 we have

T = arctan(t + to + ||tv + z||) + arctan (t + to — |[tv + z||) = 0
¢ = arctan (t +to + |[tv + z||) — arctan (t + to — ||[tv + z||) = 7
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e Null infinities are the endpoints in the future and the past of all null geodesics.
A future oriented null geodesic can be described as

v(t) = (t + to,tv + =) where tg € R, |[v|| =1 and (z,v) =0. (3.11)

Along such a curve, we have

T = arctan (t +to + ||[tv + z||) + arctan (t + to — [[tv + z|) ,
¢ = arctan (t +to + [[tv + z||) — arctan (t + to — ||[tv + z||) .
Since
T
v+ —z|| = = |z
t t2 ’

it follows that .
feotal=e+0(3)

whence as t — 400,
t—|—t0—||t1}—|—l'” — 1o .

It follows that as ¢t — +oo,
T 7T
Ty + arctan(tg), ¢ — 5~ arctan(tp)

and
tv+x v

W= ——" = 7 =10.
[tv ][ vl

As t — —o0, we have
T ™
T ) + arctan(tp) and ¢ — 5 + arctan(tg)
and

tv+x —v
—_— e —— = —
[tv+zl o]

The end-point of v as ¢ = —oo is the point on £~
(o — m, ¢, wp) with (p = g + arctan(tg) and wp = —v (3.12)

and as t — +oo it is the point in T
(o, ™ — o, —wo) - (3.13)

Note that if wy has spherical coordinates (6, @), then —wg has coordinates (m — 6y, 7+ pg); the
point (7 — (o, —wp) is the point antipodal to ({p,wp) on S3.

Remark 3.2. The terminology “null infinities” comes from the fact that =+ are the end points
in the future and the past of the null geodesics of Minkowski space-time. The fact that I+ are
null hypersurfaces of the compactified metric is an independent property. For example, on de
Sitter space-time, null infinities are spacelike hypersurfaces.
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We see from (3.12) and (3.13) that the end points of the curve (3.11) depend only on ¢y and

v. The family of null geodesics (3.11) for fixed ¢y and v forms a null hyperplane on M whose
equation is given by

N ={peM, nap"V’ = to} (3.14)

where V' = (1, v); note that V' is null and future-oriented. The light-cone from the point (¢p —
7, (o,wp) on £~ is made of the null hyperplane (3.14) and of one light-ray that is tangent to
#~ until it reaches i and then continues inside .# T its equation in .#~ is

() =(C—mCuwo), <(¢<m (3.15)

and once it has crossed i® the equation becomes
v(¢) = (7 = (,(, —wo) , with ¢ decreasing from 7 ; (3.16)

there it will meet the future focusing point of N: ({p, ™ —{p, —wp). This is a remarkable property
of compactified Minkowski space-time: the lightcones from points on .# ~ refocus at the antipodal
point on .#*. The same is true for the lightcones of i~ and . Note that the following theorem
can be found in a similar form in Spinors and space-times [45] Vol. 2 Section 9.2.

Theorem 3.1. Consider any point py = ({o — m,¢o,wo) € &~ U{i"} U{i’}. Then the future
lightcone of py for the metric ¢ refocuses on I+ U {ig} U{iT} at the point p1 = (Co, 7™ — (o, —wo)
where in spherical coordinates wy = (0, o), —wo = (T — O, ™+ ¥0).

The scalar curvature of ¢ can be calculated easily using the result of Theorem 2.7:

1 -3

EScale =070,0=1. (3.17)
0

The Killing vectors for ¢ are 5~ and the generators of the rotation group SO(4) and the symmetry
group of the Einstein cylinder is R x SO(4).

3.1.2 A less complete compactification

We can also perform an incomplete compactification of Minkowski space-time for which we only
construct null infinities. One may wonder what the point is when we can have the full compactifi-
cation we just described. This incomplete compactification is interesting for two reasons at least.
First, the conformal factor is simpler, does not decay in timelike directions and decays less in
spacelike directions ; this will have the advantage of allowing larger classes of initial data in some
of our studies of the asymptotic behaviour of solutions to field equations. Second, this compacti-
fication can be performed essentially identically on many asymptotically flat space-times, among
which Schwarzschild, Reissner-Nordstrom, Kerr, Kerr-Newman ; the complete compactification
however, fails for all black hole space-times and in fact as soon as the universe contains energy.
We start again from the expression of the Minkowski metric in spherical coordinates

n=dt® —dr? — r?dw?, dw? = d#* +sin?0dy?,
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and we replace the time variable ¢ by the retarded (resp. advanced) null variable u = ¢t —r (resp.
v =1t+r) as above. In the (u,r,0,¢) coordinates, the metric reads

n = du® + 2dudr — r2dw?
and in (v, 7,6, ) coordinates,we have
n = dv? — 2dvdr — r?dw?.

Then we invert the coordinate r by putting R = 1/r and we rescale the metric by R?. We obtain

1
iii=R*nm = = (dt* — dr?) — dw?, (3.18)
= R%du® — 2dudR — duw?, (3.19)
= R2dv?® +2dvdR — dw?. (3.20)
Both expressions of 7 extend analytically to R = 0 but the locus {R = 0} is different for (3.19)

and (3.20). In the first case, {R = 0} = R, x {0} x S2 is the set of end-points of the lines
of constant v and w, i.e. of outgoing radial null geodesics, as 7 — +oo ; this is therefore #7.
In the second case, the lines of constant v and w are the incoming radial null geodesics and the
boundary {R = 0} = R, x {0} x S2 is consequently .#~. We denote by M the compactified
manifold that we obtain with this choice of conformal factor. We have

M=MUs*. (3.21)
The scalar curvature of the metric 7 can be calculated using Theorem 2.7

2 20\1
22 )2 =0. .22
or? + 7"87") 0 (3.22)

Scal; = R0, R = r* ( .

The Killing vectors for the metric 7 are first the generators of rotations. There is also a causal
Killing vector field given by 0, in the expression (3.19), by 9, for (3.20). This vector field that
we denote by T is timelike in the bulk of the space-time and coincides with d; in cartesian or
spherical coordinates — which is natural since the conformal factor is independent of ¢ — and
extends to null infinities as their future oriented null generator. The metric 7 has another Killing
vector field referred to as the Morawetz vector field. It was first used by Kathleen Morawetz
in 1962 [38] to establish the decay properties of solutions to the wave equation'. In spherical
coordinates, it is given by
T = (r* +t3)0; + 2tro, .

It has the simplest expression in the coordinate system (u,v,w)

T = u?8, + v*0,

!Cathleen Morawetz used multipliers in energy estimates to establish decay properties for the wave equation
on flat space-time. Her multipliers can be understood as vector fields acting on the solution with an additional
zero order term. In [37], she used the generator of dilations 79, + td: and in [38] she introduced the vector field
that now bears her name. The best place to read about this vector field is in the third appendix of the book by
Lax and Phillips [31], written by Morawetz. In there, she explains its construction as the image of the timelike
Killing vector 0; through a light-cone inversion or Kelvin transform.
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and in (u, R,w) coordinates it is given by
T = u?8, — 2(1 + uR)0g .

The Morawetz vector field is timelike everywhere except on the lightcone of the origin where it
is null; it is future oriented and vanishes only at the origin. It is interesting to note that the
Killing vector K = J; on the fully compactified Minkowski spacetime, corresponding to the time
translation on the Einstein cylinder, is simply a half of the sum of T" and the timelike Killing
vector Kk = Oy:

2K =rk+T.

3.2 The Schwarzschild metric

The Schwarzschild metric is an exact solution to the Einstein vacuum equations describing the
gravitational field of a static point mass. It was discovered by Karl Schwarzschild in 1916 (see
the original paper [51] or its English translation from 2003 [52]) and is the first non trivial
solution to Eintein’s equations. In his third paper on general relativity in November 1915 [16],
Einstein derived the advance of the perihelion of Mercury’s orbit using perturbative methods.
Schwarzschild, in December 1915, wrote in a letter to Einstein that he had reworked his proof
using an exact expression for the gravitational field of a point mass instead of the original
perturbative approach. Schwarzschild subsequently sent a manuscript to Einstein that the latter
presented to the Prussian academy in January 1916 and the paper was published a month later.
In the coordinates in which it is usually expressed, justly called the Schwarzschild coordinates
since they were first introduced in the last equation in [51], Schwarzschild’s space-time appears
to have a singularity at a sphere whose radius is proportional to the mass of the central body.
This was certainly considered as an inconvenience but in 1923, Birkhoff’s theorem [5] established
that the Schwarzschild metric also describes the gravitational field around a static spherically
symmetric extended massive body. In concrete physical situations, the Schwarzschild radius
would be deeply buried within the star in which the Einstein vaccum equations would not hold,
so the associated singularity was not considered as a serious worry by astronomers. However,
some people still tried to clarify its true geometrical nature, if only as an abstract exercice.
Eddington was the first to introduce the coordinates that would allow this, but did not use them
for this purpose. It was Lemaitre [32] who first understood the nature of the event horizon,
which was then worked out in details by Synge [54] and rediscovered by Finkelstein in 1958 [17].
The coordinate system that allowed to realise the horizon as a smooth null hypersurface is now
called the Eddington-Finkelstein coordinates. In 1960, Kruskal [30] and Szekeres [55] completed
the picture independently and built the maximal analytic extension of the Schwarzschild metric.

The Schwarzschild space-time is a reference model for all asymptotically flat universes con-
taining energy /matter. The metric describing any such universe, when restricted to the leaves
of a foliation by asymptotically flat spacelike hypersurfaces, is generically a short-range pertur-
bation (i.e. a perturbation in 1/r2, r being for example the geodesic distance to a given point
on the slice) of the Schwarzschild metric.

Asymptotically simple space-times are an attempt, due to Roger Penrose, at defining generic
cosmological models of asymptotically flat space-times. A special class of asymptotically simple
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space-times, which will be of particular interest to us, coincides with Schwarzschild’s space-time
in a neighbourhood of infinity.
The Schwarzschild metric is expressed in Schwarzschild coordinates (t,r,w) as

2M
g = F(r)dt* — F(r)tdr? — r?dw?, dw? = d#? +sin®0d?p, F(r)=1—- "—, (3.23)

r

on R;x]0,+00[,x.S2, where m is the mass of the black hole and dw? is the euclidian metric
on the 2-sphere. Expressed in the form (3.23), this metric appears to have two singularities
corresponding to r = 2M and r = 0. The sphere {r = 2M}, referred to as the event horizon,
is merely a coordinate singularity, the metric can be extended analytically through it, while the
origin {r = 0} which is a true curvature singularity. The horizon separates the space-time in two

domains :

e the exterior of the black hole {r > 2M} is a static domain where 9/0t is timelike and 9/0r
spacelike ;

e the interior of the black hole {r < 2M}, is a dynamic region where 9/0t is spacelike, 9/0r
timelike, so r should be thought of as a time variable inside the black hole, it is therefore
oriented ; the usual understanding of a black hole says that things can fall into it but not
come out of it ; this would correspond to the inertial frames in the interior being dragged
towards the singularity at {r = 0}, i.e. —9/0r being future oriented, but one may just as
well consider the reverse time orientation which would correspond to a white hole ; nothing
at this point indicates that one orientation is preferable to the other.

The two domains are globally hyperbolic. The hypersurfaces
{t}x]2M, +oo[><537¢
are Cauchy hypersurfaces for the exterior and
Ry x {r} x 53#,

are Cauchy hypersurfaces for the interior.
The shape of the lightcones outside and inside the black-hole is well described by the respec-
tive position of the null vectors

+ 0 0
The vectors VT and V'~ get closer to each other as one approaches the horizon from the inside
or the outside. The situation is however very different on either side of the horizon : outside
the black hole, the light cones get narrower as one approaches the horizon, whereas inside they
get wider (see figure 3.2). The intuitive description of a black hole tells us that the more we
approach the horizon from the exterior, the harder it becomes to escape the attraction, until at
the horizon, even a photon cannot escape anymore. But it is easier and easier to go towards
the black hole. In terms of light-cones, this seems to indicate a picture where the lightcones are
tilted towards the horizon and become tangent to the horizon as we reach it. When representing
the lightcones in the Schwarzschild coordinates however, this does not appear to be correct after
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Figure 3.2: The light cones outside and inside the black-hole in Schwarzschild coordinates (¢, ).

all. How do we solve this canondron? We will see that the intuitive picture has some degree of
realism when we build the maximal analytic extension of the Schwarzschild space-time, which
gives the correct picture of the horizon.

Schwarzschild’s space-time is asymptotically flat. This can be seen in the fact that as r —
400, the metric g approaches the Minkowski metric in spherical coordinates. It is also apparent
in the property that the curvature tends to zero as r — +o00o (see next paragraph). Note that
asymptotically flat means asymptotically flat in space, certainly not in time, we have a curved
space-time that is static, therefore the curvature does not die out as time tends to infinity.

3.2.1 Connection and curvature

In the Schwarzschild coordinates (t, 7,60, ), the non zero Christoffel symbols of the Levi-Civita
connection are

po_ M ME-2) L M
OI_T(T—QM)’ 00 — 7“3 ) 11 — T(T—QM),
Ty = —(r—2M), Thy = —(r — 2M)sin?40,
1
ri, = F?g = F§3 = —sinfcosb, Fg?) = cot 6,
and the non-zero components of the Riemann tensor
M(r—2M) . 2M M(r—2M
Ro101 = —% sin? 6, Rooe = —, Rosos = _¥’
r r r
R1212 = m Sin2 9, R1313 = —2Mr Sin2 «9,
M
R = .
2323 = o

If, instead of the Schwarzschild coordinate basis, we evaluate the components of the Riemann
tensor with respect to an orthonormal basis with vectors proportional to the coordinate basis
vectors, namely (adopting Chandrasekhar’s notations for frame indices between brackets)

. 19 10 1 9
€(0) 8a=ﬁ§, €( =-2 =

a o 0 a
b 8a—\/ﬁ5, €2)"% rog’ ‘@ %= rsinf dp’

we find
2M M

Rip10 = — R332 = gk R3131 = Ri212 = R3030 = —R2020 = g
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and we see that the curvature, expressed in this frame, blows up at {r = 0} but not at the
horizon.

Of course it is hard to infer the existence of a singularity from the behaviour of the components
of the curvature in a frame, however well-chosen we think it is. What we need is to find an intrinsic
quantity that blows up at r = 0. Let us calculate the curvature scalar, also referred to as the
Kretschmann scalar, which is defined as follows:

Kr = Rupea R .

It is easily calculated in the orthonormal frame above using the symmetries of the Riemann

tensor:
2

Kr = 32T—6 .
This proves that the “origin” {r = 0} is a true curvature singularity. As for the locus {r = 2M}
we shall see in details how it is to be interpreted.

The Ricci tensor of the Schwarzschild metric is zero, Schwarzschild’s space-time is a solution
to the Einstein vacuum equations.

3.2.2 Symmetries, Killing vectors

Schwarzschild’s space-time has a four-dimensional space of global Killing vector fields, generated
by
Oy, sinpdy + cot O cos 90, , cospdy — cot §sinpd, , 0, ,

which are the timelike (outside the black hole) Killing vector field 9; already mentionned above
and the three generators of the rotation group. In other words, the symmetry group of Schwarz-
schild’s space-time is R x SO(3).

3.2.3 The exterior of the black hole

We first consider the Schwarzschild geometry from the point of view of an observer static with
respect to infinity. Such observers only see the exterior of the black hole and their perception of
space-time is described by the time function ¢ of the Schwarzschild coordinates outside the black
hole. To their eyes, light rays falling into the black hole slow down infinitely as they approach
the horizon and never cross it. One way of seeing this is to calculate the radial null geodesics.

Indeed, the fastest way of falling into the black hole, since the space-time is spherically
symmetric (i.e. in particular without rotation), is to go towards it radially and at the speed of
light. Let us first evaluate the radial null directions. A radial vector at a given point (¢,r,6, )
is of the form

V= a@t + B(?r .
For it to be null,  and 8 must satisfy
P_ g
o

since

g(V.V) = a’F = FF 1.
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So the two future oriented? radial null directions at a given point outside the black hole are those
of the vectors
VE=0, £ F0,.

The apparent radial speed of these vectors for an observer static at infinity and measured using
the variable r is +F(r), it is =1 at infinity and slows down continuously to zero as one considers
points closer and closer to the black hole horizon. Moreover, their integral curves are geodesics:

Proposition 3.2. The radial null vectors V* satisfy
2M
Vy Vi ==V, V-V ="V,
r

Proof. Let us check this property for V*. Dropping the “+” superscript for simplicity, using
the values of the Christoffel symbols given above, we have

VyV20, = VPVLV20,
= VOVoV20, + V'V V20,
= 0V + T8, VP0s + FO,(V?)0a + FT,VP0,
= 0+TQV0, + T3, V00, + FO,.(VYo, + FTY,V 0, + FT{,V'0,

MF~! MF 2M MF™! MF~!
- 7"2 Fat‘*—rTar‘i‘FﬁaT—i-F 7“2 8t—FTFaT~
2M
= —V.
r2
The calculation is absolutely similar for V'~ and left as an exercice. 0

Note that there is another, less explicit, way of seeing that V* generate geodesics. We have
du=dt — F~'dr and dv = dt + F~'dr,
whence
Veud, = g_l(du) = F719, + 8, and V%9, = g_l(dv) =F19,— §,.
Therefore,

1 1
Vu = FV+ and Vv = FVT

Hence the functions u and v are optical functions and their gradients generate affinely parametrised
null geodesics (see Definition 2.26 and Lemma 2.2). It is interesting to remark that r is an affine
parameter for these two families of curves, indeed

dr(Vu) = —=dr(Vv) = 1. (3.24)

We note that the ¢, r-speed of radial light rays slows down as they approach the horizon.
The question is whether this slowing down is strong enough to make ¢ non-integrable along their
worldlines. The answer is clearly yes since

R R
dr rdr
= = +o0o for any R > 2M .
/QM F(r) /ZM r—2M Y

2Future-oriented provided we choose outside the black hole the time orientation given by 9.
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This can be seen explicitly by introducing the Regge-Wheeler variable
T« =1+ 2MLog(r — 2M) (3.25)

which varies from —oo to +o00 as r varies from 2M to +o0o. It satisfies

dry 1

dr
and the metric g takes the form
g=F (dt2 — drf) — r2dw?.
The radial null vectors take the expression
VE=09,4+0,,
and their integral lines parametrized by r, are the straight lines
'yg’wo(r*) ={(t,r,w); w=wp, t==r,+C}, C€R, wy € 5?.

The horizon {r = 2M?} (corresponding to r, — —o0) is reached in infinite time ¢. A remarkable
consequence of this property is that if we choose for a covariant field equation (Dirac, Maxwell,
or the wave equation for instance) some initial data at time ¢ = 0 whose support is contained
in {r > 2M + €}, € > 0, then the support of the solution will only reach the horizon when ¢
becomes infinite. An important consequence of this remark is that the interior of the black hole
and the exterior should not be considered as co-existing simultaneously for the time variable ¢,
in other words, a t = constant slice for r €]0, +oo[ has no physical meaning whatsoever. Such
hypersurfaces will be represented and put in their proper perspective once we have constructed
the maximal extension of Schwarzschild’s space-time.

The spacelike geometry of the exterior of the black hole

The exterior of the black hole is globally hyperbolic. We consider the foliation by Cauchy
hypersurfaces induced by the time function t, i.e. the slices are

¥ = {t} x]2M, +o0[, xS2, t € R,
with the induced Riemannian metric
h = Fldr? + r2dw?. (3.26)

The 3+1 decomposition of the geometry is given by (calling M the exterior of the black hole) :
N2
M=R; x %, ¥ =|2M, +oo[,x52, g:thQ—h:7dt2—h (3.27)

with the lapse function N = v/2F'/2. The exterior of the black hole is static : % is a Killing
vector field (since g does not depend on t), is timelike outside the black hole and is everywhere
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orthogonal to the Cauchy hypersurfaces ;. The time orientation is chosen by deciding that %
is future pointing and the normalized vector field T is then
a _ —1/2 9 _ 20
1790, = V2 F ™ = Na

We consider a generic spacelike slice (3, h). The metric h appears singular at r = 2M.
This is merely due to the choice of coordinates ; introducing as the new radial variable wu(r)
the h-distance to the horizon, we show that (X,h) is a smooth manifold and that the horizon
H={2M}, x Sg#) is a smooth boundary.

Given p = (r,w) € X, the h-distance from p to the horizon is given by

u(r) = F~Y2(5)ds :/ ¢ds. 3.28
) /[QM,T] ) M) Vs —2M (328)

This distance is finite and H thus appears as the boundary of (X, h). Since

du
au _ p-1/2
dr ’
the metric h can be written as
h = du? + r?dw? (3.29)

and

¥ =0, +-00[, xS .
The function u(r) is continuous and strictly increasing from [2M, +oo[ onto [0, +o00], it is C*° on
|2M, 400] but it is not differentiable at 2M. However, the inverse function satisfies
Lemma 3.1. The function u — r(u) is C* on [0,+o00[ and all its derivatives are uniformly
bounded on [0,4+o00[. In particular, the first derivative S—Z = F1/2 (and therefore also the lapse
function) is uniformly bounded as well as all its derivatives on [0, +0o0l.

Proof of lemma 3.1 : the first and second derivatives FY/2 and M /r? are continuous on

[0, +-00[, whence 7 is C? on [0, +00,. If r is C¥ on [0, +00],, then so is the second derivative and
the lemma is thus proved by induction. O

This entails that h is smooth on ¥ = [0,4+00[,xS? ; (£,h) is a smooth manifold with
boundary. Moreover

Theorem 3.2. The metric h is uniformly equivalent to the euclician metric on the exterior of
the unit ball in R3
du? + (1 + u)?dw?.
Proof. We see that

14+u 1
— 2M
" —>2Masr—> ,

1
+u—>1asr—>+oosinceF(r)—>1

r

and moreover (1 + wu)/r is continuous on [2M, 400, hence, there exists C' > 0 such that
1+u

r
This proves the theorem. ]

1
C< <6for2M§r<+oo.
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Bending of light-rays : the photon sphere

We have an extreme example of bending of light rays by gravity in the schwarzschild geometry :
the photon sphere, which is a sphere of trapped geodesics around the black hole. Let us consider
in the equatorial plane a null vector that is purely rotational, i.e. of the form V = ad; + b0, for

example, we can take
/ 2M
V= Tat + 1—— a(p .
r

The integral curves of this vector field describe circles in the equatorial plane (more correctly
helices if we consider the time as well as space variables) whose tangent vectors are null. What
is the acceleration of such curves? This is the following simple calculation:

VvV = Vv, vtg, = (vavavb+rgﬁw)ab
- @Wm*+W%Wuwﬁ&W+v%&Wﬁ%
= (v'rhve+ virhve) o,
= (T V10 + TV 00,)
/1 — ¥ (T35V20, + T3, V'9, + I'3,V?9,,)

2M
:rmw%ﬁ-1—74gW&

_ (ﬁff(r o)+ <1 _ 254”) (=r) (1 - 2;{”)) o,

= (1-2%) ey o,

r

As could be expected, the acceleration is purely radial. It points towards the black hole if
r > 3M, away from the black hole if r < 3M and it is zero if r = 3M. This means that the
integral curves of V for r = 3M are geodesics : there are some “photon trajectories” orbiting the
black hole at r = 3M. This is a very strong effect of light bending which requires a black hole
or a very dense body of radius lower than three times its mass.

3.2.4 Maximal extension

After having adopted, in the previous section, the point of view of an observer static with
respect to infinity, and thus limited our study to the exterior of the black hole foliated using
Schwarzschild’s time coordinate, we describe here briefly the global geometry of Schwarzschild’s
space-time. We define the Eddington-Finkelstein and the Kruskal-Szekeres coordinates inside
and outside the black hole. These will allow us to show that the horizon is not a singularity
of the metric. The maximal analytic extension of Schwarzschild’s space-time will then appear
naturally. Most of the material of this section is standard, it can be found under various forms
in [6] and [23] for example.
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Eddington-Finkelstein coordinates

There are two types of Eddington-Finkelstein coordinates respectively referred to as advanced
and retarded, or, more to the point, incoming and outgoing. They are based on the incoming
(resp. outgoing) radial null geodesics.

The incoming Eddington-Finkelstein coordinates are

v=t+r.r0,p,

where r, = r + 2M log(r — 2M) is the Regge-Wheeler coordinate. The Schwarzschild metric, in
these coordinates, reads

2M
g= (1 - > dv? — 2dvdr — rdw?. (3.30)
T
This is fine outside the black hole but not inside where the expression of r, is no longer valid. If

we define 7, inside the black hole as
re =1+ 2Mlog(2M — 1), (3.31)

s varies from —oo to 2M log(2M) as r varies from 2M to 0. We keep the definition v = ¢ + 7,
inside the black hole and we obtain the same expression (3.30) of the metric g. This is analytic
on R, x]0, +00[xS% and does not degenerate anywhere (apart from the usual problem due to
spherical coordinates) as we can see from the determinent of g:

det g = —r*sin? 6.

The whole of Schwarzschild’s space-time is represented by the incoming Eddington-Finkelstein
coordinates and we can wonder how to interpret the space-time, and more particularly the
horizon, physically.

A v =constant line is a curve

(t = =1« + v, e, W = wo),

with vy and wq fixed; i.e. this is an integral curve of the vector field V™~ = 8; — 0,,, in other
words, a null geodesic. Outside the black hole, this is clearly the incoming radial null geodesic
Yoowo- 1 we parametrize this curve by r, which is an affine parameter (see (3.24)), then it is
an analytic curve in all positive values of r, in particular we see that the incoming null geodesic
Yoo wo OUtside the black hole extends analytically inside the black hole as the same v = vg line. As
we follow the geodesic from infinity inwards, we move towards the future and r decreases (with
4 decreasing from +o0o to —oo as r decreases from +oo to 2M), the geodesic then crosses the
horizon {r = 2M} and keeps going towards the singularity at the origin (r, increasing from —oo
to 2M log(2M) as r decreases from 2M to 0). The interior of the black hole is thus understood
as lying in the future of the exterior. The correct time orientation of the interior of the black
hole, consistent with that given by d, outside the black hole, would appear to be given by —0,.

The horizon is seen as the hypersurface R, x {2M}, x S2 and separates the exterior from
the interior. Moreover, the horizon appears as a null hypersurface. Indeed, the metric does not
degenerate there, but its restriction to the horizon is the 2-metric

—(2M)%dw?,



58 Classic space-times and their conformal compactification

whereas the horizon is a 3-surface. This means that one of the tangent vectors to the horizon is
null. At each point of the hypersurface {r = 2M}, the space of tangent vectors is spanned by
Oy, Op and O,. The “squared norm” of 9, for the metric g is given by

9 9N _(,_2M
g o' ov) r )

So 0, is null for r = 2M. A picture of Schwarzschild’s space-time in incoming Eddington-
Finkelstein coordinates is given by (Figure 3.3) and we see that once inside the black hole, we
cannot come back out of it.

v
A'/\S’ingularity r=0 /\Horizon r=2M
v T

Figure 3.3: The light cones outside and inside the black-hole in incoming Eddington-Finkelstein
coordinates (v, 7).

We now perform a similar construction based on the outgoing Eddington-Finkelstein coordi-
nates :

u=t—ryr0,p,

and the Schwarzschild metric in these coordinates takes the expression

2M
g= (1 - > du?® 4 2dudr — r?dw? . (3.32)

r

Similarly to the incoming case, this is analytic on R, x]0,4+00[.xS2 and does not degenerate
anywhere. The whole of Schwarzschild’s space-time is again represented, but the physical picture
is different. Following an outgoing radial null geodesic (a u =constant line) towards the future,
we emerge from the singularity at r = 0, cross the interior of the “black hole”, the horizon, emerge
from the “black hole” and go towards infinity. The black hole does not appear to be so black
in this case since light rays emerge from it. The horizon is again a null hypersurface but this
time it cannot be crossed from the exterior to the interior. This is a very different description
of Schwarzschild’s space-time corresponding not to a black hole, but to a white hole (see figure
OutgoEF). The time orientation of the interior consistent with the one given by 9; outside the
black hole would now seem to correspond to O,.

What we have constructed using the incoming and the outgoing Eddington-Finkelstein co-
ordinates are similar objects but with the opposite time orientation. We shall see in the next
section that the two descriptions are both present in the most complete picture of Schwarzschild’s
space-time : the maximal analytic extension, also known as the Kruskal manifold.
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Kruskal-Szekeres coordinates

Outside the black hole, Kruskal Szekeres coordinates (7, X, w), w denoting the angular variables
of the Schwarzschild coordinate system, are defined by

1 e ¢ ot 1 e ¢ ot
T = §e4lw <64M —e 4]\/[) , X = §e4M (64M +e 4M) , (3.33)
where 7, is the Regge-Wheeler variable outside the black hole given by (3.25)
r« =1+ 2MLog(r — 2M).

This coordinate system maps the exterior of the black hole R x|2M, 40|, x S2 onto the quadrant
{X > |T|} of Ry x Rx x S2. The horizon now appears as the hypersurface

{(T, X,w); IT| =X >0, we 5%},

its future connected component corresponding to the horizon as described in incoming Eddington-
Finkelstein coordinates and its past component to the horizon crossed by the outgoing Eddington-
Finkelstein coordinates. The outgoing (resp. incoming) radial null geodesics, represented in
(t, 74, w) coordinates as the straight lines {(¢,r, = t+s,w); t € R} (resp. {(¢t,r« = —t+s,w); t €
R}) for fixed s € R and w € S?, are described in Kruskal-Szekeres coordinates as the straight
lines {(T, X =T+ S,w)} (resp. {(T, X = —-T + S,w)}) for fixed S and w.

Inside the black hole, the definition is very similar. We consider the Regge-Wheeler coordinate
adapted to this domain (given by (3.31))

r« =1+ 2MULog|r —2M| = r + 2MLog(2M — ),
the expression of the variables T" and X in terms of ¢t and r, is then given by
1 re /ot t 1 re gt t
T = §e4M (e IM -|—e4M) , X = §e4M (6 IM — 34M> . (3.34)
The interior of the black hole R;x]0,2M[,xS2 is mapped onto the domain
{(T,X,w) eERxRx S?; |[X|<T<VX2+2M}

and the singularity at r = 0 is represented as the product of S? with the hyperbola in the
(T, X)-plane: {(T,X); T? — X*>=2M, T > 0}.

The expression of the metric in Kruskal-Szekeres coordinates is the same inside and outside
the black hole

g = )(,126_]\4;2 (1 — 25%) (dT2 — dX2) — r2dw?.
This can be simplified using the fact that
X% —T? = (r —2M)e2n (3.35)
and we obtain 62
9= e~ (dT2 - dXQ) — r2dw? (3.36)

where 7 is determined implicitely in terms of 7' and X by (3.35). The function (r — 2M)ezn
is analytic in 7 and strictly increasing from |0, +oo[ onto | — 2M, +o0[. It follows that r is an
analytic function of X2 — T2, and therefore of (T, X), on —2M < X? — T? < +o0.
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Maximal Schwarzschild space-time

As we have seen above, the metric (3.36) can be extended analytically on the region
MR = {(T, X,w) e R xR x S2. X2 -T%> —2M} .

We obtain a new space-time (MK, g) called the Kruskal extension, or maximal analytic extension,
of Schwarzschild’s space-time (see figure 3.4). It contains four blocks separated by a bifurcate
horizon {|T| = |X|}:

I = {(T,X,w), X >|T|, we S?},

m o= {(T,X,w), [X|<T<V2M+X?, wes},
I = {(T.X,w), X < —|T|, we S?},

Vo= {(TXw), —[X|>T>-V2M+X?, we $2} .

Blocks I and III are exteriors (corresponding to r > 2M) and the blocks II and IV are interiors
(corresponding to 0 < r < 2M). The realisation of the Schwarzschild manifold that we con-
structed using the incoming (resp. outgoing) Eddington-Finkelstein coordinates is the union of
blocks I and II (resp. I and IV) with the part of the horizon between them.

The union of blocks III and IV with the part of the horizon between them is also a realization
of the Schwarzschild manifold; it is isometric to the union of blocks I and II with the adequate
part of the horizon with the time orientation reversed. More explicitely, blocks III and IV
are the image of the Schwarzschild space-time, described in Schwarzschild coordinates, by the
transformations (3.33) and (3.34) with the signs of 7" and X reversed. In the maximal extension,
the horizon can be understood as the union of two null hypersurfaces describes as {T'= X} and
{T'= —X}. They intersect at the 2-sphere at {T'= X = 0} that is the common boundary of all
the level hypersurfaces of the function ¢. This 2-sphere is a smooth submanifold of the extended
space-time, referred to as the crossover of the horizons or crossing sphere.

Note that (M*, g) is globally hyperbolic, the hypersurface {T' = 0} is a Cauchy hypersurface.

3.2.5 Conformal compactification

Schwarzschild’s space-time contains mass. This is apparent in the asymptotic behaviour of the
metric : some terms are proportional to the mass M of the black hole and fall off in 1/r at
infinity. These terms prevent the construction of a complete regular compactification similar to
what can be done with Minkowski space-time. A partial compactification however is possible
and yields in the limit M — 0 a partial compactification of Minkowski space-time where only
%+ are defined but neither % nor i°. This compactification is performued using the variables
u=t—r, and v = t+r,. The lines of constant (u,w), resp. (v,w), are outgoing, resp. incoming,
radial null geodesics. They are referred to as the principal null geodesics because their tangent
vectors are double roots of the Weyl tensor (see [45] for more details).

In terms of variables u =t —r,, R = 1/r, 8 and ¢, the Schwarzschild metric g takes the form

g=(1-2M R)du2 — f2dudR - —deQ.
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> r = cst. t = cst. .

Figure 3.4: The maximal analytic extension of Schwarzschild’s space-time in Kruskal-Szekeres
coordinates: domains I and IIT correspond to r > 2M, domain II represents the interior of the
black hole and domain IV the interior of the white hole.

Rescaling the metric with the conformal factor = R = 1/r, we obtain

G = R%’g = R?’(1 — 2MR)du? — 2dudR — dw?,

which extends as an analytic metric on the domain R, x [O, ﬁ [R X Sggo. Similarly to the

Minkowski case, we can add a boundary to the exterior of the black hole : the hypersurface
Ry, x {0} % Sgga. A point (ug, 0,00, po) on the boundary is reached along the outgoing radial
null geodesic

Yuof0.00(T) = (t=1r4+2MLog(r —2M) +ug, 7, 0 =0y, ¢ = @o)
1
= (u:u()’R:’O:eOvSO:QDU)
T

as 7 — +oo and there is a one to one correspondence between the points on the boundary and the
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Figure 3.5: The Penrose diagram of maximal Schwarzschild space-time. The ¢ = cst lines all go
through the crossing sphere and the r = cst lines end at the timelike infinities.

outgoing radial null geodesics. The hypersurface therefore represents future null infinity, £, for
the Schwarzschild metric. A similar construction can be done using the variables v, R, 0, ¢ and
allows to construct .#~. These two hypersurfaces can be added as boundaries to blocks I and
ITII. We obtain the Penrose diagram of maximal Schwarzschild space-time (Figure 3.5). Using
Theorem 2.7 and the fact that the scalar curvature of the Schwarzschild metric is zero, we can
calculate the scalar curvature of the rescaled metric § = R%g and we find

1
EScalg =2MR.

The gradient of € on the rescaled space-time is given by

0

V; =g""(dQ2) =5 '(dR) = —

is everywhere timelike and past-oriented outside the black hole and becomes null at .#; it is also
a Killing vector field. Compactified Schwarzschild’s space-time has the same Killing vector fields
as the original space-time.

3.3 Other spherically symmetric black holes

The Schwarzschild metric has extensions that still retain the feature of spherical symmetry :
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e the Reissner-Nordstrom metric describes a charged spherical static black hole in an asymp-
totically flat universe ; it is no longer a solution of the Einstein vacuum equations but of
the Einstein-Maxwell system, i.e. the Einstein equations with the stress-energy tensor of
an electromagnetic field as a source, coupled to the Maxwell system ;

e the de Sitter-Schwarzschild metric describes a spherical eternal uncharged black hole in a
universe with a positive cosmological constant.

In fact the two extensions are part of the de Sitter-Reissner-Nordstrém family. This is the two-
parameter family of metrics describing a spherical, charged, eternal black hole in a universe with
a non negative cosmological constant. It is defined on R;x]0, +oco[, xS2 by

2M 2
g=F(r)dt* — F(r) 'dr? — r?dw?®, F(r)=1— —+ % — Ar?, (3.37)

where M > 0 is the mass of the black hole, ) its charge and A > 0 the cosmological constant.
In the case where A = 0, g is the Reissner-Nordstrom metric and when @ = 0, g is the De
Sitter-Schwarzschild metric. When M = @Q = 0 and A > 0, the geometry we obtain is known as
De Sitter space-time.

3.3.1 Reissner-Nordstrom metrics

We consider the metric given by (3.37) with A = 0, i.e. with

Similarly to the case of the Schwarzschild metric, {r = 0} is a curvature singularity and the
zeros of the function F are the radii of the horizons, which are fictitious singularities that can be
understood as smooth null hypersurfaces by means of Kruskal-Szekeres-type coordinates ; except
now we may have two horizons. There are three types of Reissner-Nordstrom metrics, depending
on the respective importance of M and Q.

1. For M > |Q|, the function F' has two roots
ry = M+ /M2 —Q2, (3.38)

so the space-time has two horizons. The horizon {r = r} will be called the outside horizon,
or horizon of the black hole, while {r = r_} will be called the inner horizon.

2. For M = |Q|, r+ = r— = M is the only root of F' and there is only one horizon. The
corresponding black hole is referred to as an extreme Reissner-Nordstrom black hole.

3. For M < |Q|, the function F' has no real root. There are no horizons in this case, the
space-time contains no black hole and the singularity {r = 0} is naked (i.e. not hidden
beyond a horizon).
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Sub-extremal case : M > |Q|
The two horizons decompose the Reissner-Nordstrom manifold into three regions called blocks.

e Block I is the exterior of the black hole {r > r;}. It is a static and globally hyperbolic
region : the Killing vector J; is timelike and orthogonal to the Cauchy hypersurfaces
[t} x]ry, +oo], x 52,

e Block II is the region between the two horizons {r_ < r < r;} : it is a dynamic region
where 0, is timelike and 0; is spacelike, as inside a Schwarzschild black hole. It is also
globally hyperbolic.

e Block III is the region beyond the inner horizon {r < r_}. It is another static region where
0y is Killing and timelike and orthogonal to the level hypersurfaces of ¢ that are spacelike.
But block III is not globally hyperbolic because of the singularity at » = 0. If we take
any smooth connected spacelike hypersurface ¥ in block III, there are inextendible timelike
geodesics ending in the singularity and not meeting 3. The singularity is timelike since
the vector field 0; is timelike in block III.

The spacelike geometry of block I is similar to the Schwarzschild case in that the outer horizon
is at finite spacelike distance from any point outside the black hole. This is a straightforward
consequence of the fact that for any r¢g > ry, the integral

To 1 T0 ,,,,
—dr =
/u VED e o)

Similarly, in block III, the inner horizon is at finite spacelike distance from any point in block
ITI. And so is the singularity from any point in block III.

We can define a Regge-Wheeler-type coordinate r, in each of the three blocks easily. It needs
to satisfy

dr < 0o.

dry 1 r2 7”_2’_ 1 r2 1
= = = 1+ + s
dr F(r) (r—ry)(r—r-) ro—Tr_r—7ry Tr_—ryr—r_
i.e.
r r2
re =17+ ————log|r —ry|+ ————log|r —r_|+ Ry
’I"+—’I“7 ’I“f—?"+

where Ry is an arbitrary constant. In each block, the metric is expressed in terms of the variables
(t, 7, w) as
g="F(r)(dt® —dr?) — r’dw?’.

This allows to construct Eddington-Finkelstein-type coordinates in each block v = ¢ — r, and
v =t + 14 The corresponding expressions of the metric will be

g = F(r)du® + 2dudr — r’dw?
= F(r)dv? — 2dvdr — r?dw?.

We can then glue blocks together as we did in the Schwarzschild case :
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Figure 3.6: A first extension of the sub-extremal Reissner-Nordtrom space-time drawn as a
Penrose diagram. The dotted lines represent the » =cont. hypersurfaces. The thick continuous
curved line is the singularity » = 0. The shaded regions are not part of the space-time.

e using the incoming coordinates (v,r,w), we glue block II to the future of block I via a future
outer horizon and block III to the future of block II via a future inner horizon ;

e using the incoming coordinates (u,r,w), we glue block II to the past of block I via a past
outer horizon and block III to the past of block II via a past inner horizon.

We obtain a first extension of the Reissner-Nordstrom manifold shown in figure 3.6. We notice
that some radial null geodesics are incomplete in this picture and therefore the extension is not
maximal. We can then construct the maximal analytic extention of the sub-extremal Reissner-
Nordstrom black hole by extending the incomplete radial null geodesics : the additional blocks to
be glued are found by smoothness of the function r over the whole extension and by observations
of time orientation. In total 6 types of blocks will be used in the construction of the maximal
analytic extension : I, IT, ITI (IT here is understood as having the time orientation given by —d,)
and the same blocks with their time orientation reversed I’, I’ and IIT’.
The Penrose diagram of the maximal analytic extension of the sub-extremal Reissner-Nordtréom

space-time is shown in figure 3.7.

Extreme case : M = |Q)|

Block IT no longer exists in this case and only blocks I and III remain. The Regge-Wheeler
coordinate r, is now given as a primitive of the function
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Figure 3.7: The Penrose diagram of the maximal analytic extension of the sub-extremal Reissner-
Nordtrom space-time.
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Figure 3.8: The Penrose diagram of the maximal analytic extension of the extreme Reissner-
Nordtrom space-time.

ie. 2
r— M~
This has a very different behaviour at the horizon from the sub-extremal case.
A similar difference appears in the spacelike geometry of extreme Reissner-Nordstrém black
holes. We note that

r« =1+ 2Mlog|r — M| —

/];0 \/%dr = /MO \/(riiM)er = o0

The horizon is at infinite spacelike distance from any point in block I and from any point in
block IIT (the singularity remains of course at finite spacelike distance from points in block III).

This seems to indicate that the maximal analytic extension of an extreme Reissner-Nordstréom
black hole should be more puzzling than in the sub-extremal case. The Penrose diagram of the
maximal analytic extension of the extremal Reissner-Nordtrém space-time is shown in figure 3.8.
The structure is not so surprising, but the “spacelike horizon”, i.e. r = M for finite values of ¢ is
not a part of the space-time.

Super-extremal case : M < |Q)|

There is only one block with a singularity at » = 0. The space-time is not extendible.
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3.3.2 De Sitter-Schwarzschild metrics

We now study the metric (3.37) with @ = 0 and A > 0. The function F(r) has the expression

The derivative 1 — 3Ar? of the numerator only vanishes on ]0, +-oo[ for r = 1/v/3A ; it is positive
in ]0,1/v3A[ and negative for » > 1/v/3A. The value of the numerator at r = 1/v/3A is

1 1 1
_— —— —2M =2 ——-M | .
V3A  3V3BA <\/27A >
So there are three distinct situations.

e 27AM? < 1 : the function F has two zeros 0 < r_ < ry < 400, there are two horizons and
three blocks ; since F' is positive between r_ and r, block II (the domain between the
horizons) is static with 9; Killing, timelike and orthogonal to the Cauchy hypersurfaces of
constant t. Block I (r €]0,r_[) is dynamic, it is the inside of the black hole or of the white
hole. Block III (r €]ry, +o0[) is also dynamic, either in expansion or in contraction. The

horizon r = r4 is called the cosmological horizon. The singularity at » = 0 is spacelike as
in the Schwarzschild case.

e 27AM? = 1: the function F has only one double zero at r = 1/v/3A = 3M and F is negative

on either side. Block II vanishes and we only have blocks I and III. The singularity at » = 0
is spacelike.

e 27AM? > 1 : F has no zero and is negative everywhere, there is a naked singularity in a
dynamic universe. The singularity at » = 0 is spacelike.
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Figure 3.9: Penrose diagram of part of the infinite strip of the maximal analytic extension of de
Sitter-Schwarzschild space-time in the case 27AM? < 1.

We give in figures 3.9, 3.10 and 3.11 the Penrose diagrams of the De Sitter-Schwarzschild
space-time in the cases 27TAM? < 1, 27AM? =1 and 27AM? > 1.



The Kerr metric 69

7N J
Hi7 ;,4,“.\3\\\\\\§§\-‘=HEH;;,7/////1 1

2NN R
NG NN 7
\!!tlf////,l,’ﬂlﬂ\\\\\\mﬂf////[l‘n“\

Singularity r =0

Figure 3.10: Penrose diagram of part of the infinite strip of the maximal analytic extension of
de Sitter-Schwarzschild space-time in the case 27AM? = 1.
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Figure 3.11: Penrose diagram of De Sitter-Schwarzschild space-time in the case 27TAM? > 1.

3.3.3 Anti-de Sitter-Schwarzschild metrics

3.4 The Kerr metric

The Kerr metric is another extension of the Schwarzschild metric : it is no longer spherically
symmetric. The additional parameter is the angular momentum per unit mass. It is a solution
of the Einstein vacuum equations that describes a rotating uncharged black hole ; in Boyer-
Lindquist coordinates on R; x R, x S2 it takes the form

2M 2asin? 6 (r? +a? — A 2
T)dt2+ a sin (r +a )dtdcp’OAer

p? p?

2 2\ 2 oM 2 & 29
—p2d6? — <(T +a)p :2 ra s sin? 0 dy?, (3.39)

gudatda?’ = (1 —

0> =12 +a®cos’0, A =r?—2Mr+d?,

where a is the angular momentum per unit mass and M > 0 is the mass of the black hole. The
black hole rotates around the axis going through its North and South poles. This results into a
non-zero coefficient g, that couples the variables ¢ and . The function A is the analogue of
r2(1 — 2M/r) in Schwarzschild’s space-time ; it defines the horizons as the sets of points where
A = 0. These horizons appear as singularities in the expression (3.39) above, but they are
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merely coordinate singularities, the metric can be extended smoothly through them. The only
true curvature singularity of the metric is the equatorial ring defined by p? = 0, i.e. r = 0 and
0 = /2. There are three types of Kerr space-times depending on the respective importance of
the rotation and the mass :

e Slow Kerr space-time for 0 < |a| < M (the case a = 0 reduces to the Schwarzschild metric).
A has two real roots r— and r4 :

O<r_=M—-vVM2—a2<M<ry=DM++\/M?—a?<2M, (3.40)

so there are two horizons on either side of the sphere {r = M}.

e Extreme Kerr space-time for |a| = M. M is then a double root for A and the sphere {r = M}
is the only horizon.

e Fast Kerr space-time for |a|] > M. A has no real root and the space-time has no horizon.
There is no black hole in this case, the ring singularity is a naked singularity.

We consider only the case of slow Kerr metrics. Horizons separate the space-time in connected
regions called Boyer-Lindquist blocks :

Block I is the exterior of the black hole {r > r;}. It is the simplest of all three blocks. In
this region, the vectors 0/0r, 0/00, 0/0p are spacelike and, for r >> 1, /0t is timelike.
However, block I contains a region called the ergosphere in which g4 < 0 which means
that 0/0t is spacelike. We shall see this in more details below. Inside &, the effects of the
rotation are extreme and along every future-oriented non spacelike curve, the quantity a¢p
is strictly increasing.

Block I, like any Boyer-Lindquist block, is not stationary, i.e. there is no timelike Killing
vector field globally defined on it. However, the exterior of the ergosphere is stationary, and
even absolutely stationary, since /0t is the unique (up to multiplication by a constant)
timelike Killing vector field globally defined there. Also, every point in block I, even inside
the ergosphere, has a stationary neighbourhood.

Block II is the region between the outer and inner horizons {r_ < r < ri} ; it only exists
in the slow case. 9/0r is timelike there and 9/9t, /00, 0/0¢p are spacelike. It is a
dynamic domain where the inertial frames are dragged towards the inner horizon (the time
orientation implicit in this description is such that 9/9dr is past pointing).

Block III lies beyond the inner horizon {—oco < r < r_}. It contains another ergosphere
&= {(t,r,ﬁ,gp) M —/M? —a2cos?h <r< 7'_},
the ring singularity and a time machine (being the only region where 0/Jy is timelike)

which allows any two points in block III to be joined by a future-oriented timelike curve.
Hence, not only is block III not stationary, it is not causal either.
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The ergosphere is in fact not restricted to Block I; it is defined as the region where g4 < 0,
i.e. where 72 — 2M7r + a?cos?§ < 0. It is therefore given by

E= {(t,r,G,cp) i M —\/M? —a?cos20 <r <M+ MQ—CLQCOSQG}.

It covers the whole of Block II and overlaps Blocks I and III. Its intersection with Block I
can be used to devise a process — the Penrose process (see below) — that allows to extract
energy from the underlying geometry (the usual way of understanding this from the physical
point of view is that one extracts energy from the black hole).

For a detailed description of the geometry of Kerr black holes, see [41].

3.4.1 The exterior of the black hole

In this section, we study block I from the point of view of an observer who is static with respect
to infinity. The perception of such observers is limited to block I and is described by the time
function t of the Boyer-Lindquist coordinates. Just as in the Schwarzschild case, light rays in
block I can only reach the horizon when ¢ becomes infinite. To illustrate this property, we
consider the principal null geodesics which play a role similar to the radial null geodesics on the
Schwarzschild space-time. They are defined by

. a
r==21, =0, p = —
) M SD A M A
Introducing a new coordinate r, such that
dr, 1 +ad?

o - A > 0 on |ry,+oo|

we get
Fo = &t
and therefore, along a principal null geodesic we must have

t==4r.+C.

The horizon r = r4 corresponds to r, — —oo and is consequently reached only when ¢ becomes
infinite.

We study the geometry of {t = constant} slices ; their extrinsic geometry is non trivial and
even singular at the horizon.

We denote by M the space-time outside the black hole and we choose the foliation of M by
the level hypersurfaces of the time-function ¢ :

S = {t}x]ry, +00[r x5, - (3.41)

For each t, the hypersurface ¥; is spacelike since at each point, its tangent plane is spanned
by the three spacelike vectors %, %, %. This shows that ¢ is indeed a time function, i.e. its
gradient V is a timelike vector field, in spite of the fact that in Boyer-Lindquist coordinates,
% is not everywhere timelike in block I. The time orientation is fixed by deciding that V%t is
future pointing, which is equivalent to saying that % is future pointing in the region of block I

where it is timelike.
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3.4.2 The 3+ 1 decomposition of the Kerr metric in block I

We perform the 3+1 decomposition of the metric g relative to the foliation {¥; };cg. We calculate
the expression of the vector

Ve

Y

a

in Boyer-Lindquist coordinates. To do this, we look for a future pointing timelike vector field
U® orthogonal to 3; at each point and we normalize it to obtain 7% (we could also calculate the
inverse metric and apply it to dt). The time orientation yields that ¢ increases along all timelike
future pointing curves, hence we choose U® of the form

e OO0 D
U%0a = gy + Ag + Bg + O

and imposing that U?® should be everywhere g-orthogonal to %, % and %, we obtain

0 G O 0 2aMr 0
Uldy = - — T5— = . 3.42
Ot GgepOp Ot * (r2 + a2) p? + 2Mra? sin? 0 O (342)

We put
Gty 2aMr

Joo  (r2+a2)p? + 2Mra®sin26

a(r,0) = (3.43)

The norm of U? is then given by

UP = U0 = gy — Ge) _ —AS0 P —— >0 in block I,
o o (r2 4 a2) p? + 2Mra?sin® 6
and the vector T'% is
U(Z
T =
U]

If we introduce the vector fields r¢, 8%, ©® defined as

0
or

0

, 090, = |gee) V2=, 9p

0
r a = |gr7"‘ 1/2 807 SO |gSOSO| 1/2

then {7 r®, 6%, ¢} is a local orthonormal Lorentz frame in block I ; the metric can therefore
be written as
9ab =TTy — hap s hap = Tarp + 006 + Catpp

and the 1-forms 7T, r4, 0, and ¢, are given by

Todz® = |U[dt = 4 [gu (gtgo) dt, redz® = ’grr|1/2dT7 Oadz® = _’g€0|1/2d07
PP

Pada® = |9soeo‘71/2 (gtpdt + gppdp) = |9ww|1/2 (de —adi) .
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This gives the expression of the lapse function

o\ 1/2
N — ’U‘ — (gtt _ (gt@) ) —
e

Apg 1/2
<(r2+a2)p2+2Mrazsin20> '

In Boyer-Lindquist coordinates, the product structure is associated to the Killing vector field

%. If we wish our decomposition of the metric to be useful, we must interpret hy, as a (time

dependent) metric on
Y =|ry, ooy ng#) .

This requires to choose the product structure associated with T%. An explicit way of doing this
is to define the new coordinates 7, R, ©, ® :

T=t,R=r,0=0, &=¢— (t—ty)a(r,0) (mod 27)
for a given tg € R. We obtain the following expression of g :

g(1) = N?dr? — h(r)

2 8 8 2
_ (gtt _ (gt“’)) d7? + g dR2 + gged©? + g, (d(I) (T —t0) 22 AR + (1 — to)adQ)

Gop OR 00
_ (910)? 2 2 [ O 2 2
= <gtt ow dr° + | grr + (7’ to) R G dR
2 [ O ? 2 2
+ | 900 + (T —to0) 90 9oy | dO7 + gpp,d®
Oa o foJe foJe
+2(1 — to)Qﬁ%ngde@ +2(7 = o) 5 5 9epdRAP + 2(T — t0) 5 5 gopdOAD. (3.44)
Note that for these new variables, we have
9 _qpayg 0 _9 0 _09 9 _ 0
or “OR  Or’ 00 00’ 0d Oy’
V20 290
Ty = ——=——.
0 [U|lor N Ot

Remark 3.3. The quantity « is the local rotation speed of the space-time. We see that the
function o has no singularity at r4 (in fact it is only singular at the boundary of the time
machine). And for r = r4 the function a no longer depends on 0, indeed

2aMry
(r2 +a?)(r2 + a2 cos?0) + 2Mra?sin® ¢
= since i +a” =2Mry
(2Mr4)(r2 + a2 cos? 0 + a2 sin? 0) + M
a

a(ry,d) =

The rotation speed of the outer horizon is the same everywhere on the horizon, it does not depend
on the latitude. The same is true of the inner horizon with vy replaced by r_.
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The intrinsic and extrinsic geometry of the slices

All slices ¥, 7 € R have the same geometry (both intrinsic and extrinsic) since in Boyer-
Lindquist coordinates, the metric g is independent of ¢ (% is a Killing vector field). We consider
a generic slice (X, h(79)) and we choose ty = 7 in order to simplify the expression of h(7p) :

h(0) = —grrdR? — gppd©? — gy, dP?

2 2 2\ 2 IM 2 32
Z%dR2+p2d@2+ (R*+a®)p +2 Ra® sin” © sin? © 492,
p

PP =R>+a’cos?’©, A=R?—2MR+a?.

The coefficient p?/A is singular at the horizon H = {r}r x S3 4 ; we introduce a new radial
coordinate to show that the metric h(7p) can be extended smoothly through H. Putting

A 2M  a®> (R—7r)(R—7_)
PR ==l e~ g

we define u(R) for R € [ry, 400 by

w(R) = / *pr2(gas

T4

(Note that for extreme Kerr space-time, we would have ry = r— = M and consequently, the
integral defining u(R) would diverge. Hence, the h-distance to the horizon would be everywhere
infinite in block I.) The function w of R is continuous strictly increasing from [ry,+oo[ onto
[0, +00], it is C*° on ]r4, oo but is not differentiable at ry. As in the Schwarzschild case, we
easily show the following result ; the proof is identical to that of lemma 3.1 and we do not repeat
it here :

Lemma 3.2. The inverse function u — R(u) is smooth from [0,4o0[ onto [ry,+oo[ and all
its derivatives are uniformly bounded on [0, 4o00].

Lemma 3.2 will allow us to prove that each slice is a smooth manifold with boundary H and
that the lapse function is smooth on . The following corollary expresses these properties as
well as the fact that h(7) depends regularly on 7 :

Corollary 3.1. The manifold
(E=1o, +oo[u><5%7¢, h(10))

18 a smooth manifold with boundary. The lapse function N, which is independent of T, is reqular
and uniformly bounded on X as well as all its derivatives. Moreover, the metric h(t) is a smooth
function of T ; to be more explicit, we have

hay € C (Ry 3G5° (8 TM)) , b € € (R, G (£5T%M) ) .
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Remark 3.4. The extrinsic curvature
ab = —L7(hap)
18 singular at the horizon, however,
NEKg € C (Rr 5C3° (S 5 TpM)) .

Proof of corollary 3.1 : We write the metric h(7p) in the form

2 2 2 2y 2 )
r- A 9.9 [(R*+a*)p*+ 2M Ra* sin* ©
h(ro) = deu + (1+u)2(1—|—u) de* + 0T )2

(1 +u)?sin? © d2.

The functions

p? p? (R? + a?)p? + 2M Ra? sin® ©

R27 (14+wu)?’ (14 u)?
are smooth on ¥, positive, uniformly bounded as well as all their derivatives and uniformly
bounded away from zero. Hence, h(7g) is a smooth, symmetric, positive definite 2-form on X,
uniformly controlled below and above by the euclidian metric on ¥ considered as R? ~. B(0,1) :

du® + (1 + u)?dO? + (1 + u)?sin® © dd?.

This shows in particular that (3, h(79)) is a smooth Riemannian manifold with boundary H.
Given a regular coordinate system on ¥, say the underlying euclidian coordinates on R~ B(0, 1),
the 3 x 3 matrices h;; and h¥ | representing the metric h(7p) and its inverse in this coordinate
basis, are smooth and bounded on ¥ as well as all their derivatives. This is expressed more
intrinsically by

hab(TO) S Cgo (i ;Tab./\/l) ha? (T()) € Cb < Tab,/\/l)

The lapse function N is given by

2 2 1/2
N(R,©) = 2[00 > FY2,

<(R2 + a2) p? + 2M Ra? sin? ©

It is the result of the multiplication of F1/2 by a smooth function on ¥, uniformly bounded as well
as all its derivatives and uniformly bounded away from zero. Therefore, as a trivial consequence
of lemma 3.2 and dR = /2, we have

N eCr(x).

We now study the regularity of h(7) with respect to 7. Let us consider the expressions of h(T)
and h(7p) in the coordinate system R, O, ® with tg = 7¢ :

Do da . \?
h(r) = *grrdR2 - 990d92 — Gop (d(I) + (7 — To)ﬁdR + (1 — )a@d@> ,

h(10) = —grrdR? — gpd©? — g, d D,
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Putting

=P+ (1 —79)a(R,0) (mod 27),
we have ~
h(7) = —grrdR® — gged©® — gppd®”.
h(7) is obtained from h(7y) by a rotation around the axis of the black hole whose angle (depending
on 7, R and ©) is
e (R, @)
Gop (R,0)
The function a(R,©) is smooth on ¥ and bounded as well as all its derivatives. Denoting by
G(1 — 79) the C>®-diffeomorphism of 3

Gir—m1) @ (R,O,0)— (R,0,P+ (T —19)a(R,0)),

(1 = 1)(R,0) = —(T — 70)

we have
hap(T) = hap(10) © G(T — 70) , h®(T) = h®(79) 0 G(T — 70) .
This entails
hav € C (Re 56 (35 TupM)) , bt € € (R, 56 (357 M))

and concludes the proof of corollary 3.1. O

The Penrose process

If we consider a geodesic y in block I, its energy as perceived by an observer static at infinity is

B, (s) = (i(s) ).
It is conserved since d; is Killing, but since 0, is spacelike inside the ergosphere, the energy of a
timelike or null geodesic is allowed to be negative there. This has led Roger Penrose to imagine a
process by which one can extract energy from the ergoregion: a particle is sent towards the black
hole; its energy is of course positive; once inside the ergosphere, it disintegrates into two particles
in such a way that one of them has negative energy (i.e. its 4-velocity is oriented so that its
inner product with d; is negative); the one with negative energy cannot leave the ergosphere and
we assume that it falls into the black hole and that the other one comes out of the ergosphere;
by conservation of the total energy, the energy of the particle that comes back out is larger than
that of the particle we originally sent in. This is called the Penrose process.

This has given Subramanian Chandrasekhar the idea of an industrial city built in orbit
around a black hole and drawing all its energy from the ergoregion. Shuttles are sent inside the
ergosphere loaded with the city’s litter. Once inside, they eject the litter with an angular speed
such that the energy of the litter bags is negative. The shuttles then come back lighter than
they left but with more energy. A wheel slowing down the shuttles on their return transforms
the added energy into electricity.

How can we, at any given point of the ergosphere, choose a timelike direction 7% such that
g(7,0r) < 07 Recall that for any spacelike vector, we can find two future oriented timelike vectors
such that their inner products with the spacelike vector have opposite signs. In particular, this
guarantees that there is a future timelike direction 7% (and by continuity an open set of future
timelike directions) such that g(7, ;) < 0.
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Superradiance

The phenomenon of superradiance is the analogue of the Penrose process at the level of fields.

1

F
Fold) = 5 [ (100F +10.7 + ITsa0P
t

FF' 22
+ < " + Fm? — qr?) ]¢|2> sin fdr,.dfdy

TO BE CONTINUED...

3.4.3 Maximal extension of Kerr’s space-time

The global geometry of Kerr’s space-time (and in particular slow Kerr) is far more complex
than that of Schwarzschild’s space-time. An entire chapter of B. O’Neill’s book [41] is devoted
to the construction of the maximal extension. Our purpose in this section is to describe this
construction schematically and to point out so-called Kruskal domains in maximal slow Kerr
space-time.

Kerr-star and star-Kerr coordinates

Just as we did in the Schwarzschild case, we choose a coordinate system which will allow us to
represent globally the whole of Kerr’s space-time. This choice is guided by the following physical
consideration : if a particle is to pass from block I to block II across the outer horizon and then
from block II to block IIT across the inner horizon, its most direct course is to follow an incoming
principal null geodesic. The whole idea of the Kerr-star coordinate system is to turn incoming
principal null geodesics into coordinate lines. Such geodesics are defined on all three blocks in
Boyer-Lindquist coordinates by

a

,r=-1,0=0, b=x-

r2+a2

t= A

Keeping the coordinates r and @, we introduce two new coordinates t* and ¢* of the form
t"=t+T(r), o* =@+ A(r)
where the functions T and A are required to satisfy

dT_7“2+a2 dA_ a

dr A O dr A

(t*, 7,0, ¢*) defines a coordinate system in each Boyer-Lindquist block®, called Kerr-star coordi-
nates, in which the incoming principal null geodesics are described by

. . . dT . dA
dr dr

3with the exception of the axis (0 = 0 and 6 = 7) ; this coordinate singularity can be dealt with simply (see
[41] lemma 2.2.2), we shall systematically ignore it.
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i.e. they are the r coordinate curves parametrized by s = —r (or —r + C'). The expression of the
Kerr metric in Kerr-star coordinates is given by

g = gudt*® + 2g;,dt*de” + g@(pdgp*2 — p2d6? — 2dt*dr + 2asin® @ dp*dr, (3.45)
where git, Gp, gpp and ggg = —p* are as defined in (3.39), i.e.
2Mr as.i1129(7"2 + a? —A)
w=\|1——5— to =
.g [12 I .g %) p2 9

(r2 + a2) p% + 2Mra?sin? 6
Jpp = — 2

)sinze, p? =1*+acos? .

We see from (3.45) that the metric g is smooth on all three blocks, with the exception of the
ring singularity {p?> = 0} = {r = 0 and # = 7/2} in block III, and across both horizons (the
component g, in Boyer-Lindquist coordinates was the only component of g to be singular at the
horizons and it does not appear in (3.45)).

Kerr-star space-time is defined as the manifold

M* =Ry X Ry x S5 e\ {(t*,r,@,go*); r=0andf = g}

equipped with the smooth metric (3.45) and with the time orientation such that the null coordi-
nate vector field —%, defined and smooth on the whole of M* and whose integral lines are the
incoming principal null geodesics, be future oriented. This time orientation is consistent with the
fact that, in Boyer-Lindquist coordinates, the Killing vector field % is future oriented outside
the ergosphere in block I and also with the description of block II given at the beginning of the
chapter, with —% (in Boyer-Lindquist coordinates) future pointing. This space-time contains
all three blocks, glued smoothly at the horizons by the requirement that incoming principal null
geodesics should cross horizons smoothly and that their orientation defines the time orientation.
Block II is thus glued to block I in such a way that it lies in the future of block I and similarly,
block III lies in the future of block II. The horizons {r = r;} and {r = r_} are smooth null
hypersurfaces of (M*,g). The fact that they are null is easily shown considering the metric
induced by g on hypersurfaces of constant r

gr = gudt™ + 2gs,dt™de™ + gwdcp*2 — p?de?.
This induced metric has determinent
det(gr) = _p2 (gttggmp - (9154,0)2) = ,02A sin’ 6

and thus degenerates for A = 0, i.e. at the horizons. See figure 3.12 for a Penrose diagram of
Kerr-star space-time.

This construction is similar to what we did in Schwarzschild’s space-time, when we first used
Kruskal-Szekeres coordinates to show that the metric could be extended smoothly across the
horizon. In the Schwarzschild case, the maximal extension of the space-time followed naturally
by extending the domain of definition of the Kruskal-Szekeres coordinate system. This we cannot
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do here since the domain of definition of Kerr-star coordinates is already maximal. We shall need
to use other coordinate systems which will allow us to glue Boyer-Lindquist blocks in different
manners.

Kerr-star coordinates were defined by modifying Boyer-Lindquist coordinates so that incom-
ing principal null geodesics could become coordinate lines. Using outgoing principal null geodesics
instead of the incoming ones, we obtain the star-Kerr coordinate system. These geodesics are
defined on all three blocks in Boyer-Lindquist coordinates by

t._r2+a2
- A ,

i=1,0=0, ¢=

| =

Keeping r and 60, we introduce the new coordinates
t=t=T(r), "o =p—A(r)

where the functions 7" and A are the same used to define t* and ¢*. In the star-Kerr coordinate
system (*t,r,0,*p), the outgoing principal null geodesics are the r coordinate lines parametrized
by s = r and the Kerr metric takes the form

9 = gud("t)? + 291, d(*t)d(*@) + gppd(*¢)* — p2d6?

+2d(*t)dr — 2asin? 0 d(*)dr. (3.46)

This gives rise to star-Kerr space-time which is the manifold
*M :R*t XRT X Sg,*go\{(*t,h@,*@); r=20 and 6 = g}

equipped with the smooth metric (3.46) and time orientation such that, in star-Kerr coordinates,
the null coordinate vector field %, which is defined and smooth all over * M and whose integral
lines are the outgoing principal null geodesics, is future pointing. This space-time contains all
three blocks, glued together at the horizons which appear as regular null hypersurfaces. The
gluing is done by requiring that the outgoing principal null geodesics should cross the horizons
smoothly. The time orientation reflects this choice ; it is consistent with the fact that in Boyer-
Lindquist coordinates % is future pointing outside the ergosphere in block I, but incompatible
with —% future oriented in block II : in star-Kerr space-time, the inertial frames in bloc II are
dragged outwards from the inner horizon to the outer horizon. There is a canonical isometry
between star-Kerr and Kerr-star space-times. This isometry preserves the time orientation of
blocks I and III but reverses that of block II. Star-Kerr space-time can be seen as a block I, to
the past of which is glued a block II with its time orientation reversed, to the past of which is
glued a block III : it describes a “slow Kerr white hole”. See figure 3.12 for the Penrose diagram
of star-Kerr space-time (II' refers to a block II with reversed time orientation).

Maximal slow Kerr space-time

The maximal analytic extension of slow Kerr space-time is constructed using both Kerr-star
and star-Kerr space-times. We start with Kerr-star space-time : all the incoming principal null
geodesics are complete but the outgoing ones are not. The idea is to glue other blocks so as to
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690 690

Kerr—star space—time Star—Kerr space—time

Figure 3.12: Penrose diagrams of Kerr-star and star-Kerr space-times

make the outgoing principal null geodesics complete. The solution for blocks I and III is simple :
we consider them as belonging to star-Kerr space-times, i.e. we glue to the future of block III a
block II' followed by a new block I and to the past of block I a block II' preceded by a new block
III. For block II, the situation is trickier ; we also wish to understand block II as part of a star-
Kerr space-time, but this is incompatible with the time orientation of block II. The solution is to
reverse the time orientation of the whole star-Kerr space-time. We are thus led to gluing to the
future of block IT a block I (block III with its time orientation reversed) and to its past a block
I’ (block I with reversed time orientation). The resulting space-time is shown in figure 3.14. We
keep on extending this new space-time wherever a family of principal null geodesics is incomplete.
The extension is done step by step and is based on the same simple principle : if a family of
principle null geodesics is incomplete, it means that the Kerr-star (in the incoming case) or star-
Kerr (in the outgoing case) space-time which it generates lacks one or two blocks ; this is cured
by gluing the lacking blocks, bearing in mind the consistency of the time orientation of the whole
space-time. In this manner, we construct maximal slow Kerr space-time (see figure 3.13) as a
reunion of four types of space-times : Kerr-star space-times, Kerr-star with their time orientation
reversed, star-Kerr and star-Kerr with their time orientation reversed. Important objects in this
maximal extension are the so-called Kruskal domains. They are “diamond shaped” reunions of
four contiguous blocks. At their “centre” lies a 2-sphere, referred to as a crossing sphere, where
the horizons intersect. Building this crossing sphere rigorously and extending the metric over it
are important difficulties in the construction of maximal slow Kerr space-time. This is done by
means of Kruskal-Boyer-Lindquist coordinates (see [41] for a fully detailed account). There are
two types of Kruskal domains, as shown in figure 3.15. Type II-III contains two copies of block
IIT ; it is not causal, therefore not globally hyperbolic, and contains two timelike singularities
(the ring singularity of each block III). Because of the lack of causality, the notion of Cauchy
problem is not even meaningful on type II-I1I domains. Type I-II domains are much more gentle.
They are globally hyperbolic and contain no singularity. They can be treated in exactly the same
manner as maximal Schwarzschild space-time.

For a type I-II Kruskal domain, we consider a foliation {S;};cr (see figure 3.16) by Cauchy
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Figure 3.14: First step in the
construction of maximal slow
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Figure 3.13: Maximal slow Figure 3.15: The two different
Kerr space-time types of Kruskal domains

Type II-111 Kruskal domain
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Figure 3.16: Foliation of a type I-II Kruskal domain



Asymptotically simple space-times 83

hypersurfaces such that, outside the domain of dependence of a neighbourhood of the crossing
sphere, for each 7 € R the hypersurface S, coincides in block I with the level hypersurface
Y., = {t = 7} of the time coordinate ¢ of Boyer-Lindquist coordinates and in block I’ with
¥, (suffice it to say that the Boyer-Lindquist coordinates in blocks I, IT, I’ and II are defined
unambiguously from the Kruskal-Boyer-Lindquist coordinates defined on the whole domain).

3.5 Asymptotically simple space-times

Asymptotically simple space-times were introduced by Roger Penrose (see for example [44]) as
generic models of asymptotically flat space-times. Here, the notion of asymptotic flatness is to be
understood in a stronger sense as in the case of Schwarzschild’s space-time ; the curvature falls
off to zero at infinity in all directions : timelike, spacelike or null. Their definition is formulated
in terms of conformal compactification and the “degree of flatness at infinity” is expressed in
terms of the regularity of the conformally rescaled metric at the conformal boundary. We shall
not worry about the quantitative fall-off of the curvature at infinity here and we therefore only
consider asymptotically simple space-times for which the metric is C*° at the conformal boundary.

Definition 3.1. A space-time (M, g) is said to be asymptotically simple if M is diffeomorphic
to R* and there exist a positive function Q on M and a smooth space-time with boundary (M, §),
such that :

1. §=0%g on M, Q vanishes at the boundary of M but dSQ is nowhere zero there ;

2. M is the interior of M, the boundary of M is the union of two points i*, the past light-cone
of it (denoted .# T ) and the future light-cone of i~ (denoted %~ ) ;

3. every inextendible null geodesic acquires a future end-point on Z+ and a past end-point on
I

The place where I+ and F~ meet, i.e. spacelike infinity i°, is a in general a singularity of
the conformal structure, it is not part of the “compactified space-time” M which is therefore not
compact.

Such space-times were initially considered by many people as rather empty idealizations of
“real” asymptotically flat space-times because it was not known whether the Einstein vacuum
equations admitted any asymptotically simple solutions. Recently, the works of Chrusciel-Delay,
Corvino-Schoen and Klainerman-Nicolo [7, 8, 29| established the existence of a large class of such
Einstein space-times. They are generically time-dependent, which prevents the use of standard
analytic methods for the construction of a scattering theory.

As already mentionned, the Schwarzschild metric is a model for asymptotically flat space-
times containing energy/matter in the following sense : at first order, any such space-time
differs at infinity from the flat one by a Schwarzschild-type contribution that falls-off like 1/r, r
being, say, the spacelike geodesic distance from a given timelike curve for a choice of spacelike
asymptotically flat slicing. The space-times constructed by Klainerman and Nicold in [29] are
asymptotic to the Schwarzschild metric on each slice in this sense. Such structures are delicate
to manipulate analytically because all conservation laws fail and are replaced by “approximate



84 Classic space-times and their conformal compactification

conservation laws” that, essentially, work in the same manner, but require some care and painful
calculations. The space-times of Corvino/Schoen-Chrusciel/Delay are simplified versions of the
Klainerman-Nicold universes in that they are exactly diffeomorphic to Schwarzschild’s space-time
in a neighbourhood of spacelike infinity (in the simplest case, other versions are diffeomorphic
to the Kerr space-time near i®). This means that near spacelike infinity at least, we have the
luxury of the symmetries of the Schwarzschild metric which grants us access to exact conservation
laws. This makes the conformal scattering construction more clearcut and avoids cumbersome
estimates.

CONSTRUCT A COMPACTIFICATION WITH SCALAR CURVATURE VANISHING ON
SCRI



Chapter 4

Linear hyperbolic equations on globally
hyperbolic space-times

Hyperbolic equations are essentially equations for which the Cauchy problem is locally well-posed.
The notion of hyperbolicity was introduced by Jacques Hadamard in the 1920’s in his lecture
notes on the Cauchy problem for linear partial differential equations (this was later published by
Dover in 1952 [19]). Considering a linear partial differential operator of second order with real
constant coefficients on R,

n n
P(D) = Z aijDiDj + Z b;D; + ¢,
=1 i1

1

where the matrix A = (a;;) is symmetric, and D; = i%, its principal symbol is defined as the

quadratic form
n
Py(€) = )y aye'el = €A,
ij=1

which is the image of the highest order part of P(D) through a Fourier transform. The operator
P(D) is said to be

e elliptic if P,(§) is positive definite or negative definite,

e parabolic if P»(&) is positive or negative semi-definite with exactly one zero eigenvalue,

e hyperbolic if P,(§) is indefinite and non degenerate,

e normal-hyperbolic if P»(£) has signature (1,n — 1) or (n —1,1).

We see that the level sets of the polynomial P(€) are ellipsoids in the elliptic case, paraboloids in
the parabolic case and hyperboloids in the hyperbolic case. Note also that when the coefficients
depend on z, the operator P(D) can be of different types in different regions.

The notion of normal hyperbolicity is nowadays called hyperbolicity whereas what Hadamard
defined as hyperbolic operators are now referred to as ultra-hyperbolic when they are not normal-
hyperbolic. The wave equation is part of the normal hyperbolic family.

85
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For scalar operators of higher order, a classic definition is the following. A scalar differential
operator of order k on R; x R”

P= " aa,t,z)D{DY
la|+5i<k

where o € N" and a,,; are smooth functions, is said to be strictly hyperbolic at (t, ) with respect
to 0 if its principal symbol

Py(t,z,7,8) = Z o j(t, z)TIE

laf+j=Fk

satisfies the following property: Py(t,z,1,0) # 0 and for all nonzero & € R™, the polynomial
p(1) = Py(t,x,7,€) admits k distinct real roots.
A typical example of this is the wave equation on flat space-time for which we have

P(Tu ‘g) = P2(7_7§) - _T2 + ‘5’2
The two distinct real roots here are 7 = £[¢].

Remark 4.1. The wave equation is generally considered as the fundamental model of hyperbolic
equations, although in some sense Dirac’s equation is more fundamental and in many ways
exhibits simpler features, but the wave equation is a scalar equation and therefore does not require
to deal with spinors. Because of this simplicity of structure, we shall follow the usual trend and
start with the wave equation in this chapter, before tackling other examples.

In the definition above, the whole geometrical structure is given. However, when considering
partial differential equations with variable coefficients on R”*! or on curved manifolds, one needs
to find a splitting between time and space with respect to which the equation may be hyperbolic.
An intrinsic definition can be given.

Definition 4.1 (Hyperbolicity and strict hyperbolicity). Let P(z, D) be a differential operator
of order k on R"™

P(z,D)= Y aq(x)D"

| <k

where the aq’s are smooth functions on R™. The principal symbol of P is the polynomial in &

Pe(x,8) = ) aa(z)€".

la|=k

The operator P(x, D) is said to be hyperbolic at x with respect to a non zero real vector N if
Py(z,N) # 0 and there exists so such that, for all s < sp,

Pz, +isN) #0 for all £ € R" and s < sg.

It is said to be strictly hyperbolic at x with respect to N if Py(x,N) # 0 and Py(z,£ + sN) has
k distinct real roots as a function of s for every & € R™ that is not proportional to N.
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Remark 4.2. The zeros of Py(x,&+ sN) depend continuously on &, so in the strictly hyperbolic
case, when & s proportional to N, the zeros are still real but they are allowed not to be simple
anymore. This means in particular that strict hyperbolicity implies hyperbolicity for the principal
part Py.

Strict hyperbolicity is a property of the principal symbol and is independent of the lower order
terms. In fact, strict hyperbolicity implies hyperbolicity for the whole polynomial independently
of the lower order terms.

Let us check that the differential operator for the wave equation on R x R"
P(D) =0? — A, (4.1)

satisfies this property with respect to the vector field d;. The principal symbol is (denoting
(1,€) € R x R™ the dual variables of (¢, x))

P(Tvé-) = _T2 + ‘§|2

We have P(9;) = 1 and for any (7,&) € R x R™ such that £ # 0 (i.e. (7,€) not proportional to
Or)
P((r,€) +501) = =(7 + )" + [¢]°

has exactly two real roots given by s = +|¢| — 7. Note that when £ = 0, we have a real double
root s = —7. This implies that the function of s

P((1,8) +is0y) = —(7 +1is)? + |¢]?
never vanishes, except at s = 0 in the cases where 7 = £[¢|.

Remark 4.3. The operator (4.1) is in fact strictly hyperbolic with respect to any timelike vector.

All these notions can be found in the books by Lars Hormander [24] volume 2 for operators
with constant coefficients and volume 3 for the case of varying coefficients. For such operators,
the Cauchy problem is well-posed in Sobolev spaces. We give here the main theorem to this
effect. It is Theorem (23.2.2) in volume 3, p. 393, for strictly hyperbolic pseudo-differential
operators, that we have expressed for differential polynomials on R™*! where the variables are
denoted (t,z), x € R™.

Theorem 4.1. Let
k
P =Y Qj(t,x,Dy)D]

j=1

be a differential operator of order k on R™*1, i.e.

Q](t7x>D$) = Z aj,a(th)ng

|la|<k—j

such that Q = 1. Assume that
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1. the coefficients a; o are uniformly bounded on R as well as their successive derivatives,
2. the principal symbol Py is stricly hyperbolic at all points with respect to O,

3. Py is such that the zeros of T — Py(t,x,7,&) are uniformly simple for & # 0 in the sense
that there exists a constant C > 0 such that

0Py

> Cle|F=Y,if Pi(t,a,m,€) = 0.
or

Then, for any s € R and ¢; € HstE=1=(R™), j = 0,1,...,k — 1, the Cauchy problem

o .
P¢:07 @ t:O:¢j7 J :0717"'7k_17
has a unique solution
k—1
¢ € ()7 (Ry; HTF17I(RM)).
j=0

In particular, for smooth, compactly supported data, we have a unique solution in € (R"1).
Note that the third property is also clearly satisfied by the wave equation on R"*1. Indeed,
for P(7,&) = —12 + [£]2, we have

2| = 2lrl = 20¢ it P(r.€) = 0.

OP
or

Sofar, we have only considered scalar operators. For systems, the notion of hyperbolicity is
more delicate but there is a class that will be sufficient for us and for which the theory is quite
simple: the so-called symmetric hyperbolic systems.

Definition 4.2 (Symmetric hyperbolic system on R x R™). A first order d x d system of partial
differential equations on R x R™ of the form

ou L ou
o J ou _
5 (t,z) + jg_l Al(t,x) B (t,z) + B(t,z)u(t,z) =0,

where w is a function on R x R™ with values in C%, is said to be symmetric hyperbolic if the
matrices A7 are hermitian.

In the case of constant coefficients, when the matrix B is zero, the system reads
Ou s ) = i:Aﬂ‘@(t z) (4.2)
ot = Oxd > '

Note that such a system has an obvious finite propagation speed given by

¢ = max{p(A7), 1 <j <n}
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where p(A7) denotes the maximum of the absolute values of the eigenvalues of A7.
Taking the Fourier transform in space, we obtain

ou

ot

(t,6) = =iy Alga(t, ). (4.3)
j=1

The matrix .
A =D Alg
j=1

is Hermitian for all £ € R™, therefore, for any s € R and ug € H®(R"™), the exists a unique
u € E€(Ry; H*(R™)) solution to (4.2) such that u(0) = ug. It is given by

a(t) = e O,

Since the matrix e®4(®) is unitary for all ¢,&, the H® norm of the solution is preserved through
time. When B is non zero, we can obtain a priori exponential bounds on the H® norm of the
solution and solve the Cauchy problem by a fixed point method.

In the case with variable coefficients, we also have a well-posed Cauchy problem in all Sobolev
spaces (see the books by Benzoni-Gavage and Serre 2] or Racke [46]).

Theorem 4.2. Consider the system
ou I ou
— = A’ — B 4.4
o7 (17 ; (t,2) 55 (1 2) + B(t, 2)u(t, z), (4.4)

where the matrices A' are Hermitian and A* and B are smooth and bounded as well as all their
derivatives on R x R™. Then for any s € R and ug € H*(R™), there exists a unique solution
u € €(Rey; H*(R™)) of (4.4) such that u(0) = ug. In particular, for smooth, compactly supported
data, we have a unique solution in €°°(R"H1).

Remark 4.4. Using local charts and finite speed propagation (see section 4.2.1), Theorems /.1
and 4.2 remain valid without modification for globally hyperbolic space-times with compact or
asymptotically flat spacelike slices. For more general globally hyperbolic space-times, the weaker
versions, with smooth compactly supported data and smooth global solutions, are always valid.

This chapter first deals with hyperbolic equations on Minkowski space-time, starting with the
wave equation, then moving on to some particular symmetric hyperbolic system: zero rest-mass
field equations.

4.1 The scalar wave equation on flat space-time

The scalar wave equation, in the flat case, is the strictly hyperbolic evolution equation on Ry x R”
O¢ = 0, where 0 = 97 — A, is the d’Alembertian on R x R™. (4.5)

We first take a look at integral formulae describing solutions from different viewpoints in all space
dimensions. We know from Theorem 4.1 that the Cauchy problem in well-posed in Sobolev spaces
but we shall describe more explicit approaches in this simple case as well as derive basic properties
of the solutions, such as finite speed propagation.
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4.1.1 Integral formulae

There are integral formulae giving either the general solution of equation (4.5) or of the Cauchy

problem
020 — Ny =00on Ry xR, 4(0,.) = f, 8;¢(0,.)=g. (4.6)

en = 1. The first well-known formula giving solutions to the wave equation is due to d’Alembert;
it provides the general solution of (4.5) for n = 1. It was given by d’Alembert in 1747 [9] in the
following form:

o(t,x) = Flz +1) + Gl —t). (4.7)

The proof is a simple exercise using a change of variables. Let us put u =t —z and v =t + x,
then
0? 0? 0?

o2 02 Oudv’
whence, if ¢ € C?(R?), we have

@ N Pp
<8t2_8x2)¢_0 < o
& %Z%(U),
& ¢ =12(v) +¢3(u),

where 1)1 is a C! function on R, 15 is a primitive of 1; and 13 is a C? function on R. This gives
d’Alembert’s formula (4.7) where F' and G are both C? on R.

Remark 4.5. [t is indeed an integral formula, it can be written as follows

o(t, ) = /{_171} B,z + ut)d(5_1 + 61) (u) = /SO B(u, 2+ ut)do(u) |
where ®(—1,.) = G and ®(1,.) = F.

There is an apparent limitation attached to this formula. The functions F' and G need to be
C2, or at least twice differentiable, for equation (4.5) to be satisfied in the strong sense. However,
the formula can be reformulated as :

¢ =1 F'+71G, (4.8)
where 7 is the translation with respect to ¢t defined for continuous functions by
(ref)(x) = flz — 1)

The family of translations {7;};cr is a smooth one parameter group of linear isometries on all
C* spaces on R. In particular, for any ¢ € D(R), if we define 9 (t,z) := (7:¢)(x), we have
1 € C®°(Ry; D(R)). The translation operator can be extended to distributions by duality as
follows. For T' € D'(R), the distribution 7T is defined by

V(Z) € D(R) 9 <TtT7 (ZS)'D’,D = <T7 T—t¢>D’,Cg° y
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which generalises

/ flx—t)g(z)dx = / f(x)g(z + t)dz for f,g € L*(R).
R R

This construction ensures that for any 7' € D(R), if we consider the distribution S € D'(R; X R;)
defined by

then S is well-defined and S € C*(R;; D’'(R)). The properties

0 N O _ /
%(th) = (nf'), a(ﬁf) = —(1ef'),

that are valid for differentiable functions f on R, extend by density to distributions on R.
Hence d’Alembert’s formula (4.7) provides solutions to (4.5) for n =1 in C*°(Ry, D'(R,)). For
n =1, t and x can be interchanged without changing the equation, therefore we also have that
d’Alembert’s formula provides solutions in C*°(R, , D'(R;)). Moreover, the proof of d’Alembert’s
formula is in fact valid for distributions since any distribution on R admit primitives, two of which
differ by a constant. Therefore we have the following theorem.

Theorem 4.3. All solutions of (4.5) for n = 1 in D'(R?) are given by d’Alembert’s formula,
written using an abusive notation for clarity,

T(t,a:) = (TpSiﬂ((I?) + (T_tSQ)(a}) ,91, Sy € 'D/<R) ,

= (1eS1)(t) + (7-2S4)(2),

where “ 77 denotes symmetry on the real axis. They all belong to C°(Ry, D'(R,)) as well as
C*®(Ry, D'(Ry)).

When one is interested in solving the Cauchy problem (4.6) for n = 1, the following alternative
expression of d’Alembert’s formula is more adapted :

x+t
b(t,7) = %(f(m )+ fr b))+ ;/ g(s)ds (4.9)

This too makes sense for distributions, provided we express it using translations and a primitive
of g.

It is easy to go from (4.7) to (4.9). This simply requires to express the initial data for the
Cauchy problem in terms of the functions F' and G

f(z) :=¢(0,2) = F(x) + G(x),

o(e) = 92(0,2) = F'(a) - C(a).
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Then,
Flz+1)+Gx—1) = é[(F(x +1)+ Gz +1) + (Flz+1t) — Gz +1))]
5 [(F(z — 1) + Gz — 1) — (Fla — 1) — Gla —1)]
- U=+ s+ | jtg<s>ds-

Note also that (4.9) gives us the expression of F' and G in terms of the Cauchy data :

Fo) =5 () + [ aas) . o) = (1)~ [ ateias)

Of course we do not have uniqueness as a constant can be added to F' and subtracted to G
without changing the solution.

D’Alembert’s formula shows that spacelike regularity is preserved by the evolution for solu-
tions of the wave equation in one space dimension. In terms of the Cauchy problem, we have the
following results.

Proposition 4.1. If the initial data satisfy for k € N, k > 2,
feCiR), geCMI(R),

then the solution satisfies

¢ € C*(R?).
Also, if the initial data satisfy for s € R,
fEHR), g€ H(R),
then the solution satisfies for all k € N

¢ € CrHR; H*R)).

e n =1 with symmetry.

Proposition 4.2. The form (4.9) of ’s formula shows that some symmetries of the data are
transferred to the solution :

1. if f and g are even, then the solution (4.9) will be even in = for allt ;
2. if f and g are odd, then the solution (4.9) will be odd in x for all t.

Proof. The proof simply uses the fact that if g is odd (resp. even), then its primitive which
vanishes at the origin is even (resp. odd). The rest is an obvious direct calculation. O
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e Kirchhoff’s formula (n = 3). In 3 space dimensions, the classic formula is the Kirchhoff
formula (or D’Adhémar-Fresnel-Kirchhoff formula), dating from the late XIXth century. It is in
the spirit of the second form of d’Alembert’s formula and gives the solution (provided it is ¢?)
to the Cauchy problem (4.6) for n = 3 in terms of integrals of the initial data. For each z € R3
and r > 0, we denote by S(z,r) the sphere in R? of center z and radius r. For ¢t > 0 and 2 € R3,
the solution ¢ is given in terms of the initial data f = ¢|=¢ and g = 0¢¢p|i=0 by

o(t,z) = % (f(y) + (y — ).V I(y) +tg(y)) do(y)
4t S(z,t)
- 41 / (f(z +tw) + tw.(Vf)(x + tw) + tg(z + tw)) dw. (4.10)
7y S2

Remark 4.6. We observe from (4.10) that if the initial data satisfy f € €*(R3) and g €
€F(R3), then the corresponding solution can only be expected to be €F on R x R3. However, as
stated in Theorem /.1 and as we have shall see later on by explicit methods, Sobolev reqularity is
preserved by the evolution.

Proof of the formula. It is done by the method of spherical means. We write the proof for
t > 0, it can be extended to ¢ < 0 simply by a time reflexion (meaning changing ¢ into —¢ and g
into —g). Let ¢ € C?(R; x R2) a solution of (4.5) for n = 3. We define the average U(x,t,r) of
#(t,y) on the sphere S?(x,r) in R3:

1

U(m,tﬂ“):m

[ ettwdet) = o [ sltarrodee. @
S2(z,r) T J)g|=1

The fact that ¢ satisfies the wave equation implies that U satisfies a partial differential equation
purely in the variables ¢ and r. Let us start by evaluating the derivative of U with respect to r:

ou 1 ;i 09 . .
E(x,t,r) = I |§\=1§ e (t,z +r&)do(§) (outgoing flux of the gradient)
1
= — dive(Vo(t, x4+ r))dE
A Jig<a
r
S Ad(t,x + r€)de
A Jig1<a ( )
r 0%¢
= — —(t,x +r&)d¢ 4.12
i S 52 ( ) (4.12)
r 02
= wae €<1 o(t,x + r&)d€
1 9

= —573 o(t,y)dy.
47r? Ot? /|yz|<r

Now we express the volume integral in terms of the spherical average function U by a simple
application of Fubini’s Theorem:

: ¢>(t,y)dy=/ p?U (x,t, p)dp.

A Jly—al<r 10,1
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It follows that

oU 02 02
2 _ 2 _ 2
rigs (@6 T) = o /W[p U(z,t,p)dp /]Mp 52l (@t p)dp.

Taking the derivative with respect to r and dividing by 72, we get

a2 T rar T ol

10 (L0 _ U 200 o
r2 Or or

Hence ¢ (z,t,r) = rU(x,t,r) satisfies

Oy Oy 0

oz orz
which is the wave equation in one space dimension. The function 7, for a given x, is a priori
only defined on R; x R} but the second expression of U in (4.11) is defined for any r € R, is
even in r and is C? in (x,t,7) for r > 0. Moreover, (4.12) shows that

a—U%Oasr%O.
or

So 9 extends naturally for each z as a function that is C2 on Ry x R, (in fact in C?(R; x R x R,))
and odd in r, which consequently satisfies the wave equation on the whole (t,r)-plane for each
x. We denote by v the extension of ¥ to R, x R; x R, that is odd in r. Hence, putting

N o

f($,7‘) = QZ)(‘T’O)T% g(l’,’l”) = a(xi)’r)v

using ’s formula we get

B 1 - B 1 r+t
w(x,tﬂ"):2(f(x,r+t)+f(x,r—t))+2/t g(z,s)ds.

Using the fact that f and g are odd in 7, we deduce the following expressions for ¥ (z,¢,r) in the
domains r >t > 0 and t > r > 0 respectively :

1 - _ 1 r+t

U(x,t,r) = (f(ac,?“—l—t)—i—f(a:,r—t))—i—/ g(x,s)ds forr>t>0,
2 2 r—t
1 - _ 1 t+r

Y(x,t,r) = (f($,7‘—|—t)—f($,t—r))+/ g(x,s)ds fort>r>0
2 2 t—r

since

t—r
/ g(x,s)ds=0 fort>r>0.
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Now we divide by r and take the limit as r — 0. So only the form for £ > r > 0 is useful and we

obtain
r t) — r t— 1 t+r
lim <f($’T+ ) f@,t=r) + / Q(Z,S)ds>
r—0 2r 2r t—rp
of _
= E(wvt) + g(:v,t)
oY L N
= E(aj,O,r =1t)+ 5 (x,0,r =1t)
ou ou
= tg(x,o,r =t)+U(x,0,r =1t) +t§($,0,r =t)
and using the second expression of U in (4.11) we obtain the formula. O

This formula has a remarkable consequence which is often referred to as the Huygens principle
(or strong Huygens principle in contrast with some weak versions we shall encounter later on)
and stating that for the wave equation in 3 space dimensions, the information travels exactly at
speed 1 :

=

Theorem 4.4 (Huygens principle). For n = 3, if the data for the wave equation (4.5) att =0
are supported in the ball B(0, R), then the associated solution ¢ satisfies

o(t,x) =0 for |z| < |t| — R and for |z| > |t| + R.

For space dimensions n = 2,4, 5, etc... we can deduce integral formulae from the n = 3 case.
In even space dimensions, the propagation exhibits a very different behaviour from the odd
dimensional cases, namely, the Huygens principle is valid only for space dimensions n > 3 and
odd. We will only be interested in the n = 3 case.

e Whittaker’s formula (n=3). In 1903, Whittaker [61] obtained another integral formula
which is comparable to the first form of d’Alembert’s formula. It provides “general” solutions of
the wave equation on R; x R? with no obvious relation to the Cauchy problem :

o(t,x) = /52 O(rw—t,w)dw. (4.13)

It is quite different from the Kirchhoff formula, the most striking aspect being the presence of
only one arbitrary function on R x S? instead of two functions on R3. We shall see that its natural
interpretation is in terms of scattering theory. Whittaker’s proof was a direct calculation, similar
to the one he used to obtain an integral formula characterizing harmonic functions on R3. We
will not give his proof here. We shall see later a different and much less direct proof of this
formula in the Lax-Phillips version of scattering theory. It will however have the advantage of
giving a clear-cut geometrical interpretation of (4.13).

4.1.2 The Cauchy problem on flat space-time

The Cauchy problem (4.6) can be made sense of and solved in very general function spaces,
provided we keep some sort of time regularity to allow for a meaningful initial data condition.
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Several methods can be used to solve (4.6). Some will be adapted to these very general function
spaces, others will bring their own sets of function spaces, which, although less general, will
provide ideal frameworks for developing scattering theories.

Spectral approach

In this section we work with n > 3 (see footnote 1 below). We write the wave equation in its
Hamiltonian form, i.e. as a Schrodinger equation:

atUziAU,U:=<8f¢>,A:—i<g é) (4.14)

Theorem 4.5. The operator A is self-adjoint on # = H'(R™) x L*(R"), defined as the com-
pletion of €5°(R™) x €5°(R") in the norm

U1 = [ (V617 + [oaP)da.
Proof. First for U € €5°(R") x €5°(R"), we have AU € 65°(R"™) x 65°(R"™) C 4, so the

domain of A contains 65°(R") x €5°(R™) and is therefore dense in .. Let us prove that A is
symmetric. Let

_ 5251 _ 77[)1 00 (TN o0 (TN
U-<¢2),V—<w2>e% (R™) x €°(R™),

o vie = =i 22 ) (0

- / (V6:.V01 + A6, T) da
— / (62.AT1 + V1. V) da
R?’L

= (5 )omi( A2, o= AV,

The symmetry on D(A) follows by density. It remains to show that D(A*) C D(A). For n > 3,
H'(R") is a space of distributions' so it is easy to understand A* as a differential operator and

to determine its domain. Let
$1 )
U= S A
( ®2

then U € D(A*) if and only if the map

V € D(A) — (AV,U)»

!This is not the case for n = 1 and n = 2, see Soga 1983 [53], p. 732.



The scalar wave equation on flat space-time 97

extends as a linear continuous map on . This map restricted to G5°(R") x €5°(R") is a
distribution which we can evaluate in terms of ¢; and ¢ in the usual manner. Consider

V= ( V1 > € F°(R") x G5 (R,
(0

then

v = =i g2 ) (9 )

— / (G2 + V91 V)

= _Z<%7 A¢1>9’7@ — Z(VE, v¢2>_@/79
= Z<v%’ v¢1>@’7_@ +Z'<Aa,17[}2>@/7@‘

This extends as a continuous linear map on ¢ if and only if
Vs and Ag; are in L2 (R™),

which is equivalent to AU € ), i.e. to U € D(A). Therefore D(A*) = D(A) and the proof is
complete. O

Consequently, by Theorem A.12 and Remark A.7, the Cauchy problem (4.6) is well-posed in
A and all the successive domains of A in J#. Let us express and prove the theorem explicitly.

Theorem 4.6. Let Uy € J, there exists a unique solution U € € (Ry; A) of (4.14), in the
sense of distributions, such that U(0) = Uy. It is given by

U(t) = Uy

and satisfies
1Tl = |Uolle Vt € R.

Moreover, if Uy € D(A¥) for k > 1, then

k
U e ()67 (Ry; D(AFP)).

p=0

Proof. Theorem A.12 gives us well-posedness in D(A) as well as the additional regularity condi-
tion. We simply need to prove the minimum regularity well-posedness. Let Uy € 52, we consider
a sequence (U}'), in D(A) that converges towards Up in 7 and, for each n, the corresponding
solution U™ € € (Ry; D(A)) of (4.14) such that U™(0) = Ug'. The properties of the one-parameter
group €4 imply that U™ — U in €(R;; #) and since this is a distribution space and A is a
differential operator, if follows that 0;U™ — iAU™ converges towards o;U — iAU in Z'(R x R").
Therefore, U is a solution of (4.14) in the sense of distributions and satisfies the initial data
condition.

As for uniqueness in € (Ry; #2), thanks to the linearity of the equation, it amounts to showing
that for zero initial data, zero is the only solution to the Cauchy problem in €(Ry; 7). We
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consider U € € (Ry; #) a solution of (4.14) such that U(0) = 0. Let tp € R, Vi € Z(R™) x Z(R")
and V € € (Ry; D(A)) N €Y (Ry,, 52) solution of (4.14) such that V(tg) = V5. One can see from
the Kirchhoff formula, or from Theorem 4.8 below, that V' € €°°(Ry; Z(R") x Z(R"™)). Then,
considering the following inner products as hermitian duality brackets between 2'(R") x 2'(R")
and Z(R™) x 2(R"), we have

£<Ua V>(7f’ = <8tU; V> + <U, 6tV>

dt
= (AU, V) + (U,iAV) =0

since iA is skew for this duality bracket. Il follows that (U(t),V(¢)) is constant in time and
therefore vanishes for all times. In particular we have (U(to), Vo) = 0. This is true for any
Vo € Z2(R™) x 2(R™) and ty € R. Tt follows that U(t) = 0 as a distribution for all ¢. O

Remark 4.7. One might feel that the purely spectral approach for the wave equation is somewhat
unsatisfactory, the space F€ being a little awkward because of the homogeneous Sobolev space
HY(R™). This would be particularly true for n = 1 and n = 2 since H'(R) is not even a
distribution space (see footnote 1 above). But even for n > 3, the domains of A are not easy to
understand because of the lack of L? control on the first component of U. However, such function
spaces are natural for constructing a scattering theory for the wave equation on asymptotically
flat backgrounds, whether one uses a spectral approach or a conformal approach (see the example
of the Schwarzschild metric with the spectral approach [12, 13, 14] and the conformal approach

[40])-

Fourier transform

Assuming f,g € %/ (R") (resp. Z(R")), we look for a solution ¢ € €1(R;; #'(R™)) (resp.
CHRy; S (R™))) of (4.6). If ¢ is in such a distribution space, then ¢ satisfies (4.6) if and only
if its Fourier transform in space ¢(t, ) satisfies

atzé + |§’2(lg =0on Rt X R;:La é(oa ) = f> 81?(2)(07 ) = g : (415)
The problem (4.15) has a unique solution in €1 (R;; .7/ (R")) (resp. €}(R;; . (R™))) given by
Ot €) = F(€) cos(tle]) +5(¢) Sl“|<€t’|€|>_ (4.16)

sin(t[¢])

This is due to the fact that the functions cos(t|¢]) and g are analytic in ¢ with values in
analytic functions in £ with moderate growth at infinity, and are therefore continuous multipliers
of both spaces €*(R;; .#/(R")) and €*(R;; .#(R")). This proves the following theorem.

Theorem 4.7. Given f,g € ' (R") (resp. Z(R™)), the Cauchy problem (4.6) for the wave
equation has a unique solution in €1 (Ry; 7' (R™)) (resp. € (Ry; . (R™))) given by

o1, = 7 (e costle) + a9 L)

This solution is in fact in € (Ry; L'(R™)) (resp. €°(Rs; L (R™))).
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Moreover it is immediate to check explicitly, without resorting to Theorem 4.1 but using the
characterization of Sobolev spaces via the Fourier transform, that the Cauchy problem is also
well-posed in any Sobolev space:

Corollary 4.1. Given s € R, f € H*(R"), g € H*"Y(R"), the associated solution ¢ of the
Cauchy problem (4.6) satisfies:

6 € CRy; H'RY))NE Ry; HL(RY)).

Fundamental solutions

G the backward fundamental solution (G(z,y) = 6((2" — ¥/)?)0(—z0 + yo) essentially). Then
write

P(z) = /W (¢(y)OG (2, y) — G(z,y)De(y)) dy = » V. (¢(y)VG(2,y) — G(z,y)Vé(y)) dy.

Integrate by parts on the future of some initial data hypersurface (null or spacelike) and since the
fundamental solution has support limited in the future, we get a boundary term that is purely
on the data hypersurface and formally reads

o(x) = /E (1) VGl ) — Gz, y)Vud(y)) dy

4.2 Energy estimates

In this section, we present the method of energy estimates for the wave equation on flat space-
time.

The Fourier transform approach provides the existence of solutions in spaces of very weak
regularity (tempered distributions) and very strong regularity (the Schwartz class of smooth
rapidly decreasing functions). The well-posedness in the Schwartz class together with energy
estimates allow us to recover, for s € N*, the results of Corollary 4.1. A general method to
obtain similar results on general curved space-times is to combine energy estimates with the
weak version of Theorem 4.1 for smooth compactly supported data. This will be described in
the next section.

There are two essentially equivalent ways of understanding the principle of energy estimates.
The first, which is familiar to most PDE analysts, is to multiply equation (4.5) by a well-chosen
directional derivative of the solution ¢ and to integrate the result by parts on a domain of
R™*! with piecewise €' boundary. The second is much more geometrical and comes from the
physical /geometrical invariance properties of the equation.

4.2.1 Analytical approach: finite propagation speed

We explain this description of energy estimate on a particular example and use it to establish
the finite propagation speed of the solution. Consider ¢ € €*°(R x R") solution of (4.5): we
have

0= 046 (076 — Da) .
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We integrate this by parts on the domain
Qrr={(t,z) e RxR"; 0<t<T, |z| <R+T -t} (4.17)

and denote the three pieces of the boundary of Qg 7 by

Y = {t,z) eRxR"; t=T, |z| <R}, (4.18)
Yo = {(t,z) eRxR"; t=0, || <R+T}, (4.19)
S = {(t,x) eRxR"; 0<t<T, |z|=R+T—t}. (4.20)
We obtain
1
0 = 5[ (0w +vop) @’
X7
1
~5 [ (20 + Vo) d
2 Js,
1 T
+— o>+ |Vo|* +20,6—.V >d :
2\/5/5<| 2 IV t¢’x‘ ¢ ) do
The last integral being non negative, we see that
1 1
3 [ (0P +1v6R) @ < 5 [ (00 +90P) . (421)
2 X 2 o

In particular, if the solution is zero for |z| < R+ T at t = 0, this implies that it must also be
zero at t =T for |z| < R, i.e. the information propagates at most at speed 1.

Remark 4.8. Note that this result is weaker than the Huygens principle which gives an exact
propagation speed. But it is also more general: unlike the Huygens principle, this property will
be wvalid for perturbations of the wave equation by first or zero order terms and it can also be
extended, using the same method, to similar equations on curved backgrounds.

Finite propagation speed and Theorem 4.7 entail the following result

Theorem 4.8. Given f,g € €5°(R"), the Cauchy problem (4.6) for the wave equation has a
unique solution in €1 (Ry; €S°(R™)). This solution is in fact in € (Ry; €5°(R™)).

By duality, we deduce well-posedness with general distribution data:
Corollary 4.2. Given f,g € D'(R™), the Cauchy problem (4.6) for the wave equation has a
unique solution in €1 (Ry; D'(R™)). This solution is in fact in €>°(R;; D'(R™)).
4.2.2 Geometrical approach

From now on, we consider only the case n = 3 corresponding to the framework of special relativity.
We denote by (M, n) the 4-dimensional Minkowski space-time.
The wave equation (4.5) has a conserved stress-energy tensor. It is the symmetric 2-tensor

Ty = 0a00h6 — 3 (Y6, V6) 1 (122
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where 7 is the Minkowski metric
n = dt? — egs, egs being the euclidean metric on R?,
and (.,.) is the indefinite inner product induced by 7, i.e.

(Vo,Vo)y =1"VadVid = [0:0]” — V2ol
The stress-energy tensor (4.22) satisfies the following fundamental property.

Proposition 4.3.
VT = (Vpe) O (4.23)

and therefore
Ve =0 (4.24)

whenever ¢ satisfies the wave equation.

Proof. It is a direct calculation:

1
VT, = V¢ (VG¢V1,¢ - 2VC¢VC¢nab>

= (d¢)Vip + Ved VeV — (VV o) (VEO)Nap

= (O¢)Vip + VedVipVed — (VIV ) (VEh)nap no torsion
(O¢)
(O9)

BO¢)Ved + (V0) (Vi Ved) — (VoVed) (V9)
O¢)Veg. O

A “family of local observers” is described by a timelike vector field. From a stress-energy
tensor, an energy current can be inferred by contracting it with a timelike vector field. Note
that it is also sometimes interesting to consider energy currents associated with spacelike or null
vector fields, they do not correspond to a physical measurement of energy current by a realistic
observer but they can give useful information nonetheless, like local dispersion of energy for
instance.

The conservation law (4.24) is not directly usable because it does not readily provide a
conserved current (i.e. a divergence-free vector field). However, the symmetries of flat space-
time will allow us to infer many conserved currents from 7.

Proposition 4.4. Let K be a Killing vector field on M, then the vector field
J* = K"Ty
is divergence-free.

Proof. It is a direct consequence of the Killing equation and the symmetry of the stress-
energy tensor:
Vo = KV + T VK = K'YV Ty + Ty VK

and this is zero since K is Killing and by the conservation law (4.24). O

Recall that Minkowski space-time has a 10-dimensional group of isometries: the Poincaré
group. Its associated Lie algebra is the 10-dimensional vector space of all Killing vector fields of
M, a basis of which is made of:
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e 0y, 0,1, 0,2, 0,3, generating translations;
o 2102 — 2201, 20,3 — 230,2, 30,1 — 210,35, generating spatial rotations;
o 10,1 + 210, t0,2 + 220y, t0,s + x30;, generating boosts.

This gives us 10 independent conserved currents.

An important property of the stress-energy tensor for the wave equation is that when we
contract it with a future-oriented timelike vector field and calculate its flux across a spacelike
hypersurface with future-oriented normal, we obtain a positive energy. This is the so-called
“dominant energy condition”.

Proposition 4.5 (Dominant energy condition). The stress-energy tensor Ty, satisfies the dom-
inant energy condition: for every future-oriented causal vector field V', the vector field T;Vb 18
itself causal and future-pointing. Another equivalent way of stating the dominant energy condi-
tion is the following: for all future-oriented causal vector fields U,V , we have TypUV® > 0. In
other words, for any future-oriented causal vector field V , the vector field W* = TélVb is causal
and future-oriented.

Proof. Let V' be a future-oriented causal vector field, i.e.
V=V +V, V>V,
put
W =TeVP = V%Vyé — %qu, Ve)Ve.
We have
WO = TV = 009y — L (k) ~ [VaoP IV

= JVY(06) + IVa6?) + B6Vys

v

SVO(@6) + [V20%) — |00l [V V.6
> L((06) + Va0V~ V') 2 0.

So if W@ is causal, it is future-oriented. Let us check the causality:

W = u(V6Vv6 — 1 (V. VOV )(V'Vvé — (Y6, Vo)
= (Vvel(Vo, V6) ~ (Vvo) (Y6, Vo) + {(V6, VOV, V)
i(ng, V)2V, V) >0 since V* is causal.

This proves the proposition. ]



Energy estimates 103

This property allows to establish estimate (4.21) by a different approach using more geomet-
rical ingredients. We consider the energy current

T =T () =T

corresponding to the perception of a static observer (whose velocity 4-vector is given by 0;);
recall that the current is conserved because 0; is Killing. We integrate the divergence of J over
the domain Qp 7 with boundary made of X7, ¥ and S as defined in (4.17), (4.18), (4.19) and
(4.20). Denoting by Ey,, and Efy,, the energy fluxes across X7 and Xy oriented by d; and by Eg
the outgoing energy fluxes across S, we get

Es, +Es—FEx, =0,

all fluxes being calculated using the expression in the divergence Theorem (Theorem 2.5). For
the first two fluxes, we take [ = n = 9Jy:

1
Bor = 5 [ (0f +IVoP)dia, (4.25)
T
1
P = 5 [ (00f+[VoR) . (4.26)
0
As for Eg, taking
n="'(0-0) 1= @+0).

V2

we have

Eg = / T (95)*nPlod Vol > 0
S

by the dominant energy condition. This gives (4.21).
When considering smooth compactly supported initial data for the wave equation, taking R
large enough, the same calculation gives us the energy identity

Egt = EZO for all t € R.

This allows us to prove the well-posedness of the Cauchy problem in the finite energy space using
a simple density argument on top of the smooth version of Theorem 4.1.

Theorem 4.9. Given (¢g, 1) € H'(R?) x L*(R3), the Cauchy problem

{ 02¢ —Ap=0 onR x R3,
bli=0 = 00,0 Pli=0 = ¢1,

admits a unique solution ¢ € €(R; x H'(R3)) N € (Ry; L2(R?)). Its energy

Ex,(9) = o)1 + 10:0(t) 172

1s constant in time.
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4.2.3 Energy estimates on a general space-time

The multiplier technique can be used in a general curved framework just as in the flat case using
a local coordinate system. We present here the geometrical method involving a stress-energy
tensor and a choice of observer (or vector field in general), for the wave equation

Ugp =0, (4.27)

on a space-time (M, g). Equation (4.27) has a conserved stress-energy tensor

Ty = 0a0006 — 5(V6, Vo)gan. (4.25)

satisfying
VT = (Ved) g,

the proof being identical to the flat case.
Once again, we have a conservation law that cannot be used directly and we must contract
Tup with a vector field V¢ (usually timelike but not always) in order to get an energy current

J = KT

In a general situation, we have no Killing vector field and we get the following expression for the
divergence of the energy current:

Vs = Vyo Oy + Ty VOV |
which, for ¢ solution to (4.27), simplifies to
Ve, = TpVev? (4.29)

Remark 4.9. Note that Ty, satisfies the dominant energy condition, the proof being identical to
the flat case using an orthonormal basis at each point.

Now consider S a closed hypersurface whose interior we denote by €2, S being oriented by
the outgoing normal. We have the following equality from the divergence theorem:

Eg = / TV VP dvol.
Q

If V@ is causal and future-oriented, then we know that on parts of S where the outgoing normal
is also causal and future-oriented, the flux is non-negative.

4.3 Lars Hormander’s treatment of the characteristic Cauchy
problem

A crucial ingredient of a conformal scattering theory is the resolution of the characteristic Cauchy
problem, or Goursat problem, with data set on null infinity. It is essential to understand that
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this is a global problem; the local Goursat problem, in the neighbourhood of a point on a null
hypersurface, is ill-posed. Several methods are available that provide solutions to a Goursat
problem for a wide class of hyperbolic equations. A classic approach is to find an integral
formula for the solution using a Green function, i.e. a two-point function G(p,q) such that,
when the operator is applied to G in the variable p, it gives the Dirac distribution at the point
q. Another no less classic approach uses energy estimates: it has been formulated very neatly by
Lars Hormander in a short paper in 1990 [25]. We present here the details of the proof.

The geometrical framework chosen by Hormander is the following. Let X be a smooth
compact manifold without boundary of dimension n, n > 1, and X =Rx X. Fort € R,
denote X; = {t} x X and endow X; with a smooth Riemannian metric g(¢) that has a smooth
dependence in t. Also consider a smooth density measure v on X, dv = ydz. The equation
considered is then

(07 =770 (vg” (1)0;) + L1) ¢ =0

where L4 is a smooth first order differential operator. This is in fact equivalent to studying the
wave equation with a smooth first order perturbation on a smooth globally hyperbolic space-time
that is spatially compact? and this is how we shall present his result. Note that the choice of
working on a spatially compact framework is for convenience but Hérmander’s result can be
extended to general globally hyperbolic space-times using domain of dependence arguments.

Let X be a smooth globally hyperbolic (n+1)-dimensional space-time, n > 1, that is spatially
compact. Then, using the results of Bernal and Sanchez [3] we have a smooth time function ¢
on X whose level hypersurfaces are Cauchy hypersurfaces and are diffeomorphic to a fixed n-
dimensional compact manifold X without boundary. Using a global timelike vector field, we can
therefore realize X as R x X. With this identification, the level-hypersurfaces of ¢ are simply
X = {t} x X. We chose the gradient of ¢ for our timelike vector field. Since it is orthogonal to
the level hypersurfaces of ¢, we can perform an orthogonal decomposition of the metric g into
parts along Vt and along the level hypersurfaces of t. We have

g=N2dt? —h (4.30)

where h is a smooth time-dependent Riemannian metric on X, but we see it here as a symmetric
2-form on X such that h, V¢ = 0, in fact a projector onto the tangent bundle of the foliation
{Xi}+, and N is the lapse-function, given by

N1 (4.31)

VoVt V)|

Indeed, using abstract indices, d¢ corresponds to V,t, Vit to V¢t and we have
At(Vt) = VotV = gy VUVt = g(Vt, V).
Hence, the expression (4.30) and the fact that h,,V* = 0 imply

g(Vt,Vt) = N% (g(Vt, Vt))?,

2Meaning that each closed spacelike hypersurface is compact.
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which gives (4.31). Identifying the slices X; along the integral lines of Vt also defines the vector
field 0, as being proportional to V¢ and such that d¢(d;) = 1. Hence, we have

9 vt 1=t <a> = adt(Vt) = ag(Vt, Vt) = —.

ot ot N2
We obtain 5
— = N?Yt=N 4.32
oy v T (4.32)
where .
T= "oVt (4.33)

Vg9(Vt, Vi)

is the unit future oriented vector field proportional to V.
On X, we consider a perturbed wave equation of the form

Ogu+u+ Liu=0 (4.34)
where L, is a general first order differential operator
Li=0"V,+c

with smooth coefficients b* and ¢ This allows in particular to work with the wave equation or
the Klein-Gordon equation by choosing Ly = m? — 1 for m = 0 or m > 0 respectively.

Hoérmander chose to specify the initial data on a hypersurface that can be a spacelike Cauchy
hypersurface, a light cone, or anything in between. It is defined as follows

Y={(¢p(x),x); z€ X}, p: X — R, (4.35)

where ¢ is simply a Lipschitz function on X, to allow for singularities such as the vertex of a
light cone, and ¥ is assumed to be “weakly spacelike”, by which we mean that

gab(go(a:), 2)Va(t — (x))Vp(t — p(z)) > 0 almost everywhere on X . (4.36)

Remark 4.10. Here, we consider that the function ¢ is not merely defined on X but on the
whole of X and constant along the integral lines of Vt. Condition (4.36) is meaningful, since
Lipschitz functions are differentiable almost everywhere, and it simply says that % is allowed to
be locally spacelike or null but not timelike, i.e. its normal vector field is required to be causal
where it is defined.

If ¥ is spacelike everywhere, we are studying a standard Cauchy problem, with the difference
that the hypersurface on which we set the data is quite rough. If ¥ is almost everywhere null, we
are looking at a Goursat problem. Hormander’s approach is to study both problems at the same
time as part of a more general class of problems by allowing the hypersurface ¥ to be locally
spacelike or null.

The well-posedness in all Sobolev spaces of the Cauchy problem, with data set on Xg, for
Equation (4.34) is given by Theorem 4.1 and Remark 4.4. It is the H! version that will be useful
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for us. In order to express it properly, we define an energy on the slices X; inherited from an
energy current. We consider the stress-energy tensor for the Klein-Gordon equation
Ug¢p+¢ =0
given by
1 1
Tuy = VadVod = 5(V, V)b + 56" Gas -
It satisfies, for ¢ a solution of (4.34),
VT = (Hg¢ + ¢)Ved = —L14Vpo. (4.37)
We define the energy current associated with the unit vector field 7 defined in (4.33)
J = Trb.
This current is of course not conserved but it satisfies an “approximate conservation law”
Ve, = TV — L1¢V.¢. (4.38)

The energy on each slice X; is the flux of J across X, it is given by

Ex,(¢) = / xJdz® = / J,m(TadVol).
Xt Xt

We define the H! norm on X; as follows

Il (x = vV Ex. (- (4.39)

They are equivalent to the H' norm on X defined for any given Riemannian metric on X, this
equivalence being locally uniform in time. A similar property holds for the L?(X;) norms induced
on each X; by the metric g. We define the spaces H!(X) and L?(X) to be H'(X) and L*(Xp).
We have the following result.

Theorem 4.10. For any (¢, ¢1) € H(X) x L*(X), there exists a unique solution of (4.34)
¢ € C(Ry; H'(X)NE (Ry; L*(X))

such that
bl x, = ¢o and Ord|x, = ¢1.

In addition, for any T > 0, there is a constant C > 0 such that for each ¢ € € (Ry; H' (X)) N
CH(Ry; L*(X)) solution of (4.34),

Ex,(¢) < Ex_(¢)el=5l vt,s e [-T,T). (4.40)
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The last part of the theorem is established using Gronwall’s inequality (Theorem A.14).

We denote by £ the space of finite energy solutions of (4.34), i.e. the set of solutions of (4.34)
in €(Ry; HY(X))NEY(Ry; L?(X)). Note that this space can be canonically identified with
H'(X) x L?(X) by taking the initial data for each solution. Using the energy on ¥ of a solution
¢, we also define a function space on %. It will be our natural space of data for the Cauchy
problem on X. Let ¢ be a solution of (4.34) in &£, recall that the energy flux of ¢ across X is
given by

Es(¢) = /Z s Jodz® = /E 7T (AudVol)

where v is a future-oriented normal vector field to X and A a future-oriented transverse vector
field to ¥ such that g(\,v) = 1. Note that the measure A1dVol will be uniformly equivalent to
the measure uy obtained from the measure induced by g on Xy via the parametrization (4.35)
of 3. In our case, we have an explicit choice of v given by

v=NV(t—¢(x))=17—NVo.

We have g(v,7) = 1 and we can therefore take A = 7. At points where Vo = 0, we have v = 7
and we obtain the usual energy density on the X; slices. At points where Vo # 0, things will be
different. If the vector v remains timelike, the energy density will still be equivalent to that on
the slices X, if v becomes null however, the equivalence will be lost. Let us see this in details.
The energy density is given by

§ = 1T = V26V,6 — 5g(r,v)g(V6,Y6) + 5o(r, )6 = VedV,u6 — L9(V6,V0) + 30

since g(1,v) = g(7,7) = 1. Moreover, since V is orthogonal to Vt, g(Vo, Vo) = —h(Veo, Vo)
and

8 = (Ve6f — VedNVu0 — 2 (V,0) + 2h(V, Vo) + 567
= 5 (V+0)* ~ 20(V6N Vo, V) + h(V6,V6) + ).
Using again the same property of Ve, we have
—G(V-ONV6, V) = h(V,6NV, V) = h(V6, V6N V).

Consequently,

& = = ((V+0)? +2h(V,V,6NV) + h(Vp, V) + ¢?)

1
2
= % ((V+0)* = M(V-¢NVp,V.0NV) + h(Vo + V6NV, Vo + V.¢NVp) + ¢?)

- % (9(r = NV, 7 = NV@)(V:4)> + h(Vo + V0NV, Vo + V.oNVp) + ¢7) .

If we consider a coordinate basis (¢, 2!, 22, 2%), denoting e; = %, the vectors

o 0y 0 .
: ",  Ci NV, , 1=1,2,3,
90 T Bwiar ~© + (NVe, )T, i 3
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are a basis of the tangent space to X, so
hay (V' + V6N ")
is a projection of V¢ onto the tangent space to . We denote
WV + V-¢NVp, Vo + V,0NVe) = [Vos|

and the energy density becomes

& =5 (9, v)(V10)? + Vo5 + 7).

DN =

Denoting by
dVoly, = AudVol = 7.dVol, u = g(v,v)dVols, (4.41)

the energy on 3 has the following form

Bs(é) =5 [(Veorand+ 5 [ (IVolsf +6?) dvols. (1.42)

2
Considering ¢ and V¢ as independent functions on X, the energy (4.42) induces a semi-norm
on the pairs (¢, V-¢), denoted by ||(¢, V+¢)|les,. It only fails to be a norm at points where ¥ is
null, by losing control over V,¢. We denote by & the completion of the space of pairs of smooth
functions® on ¥ in the semi-norm ||(.,.)||es. If ¥ is null (almost) everywhere, the measure .
vanishes and E, is simply a natural H' space on X, it really is a space of real valued functions,
not pairs of them. In general, the space & can be understood as follows

&~ H'(X) & L*(S;dvl). (4.43)

where H!(X) is simply defined as H!(X) considered as a set of functions on ¥ via the parametri-
sation (4.35).

Remark 4.11. Since ¥ is merely assumed to be Lipschitz, using such a definition, we only have
access to H5(X) for 0 < s <1 and by duality this is naturally extended to s € [—1,1].

The case of a light-cone at infinity on a conformally compactified space-time is what we are
interested in for conformal scattering theory, so we express and prove Hérmander’s theorem in
this particular case. The Cauchy problem is then fully characteristic and is also called a Goursat
problem. More precisely, we assume that n = 3 and that > satisfies the property

(P) ¥ is null and smooth except at isolated points where ¢ is not differentiable.

Definition 4.3. We denote by Cfoo(E) the space of smooth fonctions on X supported away from
the isolated points at which ¢ is not differentiable.

3Smooth functions on 3 can be defined as restrictions to 3 of smooth functions on X, their regularity is in
fact limited by that of 3.
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Since ¥ is of dimension 3, the space ¥°°(X) is dense in H*(X) for s € [~1,1]. The Goursat
problem on ¥ is solved by the following theorem.

Theorem 4.11. (Hérmander, 1990) Assuming the property (P), the map

T,: & — HYY)

¢ — Py

5 -

(4.44)

which is well defined for smooth solutions, extends as an isomorphism. In particular, there exists
a constant C > 0 such that, for any ¢ € £, we have

ITo 817 () < CUIGle=oll7r1 (x0) + IV rle=0l17 2 x)
and

18le=0l13r1 (xo) + IVrli=ol72(x0) < C ITsll71 (s -
or equivalently (adapting the constant C' to take (4.43) into account)

Ex(¢) < CExy(0) (4.45)

and
Ex,(6) < CEx(d). (4.46)

Proof. Tt is organised in two steps. First we establish energy estimates both ways for smooth
solutions of (4.34), these are exactly estimates (4.45) and (4.46). This will entail that the trace
operator Ty, extends as a bounded linear operator from € to H'(X), that is one-to-one and
with closed range. Then we construct solutions to the Goursat problem on ¥ for smooth data
supported away from the points where ¢ is not differentiable. This entails the density of the
range of Ty, in H!(X) and proves the theorem.

Step 1: energy estimates. We first establish them for smooth solutions of (4.34) using Gron-
wall’s Lemma A.14. Let

to = min{p(x);z € X}, t1 = max{p(z);z € X}.
We consider T' > ¢1 and the bounded domain
Qr ={(t,z) e X; p(z) <t <T}

whose boundary is made of ¥ in the past and X7 in the future. Using the divergence
Theorem 2.4, the outgoing flux of the energy current on the boundary of Q7 is given by

EXT — Eg = VaJadVOI. (4.47)
Qr
The divergence of J is a quadratic form in ¢ and its first order derivatives, with smooth
coefficients. It is therefore locally controlled by the energy density and this control is
uniform on any bounded time interval. So from (4.47), we infer

T
Ex, < Ex + C(t)Ex,dt (4.48)
to



Lars Hérmander’s treatment of the characteristic Cauchy problem 111

where C(t) is a positive continuous function on R. Using Grénwall’s Lemma A.14, this
implies the existence of a continuous positive function K on [tg, +o0o[ such that for all
T > t,

E(Xr) < K(T)Ex

and estimate (4.40) then gives (4.46).

For the converse estimate, for t > ty we define the hypersurfaces
Sy :={(s,z); s =max{t,p(x)}, z € X}.

In particular, we have Sy, = ¥ and S; = X; for t > t1. For t) < o < T we consider the
domain Q, 7 lying in the future of S, and in the past of St and we write an identity similar
to (4.47)

E(Sy) — E(S,) = / V., dVol.
QGT

The domain €, 7 can be foliated by the part of the hypersurfaces X; contained in it, on
which the divergence of J is uniformly controlled by the energy density. Since foro <t < T,
XN Qs C S, this gives us the estimate, where C' is a positive continuous function on R,

T
E(S,) < E(Sy) + / C(t)E(S;)dt.

Using Gronwall’s Lemma again, this entails that there exists K > 0 such that for any
te [t07 T]v
E(Sy) < KE(Sr),

which for ¢ = ¢y gives (4.45) using (4.40). The estimates (4.45) and (4.46) then extend to
finite energy solutions by density.

Step 2: existence of solutions to the Goursat problem. We consider some data ¢g € ‘500(2)
(see Definition 4.3). The method chosen by Hérmander is to slow down the propagation
speed in order to make ¥ uniformly spacelike. This can be done by replacing the metric g
by

gy = ANZdt* — h (4.49)
where \ € [%, 1[. For this new metric, the hypersurface ¥ is uniformly spacelike and there

is a unique solution
or € C(Ry; H' (X)) N6 (Ry; L (X))
of equation
Ug¢ =0, (4.50)
such that ¢y|x = ¢o and 9;¢py|x = 0. Of course, ¥ is not smooth, but the initial data are
supported away from its singular points, so this makes no difference.

Performing energy estimates for (4.50), one easily checks that the family {¢y; A € [%, 1[}
is bounded in € ([-T,T); H'(X)) N €*([-T,T); L*(X)) for any given T > 0 such that
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¥ C] - T,T[xX. More precisely, there exists a constant C' > 0 such that for all A € [%, 1]
and for all t € [-T,T],

JoAO ) + 102 (8 2x) < C: (4.51)

This means that we can extract a sequence A\p € [%, 1] that converges to 1 such that we
have the following convergences:

¢x, — ¢in H'(] —T,T[xX) weak, (4.52)

ér, — ¢in H¥(] —T,T[xX) strong, for any s < 1, (4.53)
hor, — O in L*(] —T,T[xX) weak, (4.54)
¢x, — ¢in L¥([-T,T); H' (X)) weak — x, (4.55)
Koy, — O in L®([-T,T]; L*(X)) weak — *, (4.56)
Oalxr — Blxp in HY(X7) weak, (4.57)
Horlxr — Odlx, in L*(X7) weak (4.58)

where (4.53) follows from (4.52) via the Rellich-Kondrachov Theorem and (4.55) and (4.56)
are a consequence of the Banach-Alaoglou Theorem. From (4.53), we infer that ¢, con-
verges towards ¢ in 2'(] — T, T[xX), which entails that ¢ is a solution of (4.34) in the
sense of distributions. The same property plus a trace theorem for Sobolev spaces implies
that the restriction of ¢, to ¥ converges towards the restriction of ¢ to ¥ in H*(X) for
0 < s < 1/2. In particular, we see that the restriction of ¢ to ¥ is equal to ¢g. The
function ¢ is therefore a solution to the Goursat problem on ¥ with data ¢g but we still
need to prove that ¢ € £ and T, ¢ = ¢. To do this, we first neet to gain some continuity
in time for ¢ and 0;¢, then we shall use the H ! version of Theorem 4.1.

We have ¢ € H%(] = T, T[xX) for any s < 1 and for s > 1/2
H*(] - T,T[xX) = €([-T,T]; L*(X)).
In addition, using the equation, we have that
0p € L([=T,T]; H'(X)).

Sofar, we have therefore established

¢ € L™®(-T,T); H(X)), (4.59)
oo € L¥([-T,T];L*(X)), (4.60)
02¢ € L>®(-T,T);H (X)), (4.61)

¢ € C(-T,T);L*(X)) (4.62)

We can gain some time continuity for 9y¢ using the principle of intermediate derivatives by Lions
and Magenes. This is the following theorem that can be found in a very nice paper by Jérémie
Joudioux [27] and is adapted from the general theorems 2.3 and 3.1 in [34].
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Theorem 4.12. If ¢ € L>(] — T, T[; H' (X)) and 8?¢ € L*>(| — T,T[; H-*(X)), then
¢ € C([-T,T); L*(X)) and &y € €([~T,T); H*(X)). (4.63)
So we have
¢ € C(|-T,T); L?), dp € €(|-T,T); HY/?), ¢(T) € H(X) and 9,6(T) € L*(X).

Using Theorem 4.1 and Remark 4.4, the Cauchy problem is well-posed for equation (4.34) in any
Sobolev space. The function ¢ is a solution in € ([T, T]; L*(X))N € ([T, T); H~/2(X)) of the
Cauchy problem for (4.34) with data at t = 7 in H'(X) x L?(X). Using uniqueness of solutions
in €(Ry; L?(X))NE (Ry; H (X)) and existence of a solution in €' (Ry; H (X)) NG (Ry; L (X)),
we infer that ¢ belongs to € ([~T,T]; H' (X)) N € ([-T, T); L*(X)). O

4.4 Higher spin equations on flat space-time

4.5 Linear wave equations, conformal invariance

Some covariant equations (i.e. equations whose structure comes entirely from the metric) have a
property called conformal invariance, which means that their solutions, after some appropriate
rescaling, satisfy the same equation for the conformally rescaled metric.

Definition 4.4 (Conformal invariance). The conformal invariance of a covariant equation means
that there exists s € R such that o field ¢ satisfies the equation for the metric g if and only if
Q¢ satisfies the equation for § = Q3g.

The wave equation itself is not conformally invariant, however, a slight modification of it is.
This modified equation involves the scalar curvature and we shall refer to it as the conformal
wave equation:

1
Ug0 + EScangb =0. (4.64)
We have the following fundamental result that is a corollary of Theorem 2.7.

Corollary 4.3. We consider a space-time (M, g) and a metric g in the conformal class of g with
conformal factor Q, i.e. § = Q%g. Then we have the equality of operators acting on scalar fields

on M:
1

]
9+6

1 _
Scal, = Q3 <Dg + 6Scalg> ot (4.65)

Proof. We express the right-hand side of (4.65) in terms of the conformal factor 2 and the metric
g, using the relation between the scalar curvatures of § and g given in Theorem 2.7:

1 1
03 (Dg + GScalg) Q! = 0 (Dg + 6Q—Qscalg + 9—3599) Q!

g, 1 -
= Q0,0 1—}—686&19—1—9 LO,9).



114 Linear hyperbolic equations on globally hyperbolic space-times

We apply the first term of the right-hand side to a scalar field ¢ and develop the expression in
a local coordinate basis

1
Vial
-1 1 2 ab -1

= Q \/maaﬁ 9] g*P 02" ¢

= 2(0a)g?P (2 9) + 0, (27" ¢)

= 2(VQ, V(2 '¢)), + Q(O,Q o +20(VQt, V), + 040

= Oy +2071VQ, Vo), —2072(VQ, VQ),0 —2071(VQ, V),
—QéV,(Q272VQ)

= Oy —20724(VQ, VQ),0+2072(VQ, VQ),6 — Q1 (0,Q)¢

= Oy —Q HO,Q0)¢.

0,07 = 03——=0,1/]3] PR

Putting things together gives (4.65) and proves the theorem. O
This has the immediate consequence:
Corollary 4.4. Let ¢ € D'(M), the following conditions are equivalent:
1. ¢ satisfies (4.64) in the sense of distributions on M;
2. gg = QL satisfies
ng?) + éScalggZ; =0
in the sense of distributions on M.

The higher spin zero rest-mass field equations are also conformally invariant.



Chapter 5

The Lax-Phillips approach

We present here an approach to scattering that is based on spectral analysis and makes con-
tact with very geometrical structures: the Lax-Phillips theory [31]. Its essential ingredient is
a translation representer of the evolution. We first explain the construction of the translation
representation on the simple example of a differential system, then describe Lax and Phillips’s
treatment of the wave equation on M and its relation to the Whittaker formula. The Lax-Phillips
theory is really about scattering by an obstacle, but we describe it here as a means to describe
the asymptotic behaviour of solutions to the wave equation on Minkowski space-time. We shall
see in Chapter 8 that it gives precise and complete results.

5.1 Finite dimensional case: translation representation
Consider the equation for a time-dependent vector in C™:
BV (1) = i AV (1)

where A is an n X n hermitian matrix A with n distinct eigenvalues o1, ..., oy,. Let {e1, ..., ey}
be an orthonormal basis of eigenvectors of A. A vector V € R™ can be described as the function
V from R to itself that is zero everywhere except for

V(o) = (V,e).

The vector AV is then simply represented as the function af/(a), i.e. the action of A is rep-
resented as the multiplication by the spectral parameter o. Similarly, the unitary group e4 is
described as the multiplication by e?°. This is a spectral representation of the matrix A and
its associated unitary group.

A Fourier transform in ¢ then gives naturally a translation representation of the group:

~

Fo(eltAV)(s) = Fo (V) (s) = V(s —t).

Remark 5.1. Of course for it all to make sense, the Fourier transform must be understood on
S'(R) or on a discrete L? space over the spectrum of A.

115
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5.2 The wave equation: spectral representation

Consider the wave equation on Minkowski space-time in its Hamiltonian form (4.14). Recall that
the operator A is self-adjoint on 5 = H(R3) x L?(R3), completion of €5°(R?) x €5°(R?) in

the norm )

017 = 5 [ (eal? + fuaf)d (5.

that corresponds to the energy on a spacelike slice. Let us first try to define a spectral representer
for solutions to (4.14) following the same approach as in the finite dimensional case.

We look for the eigenvalues of A, i.e. ¢ € R such that the equation AU = oU admits non
trivial solutions in ##. This equation reads:

us = 1touy,
Aul = iO’Ug y (52)
= —0'2U1 .

A first observation is that there are in fact no eigenvalues in the spectrum of A.
Lemma 5.1. The system (5.2) has no solution in J, i.e. the point-spectrum of A is empty.

Proof. Taking the Fourier transform of (5.2) gives
(0 = lg[*)ar = 0. (5:3)

Hence, supp(u1) C {|¢| = |o|}. The same is therefore true of the support of Vui, i.e. the support
of V/\ul is negligeable and since V/\ul is an element of L?(R3), it follows that V/\ul = 0, which
in turn implies that u; is constant. Now using the fact that u; € H L(R3), which means not
only that Vu; € L?(R3) but also that there exists a sequence of smooth compactly supported
functions whose gradient converges to that of u1 in L?(R?), we get that u; = 0, using for example
Hardy’s inequality that states that in dimension n > 3, we have

f 2
—— <——|V ny -
||$” L@ ) H fHLQ(R )
We also have us = 0 by the first equation. O

However (5.3), and therefore also (5.2), has solutions in .#/(R3). Among these are the
distributions whose Fourier transform is equal to the Dirac measure at ow for any w € S2. These
are given, up to a multiplicative constant, by

—10T.Ww

6U,w($) = ( .e —iocT.w ) , WE 52.

1n0e

We see that for each o € R, we have a whole 2-sphere of solutions (except for ¢ = 0 in which
case the sphere degenerates to a point). These are the initial data for the plane wave solutions
to the wave equation

¢(t,$) _ eia(tfm.w)'
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Let us assume for now that what we have here is a continuous analogue of the basis in the finite
dimensional toy model, we shall verify this shortly. For U € 6§°(R3) x €2°(R3), we put

0(0,w) == (%1)3/2<U, o)t (5.4)

where the inner product is the one associated to the norm (5.1), i.e.

1 .
(U, VYp = 2/ (VuiVor + ugtz) d. (5.5)
R3

The right-hand side in (5.4) does not completely make sense since e, ¢ 7 but the formal
expression of the inner product is meaningful thanks to the compact support of U. More appro-

priately, we can define'

~ 1

U(o,w) := W(U, X€ow) A (5.6)

where x € 6§°(R?) and x = 1 on supp(U). The definition (5.6) is independent of the choice of
x and

7 1 1 1 i T —l0T.W
U(o,w) = 2(27r)3/2/RS(Vu1V(xe W) + xugice )dx

1 - - y
B ZW/RS(vulvewmw_i_uﬂo-ewx.w)dx

since x = 1 on the support of U. Then, we have

~ 1 1 , - :
Ulo,w) = 2(27T):3/2/R(ul(—Ae_w‘T'“’)—|—u220'6_“75’3"”)dx
1
2

3
= W/Rg(azul — ioug)e " dx
1

= 5(gzﬂl(—aw) — otz (—ow)) .

We now have a result which proves that we have found enough tempered distribution solutions
of (5.2) to represent all elements of .7

Proposition 5.1. The definition for U € 6§°(R?) x 65°(R3) of

0 (0, w) = %( 20y (—ow) — igiis(—ow)) (5.7)

extends to U € € and the map that to U associates U is then an isometry from J onto
L3R, x S2).

'We could also make sense of this inner product as a duality bracket.
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Proof. We put for U € 6°(R3) x €5°(R3),

Ulo,w) := %(Ugal(—aw) —iotlg(—ow)).

Let us show that U ~ U is a linear continuous map from €5°(R?) x 65°(R?) to L*(R, x S2) for
the norms |.|[» and ||.||f2(r, x52)- For U € E(R3) x €5°(R?), we have

4)U(o,w)|? = o*|in (—ow)|? + o?|ia(—ow) > + o (—ow)ia(—ow) — ici1 (—ow)is(—ow) .

When changing the signs of ¢ and w, the last two terms change sign and therefore their integral
over R, x S2 vanishes. Whence,

~ 1 R N
\|UH%2(R0X53) = 4/ (0|1 (—ow) | + |2(—ow)|?) o*dodw
RxS2
_ 1 _— 9 . 9
= 5 L, (T ©F + o)) ag
L%

It follows that U + U extends as a linear continuous map from . to L?(R x S2) and that map
is one-to-one and has closed range. We therefore only need to prove that its range is dense in
order to prove that it is an isometry. Let us consider the dense subspace of L?(R x S?)

K:={¢ e (R xS?; supp(¢p) N{oc =0} =0} .

Let F € K, let us find f € 5 such that F = f. We must have

Flow) = 5(o*fi(-ow) —ioh(-ow),
F-0,~w) = 3(0*fi(~ow)+iofs(~ow)
and therefore
filrow) = ToWH a0,
hieow) = FODZFCn0)
Putting £ = —ow, we have
fe F(|ar,§|)’;2F (5|,§|)’
e = (1) — F (-1el )

€l ’
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and these two functions belong to C5000(]1%3) because F' € K and its support therefore remains
away from {o = 0}. The functions f; and f2 are hence defined by

(F (gl —) + F (-l &)

i = ]'—g e y(R?’)’
F(lel—) = F (1l
and f = (f1, f2) € 2. This concludes the proof. O

Proposition 5.2. This provides a spectral representation of A and its propagator, i.e.

YU € D(A), AU =oU , (5.8)
YU € A, etAU = o0 | (5.9)

Proof. We prove (5.8). Let U € D(A), we choose a sequence (U™)nen C 65°(R?) x 65°(R3)
such that U™ — U in D(A) as n — +oc0. For n € N, consider y € 6§°(R?) that is identically
equal to 1 on an open neighbourhood of the support of U"™. We have

TU"(O‘, w) AU, X€ow) 2

(

(U", Axeqw)w since A is self-adjoint on 72,
= (U",xAesw)» thanks to the definition of x,

(

U™, XO€ow) = aﬂ(a,w) .
Taking the limit as n — 400 and using the continuity of U — U on ., we get
AU = oU .

The property (5.9) can be proved using the same method. O

5.3 The wave equation: translation representation

The translation representer is obtained from the spectral representer by taking the Fourier trans-
form in 0. We denote

RU (s,w) := Fo(U(.,w))(s) . (5.10)

Then
R(e™AU) (s,w) = (RU)(s — t,w). (5.11)

This representation is of course also an isometry from 2 onto L?(R x S2).
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5.4 Link with the Radon transform and asymptotic profiles

Sofar, we have constructed a translation representer that encodes completely the initial data for
a solution to the wave equation, but it is not yet clear what this has to do with a scattering
theory. In this section, we start by giving the explicit inverse map to the translation representer,
which turns out to be the Whittaker formula. Then we use this formula to give a description of
the translation representer as the scattering data for the solution.

Definition 5.1. Let f € %@O(R?’), we define its Radon transform as the function of s € R and
w e S2:
RfGsw) = [ fla)dota).

i.e. Rf(s,w) is the integral of f on the plane wzt;z normal w containing the point sw.
Proposition 5.3. The Radon transform has the following properties:

1. If suppf C B(0,7) then supp(Rf) C [~r,r] x S?;
Rf € €°(R x S?);
Rf(s,w) = Rf(—s,~w);
RO, f)(s,w) = W 05(Rf)(s,w), whence R(Af) = 9Z(Rf);
if g € 6°(R x S?), then

GuoA e e

(Rf,9)r2rxs2) = ([, R*g) 123y
R* is the formal adjoint of R given by

R*¢(z) = . d(r.w,w)dw.

The definition and proposition above allow us to express the translation representation in
a simple manner in terms of the Radon transform as well as to find an explicit formula for its
inverse.

Theorem 5.1. For U € 65°(R3) x 65°(R3), the translation representation has the following
simple expression in terms of the Radon transform:

1
RU(s,w) = 4—(—8§Ru1 + 0sRuz)(s,w).
T
Moreover, the map
T : E5°(R x §2%) — €°(R?) x €°(R?),
1 1
Tk = | —R%,——R"0sk | , 12
T0)a) = (e~ 0Lk (5.12)
extends as an isometry from L?(R x S2) onto S which is the inverse of R, i.e.

RT =1 2(ys?), IR =1dyp.
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Proof. Let U € 6§°(R?) x 65°(R3), we have
RU(s,w) = Fo(U(o,w))(s)
= Fol5(0%in(~ow) — iin(~ow))(s)
= % (—02Fo (i (—ow))(s) + 0sFo (ia(—ow))(s)) - (5.13)
Now, given f € 65°(R3), 0 € R and w € S?,

fleow) = oy e s
1 ’L wm
- 27T)3 //{mw s} ( )dO’( )d
1 e =—F5 s,w))(o
T (@ / Rf(s,w)ds = —F ! (Rf(s,w))(0). (5.14)

From (5.13) and (5.14), we infer
1
RU (s,w) = E(—@fRul + 0sRug)(s,w) .

Let us now turn to the inverse of the translation representation. Since R is an isometry and
C°(R3) x €5°(R3) is dense in 7, it follows that R(ES°(R3) x 65°(R3)) is dense in L?(R x S?).
In addition, thanks to properties 1. and 2. of the Radon transform,
R(ES°(R?) x €5°(R?)) € €5°(R x S?).
Let k € R(G5°(R?) x 65°(R3)), there exists a unique F' € €5°(R?) x 6§°(R3) such that
k=TRF. (5.15)

Using the fact that R is an isometry, (5.15) is equivalent to

(F,G)r = (k,RG) 12(rxs2) for all G € 72
If we restrict ourselves to G € $§5°(R3) x 65°(R?), the left-hand side can be written as a
distribution acting on a test function on R?

.G = 5 [ (VAT + ) da

1
= 2< Afi,q1)90,9 + 5 <f2,92>@/ Z
We endeavour to do the same with the right-hand side in order to interpret the equality above
as the equality of two distributions on R?

1

<k5, RG>L2(]R><SQ) = E <k(55 W), (_332Rgl + 85Rg2) >L2(]R><SQ)

1 1
= = (—02k(s,w), Rg1>L2(RX52) + pym (=0sk, Rg2) 12(rx 52)

1, L
= _E<R (8§k)7gl>L2(R3) - E<R (0sk), 92) L2 (m3)

1 * 2 — . i * — i
= _E<R (05k),q1) 9,9 4W<R (0sk),G2) 7,9
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We infer that (5.15) is equivalent to the following two equalities in 2'(R3)

1 _ 1 . 0

_iAfl - 47TR (8sk)a (516)
1 1,
gf2=—-R'(0:k). (5.17)

Since the inverse Radon transform has the following property

ARk) = A; SQk(fL’.w,w)dw

= / |w|202k (2w, w)d*w = R*(0%k),
SQ
it follows that (5.16) can be written as

A (f1 - 217TR*k> 0. (5.18)

The function f; is smooth and compactly supported and although R*k may not have compact
support, it is easy to show that it tends to zero at infinity. Indeed, as |z| — oo, |x.w| — oo for
almost every w € S? and we also have that k being smooth and compactly supported on R x S2,
|k(z.w,w)| can be bounded by the sup of |k| on R x S2 which is finite and therefore integrable
on S%. As a consequence of Lebesgue’s Theorem of dominated convergence, it follows that

R*k(xz) — 0 as |z| = o0.
Hence, the function
1
— —R'k
fi—o-

is harmonic and tends to zero at infinity; it is therefore identically zero. Hence, (5.17) and (5.18)
give exactly f = Zk. Theorem 5.1 then follows by density. O

Remark 5.2. Given a solution ¢ of the wave equation, formula (5.12) gives in particular ¢(0, x)
in terms of the translation representer k of ¢ constructed from the pair (¢(0,x), 0:¢(0,z)):

1

#(0,z) = g /52 k(r.w,w)dw,

and using the property (5.11), we get
o(t.0) = 5 [ Kaw - tw)d
x) = — r.w —t,w)dw
b 27_(_ 52 b )

which is exactly Whittaker’s formula (4.13).

This can be used to establish the asymptotic profile property.
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Theorem 5.2 (Asymptotic profiles). Assuming that the data ¢g, ¢1 are smooth and compactly
supported, denoting

k(s,w) =RU(s,w),
we have

k(s,w) = — TEIEOO rop(r — s,rw) . (5.19)

Proof. First note that since the data are smooth and compactly supported, & is also smooth and
compactly supported and there exists R > 0 such that supp k C [-R, R] x S2. We have

ot.a) = 5= [ K =0

and since k is smooth, we can differentiate under the integral
1
oo(t.) =~ | Ouk(wd — 1,04,
™ Js2

In particular, we have

r

—rop(r — s,rw) = or (Osk)(rw.C =1+ s,¢)d¢
SQ
- 2L (D) (r(w.C — 1) +5,¢)dC. (5.20)
Y S2

Thanks to the compact support of k, the integration will be done only over a neighbourhood
of won S2. As r — 400, this neighbourhood will shrink and asymptotically reduce to w itself.
Indeed,

(rlw.¢—1)+s,() ¢ suppk < |r(w.(—1)+ s >R

and since
r(w.¢ = 1) +s| > |r(w.C = 1)[ —[s],
it follows that that if

R
11— w.(| > +T|S|

then (r(w.C —1)+s,() ¢ supp k. Therefore, the integral (5.20) is in fact localised on the domain

VRSTZ{CGSQ; 1_W~C§}H|S|}a

r

ie.

oo = s,w) = 5= [ Ok (rlend ~ 1)+ 5.0)dC.

™

We now add and subtract a term where the dependence in ( is frozen

—rOp(r — s,1w) = % (@Rl =1) 45,0 = (k) (r(wC = 1) +5,w)] dC
+% (sk) (r(w.¢ — 1) + 5,w)dC . (5.21)

VRsr
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The area of Vg, is easy to calculate. Indeed, given 0 < ¢ < 1, defining
Vei={Ce8 1-¢<e},
the elements of V. can be described in spherical coordinates as
¢ = (sinfcosg, sinfsinp, cosf), 0 <6f < arccos(l —¢).

Therefore the area of V. is given by
2w parccos(l—e) .
A(Ve) = / / sin 0dfdg = 2 [— cos )27 = 27e .

The area of Vg is therefore exactly given by

R+]3\

A(Vger) = 2m——— .

This implies that the absolute value of the first term in (8.3) can be estimated by a constant
times

T X %supl_w_cgg%m\(ask)(r(w( —1)+5,0) — (0sk)(r(w.¢ — 1) + s,w)|

which, since k is smooth, in particular €, tends to zero as r — 4+00. We now do an explicit
calculation for the second term that we denote by I. We use spherical coordinates (6, ¢) based
on the direction w: i.e. w.( = cosf. Putting

0, = arccos (1 e |S|) ,

,
we have
r 27 Gr
I = / / (r(cosf — 1) + s,w) sin @dOdp
271' 0 0
6, d
= ; d9 cosc9—1)—|—s,w))> dé
= k(s,w) = k(=(R+[s]) + 5,w).
Since

| — (R+|s|]) +s| >R,
it follows that
k(—(R+|s]) + s,w) =0,

whence

— lim r0p(r — s,rw) = k(s,w).

r—-+00

This proves the theorem. ]
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This allows us to interpret the translation representer as a scattering datum in the future.
Indeed the translation representer k for the data (o, 1) is interpreted by Theorem 5.2 as the
restriction to .# T of 9;¢, where ¢ = r¢. A natural way of defining scattering data is as

0% = ¢lx

which is exactly what we do in our conformal scattering theory in Section 7.6. Since the Cauchy
data are smooth and compactly supported and 9; extends to . as itsfuture oriented null
generator, there is an equivalence between the knowledge of k and that of ¢T. It is given by (in
variables (u,w) on #T)

u

o (u, w) :/ k(s,w)ds

—0o0

and .
H¢+HH1(RX52) = HkHL?(RxS?)-

If we consider the data (¢, —¢1), the associated solution is ¢(—t, z) and its translation represen-
ter therefore contains the information of <;~5_. The map that to the past translation representer
associates the future translation representer is a scattering operator for the wave equation on
Minkowski space-time. We shall see a more precise description of it in Chapter 8.
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Chapter 6

Analytic time-dependent scattering

The principle of analytic time-dependent scattering theory is to analyse the behaviour of solutions
to a field equation in an asymptotic region (also referred to as a scattering channel) by finding
a simplification of the equation in the region considered and proving that the field approaches
solutions to the simplified system in this region. A complete scattering theory will also state that
the field is completely described by its associated simplified solutions. This is described in details
in Reed and Simon vol. 3 [49] and Derezinski and Gérard [11]. We give here a brief description
of the two main classes of problems and present some techniques that allow to establish such
scattering theories.

6.1 Two classes of problems

The simplest situation is when we try to compare two Hamiltonians that are self-adjoint on the
same Hilbert space. Another very common case is when the two Hamiltonians are self-adjoint on
different Hilbert spaces; in this case, identification operators are required. We describe here the
abstract principles of the comparison, no scattering channel is involved. We shall see in examples
how the comparison is concretely localised to a particular asymptotic region.

6.1.1 The one-space scattering

Let A and Ag be two unbounded self-adjoint operators on the same separable Hilbert space 2.
We consider the two evolution equations

do

= e, (6.1)
dp
L= iag, (6.2)

where the unknowns ¢ and 1 are functions on R with values in . The propagator e**4 for
equation (6.1) will be considered as the full dynamics and e®40 as the simplified dynamics. A
concrete way of comparing the two dynamics for large times is to define the wave operators. If

127
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they exist, they are defined as the following strong limits of unitary operators

WE = s— tgimm efitAeitAO, (6.3)
W* = s— t_l}]rinoo e tAogitA (6.4)

The operators W= are called the future and past direct wave operators and W= the future and
past inverse wave operators.

Remark 6.1. This type of construction is valid in a relatively simple case where the spectra of
both Ay and A are purely absolutely continuous. In more general situations, the definition of the
wave operators requires to apply first a projector onto the absolutely continuous spectrum of the
first operator.

If in a certain sense the operators A and Ag are asymptotically close, then one can establish
that the direct and inverse wave operators exist, are isometries on ¢ and satisfy

WE = (W)™l = (W) (6.5)

The existence of the direct and inverse wave operators is all there is to prove, their unitarity
follows automatically from the definition and the unitarity of the propagators. Equation (6.5)
also follows directly since for t € R

e—itAeitAoe—itAo eitA — Id)gﬂ .

For some initial data ¢g € J# for the full equation (6.1), the scattering data are given as the
images ¢ of ¢y under the future and past inverse wave operators W=*. The scattering operator
summarises the whole evolution of the field by associating the future scattering data to the past
scattering data. It is the isometry of J# defined by

S=Wwtw-.
Why do we say that the existence of direct and inverse wave operators provides a scattering
theory for the full dynamics? Let us consider some initial data ¢ € # for (6.1) and put

ot =Wrp = lim e *oeitdy,
t—+4o00

Then we have

0= lim [¢F —e et gy = lim [l hpT — ™ g|p,

t——+o00 t——+00
which means that the solution to the full equation approaches in the distant future the solution
to the simplified equation associated to the datum ¢*. The existence of direct and inverse wave
operators thus shows that any solution to the full equation approaches in the distant future and
past a solution to the simplified equation and is entirely characterised by each of its asymptotic
solution. The future and past data for the simplified equation thus play the role of scattering
data.
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6.1.2 The two-space scattering

Let 2 and 74 be two separable Hilbert spaces and A and Ag be self-adjoint operators respec-
tively on 27 and 4. Let J € £ (A5 ; ) be an identification operator. There is no systematic
definition of such an object. The idea is that J should realise an “approximate embedding”, by
which me mean that at least for a large class of functions in the first space, the identification
operator should transform them into elements of the second space with as little modification
as possible. As we shall see on examples, this can still mean non trivial changes. The choice
of identification operator will be guided by the properties of the full and simplified equations.
We consider the same equations (6.1) and (6.2) as before and the associated propagators e
and €4 are now strongly continuous one parameter groups of unitary operators on s and ¢
respectively. We define direct and inverse wave operators as follows

Wt = s— t_lgznoo e~ A geitAo (6.6)
Wt = s— tiirinoo e~ Ao greitA (6.7)

where the adjoint of J is defined by

(T, = (D0 T V), Y € 5, h € .

Provided we can establish the existence of both direct and inverse wave operators, the interpre-
tation of the asymptotic behaviour of solutions to the full equation will then involve the operator
J, but we should always have that for a dense subclass of data, the solution approaches solutions
to the simplified equation in the past and future and each of these completely characterises the
solution. When the operators do not have purely absolutely continuous spectrum, we also need
to apply a projector onto the absolutely continuous spectrum of the first Hamiltonian before
applying the first propagator.

6.2 Cook’s method and the importance of the Huygens principle

In most cases, the proof of existence of wave operators uses Cook’s method. It is a simple
argument based on the fact that if the derivative of a ¢’ function on R is integrable on [a, +-o0[
for a certain a € R, then the function admits a finite limit at 400, as is obvious from the
fundamental theorem on integral calculus:

f&)=f@)+ [ fl(s)ds.
[a,]
We quote it here from Theorem XI.4 in the third volume of Reed and Simon’s book [49]. It
concerns the one-space scattering but can easily be adapted to the two-space case. It involves a
projector onto the absolutely continuous subspace of the first operator, which, in the cases we
shall consider, reduces to the identity.

Theorem 6.1 (Cook’s method). Let A and B be two self-adjoint operators on a Hilbert space
HC. Suppose that there is a set P C D(B) N Pyo(F) that is dense in Py.(H) such that, for each
¢ € D, there exists tg > 0 satisfying
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1. for |t| > to, e B¢ € D(A), and,
2. [ (I(B — A)e™"Bg| + (B — A)e*Pg|) dt < +oc.
Then the wave operators

OF(A,B) :=s— lim e "eBp, ()

t—too
exist.

Proof. Tt is very simple. We first need to establish the existence of the strong limit on the subset
2 and since it is part of the absolutely continuous subspace of B the projector P,.(7¢) acts
trivially on 2 and we can remove it. Now for ¢ € 2, we have

d

ae—itAeithb _ e—itA(B _ A)eitB¢

which makes sense for [t| > ¢, thanks to assumption 1. Taking into account the unitarity of e?*4,

assumption 2 then states that

d ...
&e*”Ae”Bqﬁ € LY(] — 0o — to] N [tg, +-00[; )
which entails the existence of
lim e—itAeitB¢
t—+oo )

It is then easy to prove that the strong limit exists globally. Let us consider ¢ € . Let € > 0,
there exists ¢. € Z such that ||¢. — Pue(F) 0| < €/4. Moreover, there exists a > 0 such that
for all ¢ > a and t9 > a we have

<e/2

HefitAeitB(ﬁE H%

since we know that the limit
lim e—itAeitB
t——4o00 ¢€

exists. Therefore we have that for all t; > a and to > a,

H (6—it2Aeith . e—itlAeitlB) Pac(%)(ﬁHyf < H (e—itgAeitzB . e—itlAeitlB) (Pac(%)gb - ¢E) Hyf

+ H(e—itQAeitzB o e_itlAeitlB) ¢5H}f
< QE + E —
1 2°°

This establishes the existence of the limit

lim e 4B P, ()¢

t——+o0

and concludes the proof. ]
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How does one apply Cook’s method to establish the existence of waves operators in the one-
Hilbert space scattering for instance? It is obvious that the method relies on a direct comparison
of the operators A and Ag along the evolution. A simple situation is when 5 is a Hilbert space
on R3. Let us take 5# = L?(R3;C") for example, and

A:A0—|—V

where V is simply a multiplication operator, i.e. a function on R? with values in Hermitian n x n
matrices. Such a perturbation is called a potential and we can assume that it is short-range,
which means that there exists a > 0 and C' > 0 such that, for all z € R3,

C

V(@) < e
[E IR

In this case V' is bounded on .7 and A is relatively Ap-bounded with a4,(A) = 0. So by the
Kato-Rellich Theorem A.8; A is self-adjoint on 4 with the same domain as Ag. If the dynamics
el4o gatisfies the Huygens principle, we can consider the set 2 = %5°(R3;C") and for each
¢o € 2 there exists R > 0 such that

(e o)(2) = 0 for [|z]| < |t - R.

This implies that
Vel Ao gy 4 < IVl oo (a) = t—r) | @0l 2 < WH%H%

and this is integrable over [—oo,—R — 1] N [R + 1, +0o0|.

We see here that the Huygens principle plays a fundamental role in transforming the spacelike
decay of H — Hj into a decay in time for
Hd(e itABitAoqb)H

dt w

It is not unusual that the simplified dynamics satisfies the Huygens principle, but this is extremely
rare of the full dynamics. When the first dynamics does not satisfy a Huygens principle, we still
need a similar mechanism to make Cook’s method run. This is where time-dependent scattering
theory gets more technical. We shall see some examples of weak forms of the Huygens principle
in Sections 6.4 and 6.5.

6.3 Scalar fields on flat space-time
We start by expressing the wave equation on M in spherical coordinates
8t¢—8r¢—;0r¢—pAsz¢:0 (68)

In scattering theory, there is a crucial difference between short-range perturbations which fall-off
like r~—* with @ > 1 and long-range perturbations which fall off like r=® with a < 1. This is
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of course a question of integrability of these quantities at infinity, but the space dimension is
irrelevant, it is always a matter of integrability in 1-dimension, as we have seen in the description
of Cook’s method above. Short-range perturbations can be treated naturally provided we have
some weak version of the Huygens principle, but long-range perturbations require an in depth
modification of the construction which reveals the profound change they induce in the asymptotic
behaviour. So it is crucial to understand, when long-range terms are present, whether they are
genuine or artificial. Here the term %(‘Lqﬁ is artificially long-range since it can be eliminated by
a simple rescaling of the unknown function. Putting

¢=ro, (6.9)

we get that ¢ € D'(R?) satisfies the wave equation on M (equivalently (6.8)) if and only if ¢ is
a solution of the simplified equation

- - 1 -
02— 0%¢ — 50520 =0 (6.10)

We can explain this a little more systematically. Recall that the operator A (here expressed in
spherical coordinates)

A= 0 !
B 2420, + 5Ag 0
is self-adjoint on .7 = H'(R?) x L?(R3) and putting

2 1
h = —(872. + ;& + ﬁAsz), ie. h= —A]RZS y

the 27 inner product is given by

<( f;; ) ) ( 2 >>f7“’f - <h¢17§1>L2(R3, r2drdw) + <¢27C2>L2(R3, r2drdw) -

We now consider the unitary operator
R : L*(R3, r’drdw) — LA(R?, drdw), Ré =r¢.
Then by conjugation by R, we have
RhAR* = —9? — %ASQ ,

the operator R* being simply the multiplication by 1/r from L?(R3, drdw) to L3(R?, r?drdw),

and
. 0 1y
RAR* = Z<81%+7«12A52 O).B,

"We have expressed the inner product under a form that makes sense only on a dense subspace of /#, but has
the advantage of having the operator h appearing explicitely.
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where R and R* are understood as acting on each component. It follows that B is self-adjoint
on J€ = R, equipped with the inner product

1
<< Z; > ; < Z >>;¢ = (-0} - ﬁAs2)¢17§1>L2(R3, drdw) T (¥2,82) L2(R3 | drduw)

: Yo\ 2 2 1 2 2

Le. || ( s 15, = Rixs2(’&wl| + r—2|vszw1\ + [12]*) drdw. (6.11)
Moreover, . is the completion of (RE§° (R3))2 in the norm (6.11). Let us now give the steps
of the scattering construction.

e Comparison dynamics. The asymptotic region is r — +o0o. In this region, the equation
(6.10) simplifies to
Ot —0*v=0. (6.12)

The Hamiltonian forms of equations (6.10) and (6.12) are given by

oU =iBU, 0,V =1iByV,

N y 0 |
U"<at¢>’B_ Z<83+7}2A52 o>’

v . 0 1
v () mei( ) ).

The operator B is self-adjoint on A and By is self-adjoint on
Mo = HY(R; L*(S?)) x L*(R x §?).

Note that the range of the variable r in A is Rt whereas it is the whole real axis for
). The propagators eZNtB and e*Po are strongly continuous 1-parameter groups of unitary
operators on 7 and J7) respectively.

e Free outgoing and incoming data. Since (6.12) is the wave equation on R; x R,., we
know that every solution is a sum of an incoming and an outgoing progressive wave in
the (t,r) variables. Each of these two types of finite energy solutions is characterized by a
special subspace of initial data:

%i = {V = (’Ul,Ug) S %, Vg = :Far’ul}.

This is obvious from the fact that

0 0
5 (= 1) = = (FG = 1)

and f(r—t) is simply f(r) translated by ¢. We have Ay = %Z(f@:%;{ and for any V' € %%i,
(eBoV)(r) = V(r & t). Moreover, 7" and %, are closed subspaces of .
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e Inverse wave operators. The situation we are studying here is very special in that the

full dynamics satisfies a strong Huyghens principle. This means that the scattering theory
is essentially trivial, apart from purely formal difficulties related to function spaces. Since
the function spaces on which the two dynamics act are different, we need an identifying
operator between the two spaces. Consider a cut-off function

X €E(RY), x=00n0,1/2], x =1 on [1,+0c0]

and define the bounded operator

> > Uon Rt x §2,
j:%—)%,jU:{XOODR_XSQ‘ (6.13)
Theorem 6.2. The inverse wave operators
W+ =s5— lim e #PogeitB (6.14)

t—=oo

are well defined for smooth compactly supported data and extend as partial isometries from

I to .

Proof. We prove the theorem for W, the proof is similar for W~. We consider smooth
compactly supported data V € (RE5°(R3))2. In this case

e*itBojeitBV c (KOO(]R+7 %) .

By the strong Huyghens principle, taking R > 0 such that supp(V) C B(0,R), for t > R
we have

PV =0for 0<r<t— Rand forr > R+t

Therefore in particular eV = BV for t > R+ 1. In order to prove the existence of
the limit

lim e B 7By, (6.15)

t——+o0

we use Cook’s method and prove that

%e‘“Boje”BV e L'RY; J4). (6.16)

We have
aefitBojeitBV — _,iefitBo (B()j o jB)eZtBV

= —ie‘”BUJ< 10 O>eitBVfort>R+1.
rﬁASQ 0
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We calculate the norm of this quantity in Ay for t > R+ 1, denoting (;;(t, r,w) the first
component of e*BV:

; 0 0 ; 0 0 ;
_ s,—itBy itB 2 itB 2
I—iemg (LR 0 ) vig, = 19 (a0 ) VI
1 _
:/ |—2A52¢)(t,r,w)|2drdw
Rtxs2 T
1 _
:/ |—2A52¢(t,r,w)|2drdw
[t—Rt+R]xS2 T
1

< (t — R)* ||AS2€Z’(t)||%2([t—R,t+R]xS2; drdw) *

The last expression can be estimated by a norm in A of an angular derivative of e*BV
which in turn can be estimated by the same quantity at ¢ = 0. To show this, we use first
a Poincaré estimate:

Lemma 6.1. Let f € HY(R) supported in [Ry, Rs], then
£l 2@y < (Re — R)If' [l 2wy -

Proof. We prove the result in the case where f is smooth, using the fundamental theorem
of integral calculus

Ro
91y = [ (o)

Ry
Ro

=[] e
Rq Rq
f2 f2 / 2 20 £1112

< /R (Rg—Rl)/R |/ (@)|” dadt < (Ry — R | 2y -
1 1

2
dt

t

This gives the result in the smooth case and the inequality extends by density to functions
in H' that are supported in [R1, Ra). O

It follows that
‘ _Z'efitBoj < 0 0 ) eitBV

LAg 0
Since Age commutes with the equation (6.10) and therefore also with ¢*Z, Ag¢ is a
solution of (6.10) with data Ag2V. Hence

2 AR?

S (t _ R)4 ”arASﬂp(t)H%Q([t—R,H-R]XSQ; drdw) -

A

2 2
; 0 0 . AR .
__ . —itBg ztBV < ZtBA Vv 2~
H " j(TEASZ 0>€ s = aomr el
4R?

= m”ﬁsﬂ/’@@-
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Hence,

< 2R |
# (t — R)?
This implies that (6.16) is true and the limit (6.15) exists for all smooth and compactly

supported V. Since the operator J is bounded, this suffices to define the operator W+ on
. Indeed for V € (REF°(R?))?, we have for all t € R

H deitBojeitBVu

" A2V 7 € L'([R+ 1, +00]).

le™ TV | 2 < NIl g2 IV 1]
and therefore W can be extended to the whole of 7% as a bounded operator with

W g2y < NT 7 -

But it is not clear that it is defined as the strong limit (6.14) on the whole energy space A
Let us prove that the limit (6.15) exists for all V' € . We follow the same reasoning as in
the proof of Cook’s method (Theorem 6.1). Let V € J#, consider {Vh}nen a sequence in
(65°(R3))? converging towards V in . For e > 0, let ng € N be such that for all n > n,
|V = Vall,z < e. Then for all t € R we have

e 2 TV = Vao)l g, < €T i) (6.17)
Now we use the fact that the limit

lim e "% 7e"Py,,
t—too

exists: we take a > 0 large enough so that for all t; > tg > a,
He—itlBojeitlBVno _ e_itOBojeitOBVn()H(%ZD < €.
This gives that for all t; > tg > a,

He—itlBojeitlBV _ e—itoBojeitoant%% S He—itlBojeitlB(V o Vno)”%
HleT P T E(V = Vi) 1z,

—i—”e*itlBOJeitlBVnO — efitOBojeitOBVno H%%
< (2 + Hj”g(%?;%%)> &
This proves the existence of the limit

lim e ®Bo 7¢itBy,
t—+o00

The operator W is thus defined by the strong limit (6.14) on the whole of H.
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Let us now show that W+ preserve the norm. It suffices to prove this for V € (RE§°(R?))?
as it will extend by density to all V € 2. Let V € (RE°(R?))? and R > 0 such that
suppV C B(0, R). Denoting by 1 the first component of ¢*BV | we have

—itB itB 2 _ itB 2
e B g BYE — 7By,
_ / (10,5 (t, 7, )2 + Ot (£, 7, ) [2)drdw for ¢ > R+ 1,
R+ xS2
itB 2
VI = [ sl drde

1
2 2
> — —|Va(t,r,w)|*drdw.
o /[tR,t+R]xS2 7“2’ s )

We show that the last integral tends to zero using again a Poincaré inequality:

/[t - 52T2|V52w(t r,w)|? drdw
X

_/[t R,t+R]xS2 7“12 ( Asﬂﬁ(t T, W))Wdrdw

1 / 1 , )
= -RP —|Ag2(t, r,w)[* + [(t, r,w)|” drdw
2t — R Sy pesrnse r2| s2tb(t, )P + |9 (t, 7, w)|
< AR? / |8A Bt W) 2 + |9vb(t, 7, )2 drdw
2(t = R)? Jy—pprmpnsz 2
4R2 itB 2 itB 9
< m(lle Ag2V |2 + €8V ]2,)
< 4R? A ) , 1
_m(n s2VI5; +IVIS;) = 0ast — +oo.
It follows that )
W5V, = 1Vl
The proof is similar for w-—. -

This establishes an important property of the solutions of (6.10).

Corollary 6.1. For any solution ¢ of (6.10), there exist vE solutions of (6.12) such that

: o(t)
1 \
1o Hj ( O d(t) 8tU
are respectively an outgoing and an incoming solution of (6.12), i.e
Ui|t=0 o+
< Bv*i=o ) €M

In other words, .7-"0 = Ran(Wi) C %i, Fo (resp. Fy ) is a closed subspace of ,%”Jr
(resp. Ay ) and W (resp. W~ ) is an isomorphism between S and Fy (resp. Fy ).

Moreover, vt
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Proof. The first part is a direct consequence of the theorem, let us prove the second part.
Let V e A, put Y* := WV, we have

Y = lim e ZtBOjeMBV
t—+oo

whence

. —itBy 7, itBy, _ vE| . _
tl&rinooﬂe Je"V =Y~ 7 =0

and since e~"50 is a unitary operator on %%,
”efitBojeitBV . YiH_%% — HjeitBV . eitBOYi”% )

Now the fact that W= are partial isometries implies that they have closed range and that
they are isomorphisms from .7 onto their range. For V € (R%$°(R?))? with supp(V) C
B(0, R), ¢*PV vanishes for r < t — R, whence if Je*PV approaches a solution e?*PoY+ of
(6.12) as t — +oo, we must have Yt € ,%”+ By density and using the fact that %”+

a closed subspace of %), this must then be true of WV for any V € #. We can argue
similarly in the past. O

Direct wave operators and asymptotic completeness. What remains to be done is
to prove the surjectivity of the inverse wave operators, i.e. Fir = %i. This is referred to
as asymptotic completeness. This can be done by constructing the direct wave operators

on 7
W*:=s— lim e "B 7g*eitBo (6.18)

t—+o0

where the adjoint of J is the operator
Ty — A, TV =x(r)V]rso. (6.19)
We have the following result.

Theorem 6.3. The direct wave operators (6.18) are well defined on 5" N EO(R x S?)
and satisfy

WEWEV =V for all V € A5 NE(R x S?). (6.20)

This implies thatNWi are isometries from S onto t%%i, that W* extend as isometries
from %i onto € and that

W:I: — (W:I:)—l — (W:I:)*
Moreover, we have the intertwining relations
W*By = BW*, ByjW* = W*B.

The wave operators exchange the domains of By and B.
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Proof. We give the details for W+ and W, the arguments are completely analogous for
W~ and W™.

The fact that W is well-defined on AT NE(R x S?) is easily established by Cook’s
method. Given V € ST NG5 (R x S?) with support in [ R, R] x 52,

W+W+V — lim ef’LtBo jeltBefltBj*e’LtBov — lim e*ltBo jj*eltBOV
t——+o00 t——+o0

Since e®PoV = 0 for r < t — R, it follows that for ¢ > R+ 1
jj*eitBOV — eitBo V,

which implies (6.20).

Next we need to prove the intertwining relations. Given V € (R%OOO (R3))2, we have for

t>0
BoefltBojeztB _ €7ZtB0j€ZtBBV — _?& (efltBojeltBBv) )
1

This quantity has a limit as ¢ — +o0 given by
(BoWT —W*B)V.
From (6.16), we infer that

d

g (e7Poge™BBV) € LYRT; 4)

and the limit must therefore be zero lest we contradict integrability, i.e.
(BoW+ —W*+B)V =0.

The intertwining relation is therefore proved for smooth compactly supported functions.
By density, it extends to V' € D(B) and this shows in particular that W sends the domain
of B to the domain of By. The other intertwining relations are established in the same
manner. ]

Remark 6.2. It is important to observe that although W= extend as isometries from %%i
onto S, they are no longer defined by the strong limit (6.18). This is simply because for
Ve %i, T*eBoV ¢ 7 in general and therefore the quantities in the limit (6.18) are
not even well-defined.

e Scattering operator. It is the operator that to the past scattering data associates the
future scattering data and thus summarises the full evolution of the field:

S=Wwtw-.

It is an isometry from ,%%_ to L%%Jr.
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6.4 Trace-class perturbation methods

In most cases, the full equation does not satisfy the Huygens principle. This is what happens
for instance as soon as we perturb the wave equation on flat space-time with a potential or for
the wave equation on non conformally flat space-times. Historically, the first approach to this
type of problem was to compare to simplified equations such that the difference between the
full and simplified Hamiltonians was trace-class or at least involved trace-class operators. The
idea is to understand the integrability that is required for Cook’s method, at the level of the
spectrum. This is the technique that Dimock [12] and Dimock and Kay [13, 14] used to construct
a scattering theory for scalar fields on the Schwarzschild metric. Most of the material in the first
part of this section is present in Reed and Simon vol. 3 [49].

We start by defining the notion of trace class operators. We consider a separable Hilbert
space . If A € L(H) is a positive operator, then we can define the trace of A by choosing
an orthonormal basis {e, },cny and putting

tr(A) := Y (Aen,en). (6.21)
neN

The result, finite or infinite, is independent of the choice of orthonormal basis. Moreover, the
trace satisfies properties that generalise those of the trace in finite dimension:

o tr(A+ B) =tr(A) + tr(B),
o tr(AA) = Atr(A) for any A > 0,

o tr(UAU ') = tr(A) for any unitary operator U (which is the same as saying that the trace
is independent of the choice of orthonormal basis),

e if 0 < A < B then tr(A) < tr(B).

If we consider merely a bounded operator A € £ () without assuming that it is positive, we
can always define its modulus as

A| == VA A. (6.22)

This makes sense observing that A*A is a positive self-adjoint operator and then using the
functional calculus (Theorem A.6G) to define its square root. We can now define the trace class.

Definition 6.1 (Trace class). The trace class 91 is the set of A € L(H) such that
tr([Af) < +oo.

Trace class operators are compact, which means that for any bounded sequence (uy,), in 2,
we can extract a subsequence (up, ), such that Au,, converges in .. Moreover, the trace class
is an ideal, in other words, if A € .#; and B € £ (), then AB € 4.

Another trace ideal of compact operators is the Hilbert-Schmidt family.

Definition 6.2 (Hilbert-Schmidt operators). A bounded operator A is said to be Hilbert-Schmidt
if tr(A*A) < 4+o00. The set of Hilbert-Schmidt operators is denoted 5.
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Of course the product of two Hilbert-Schmidt operators is trace-class and we have a useful
class of operators that belongs to the Hilbert-Schmidt family.

Theorem 6.4 (Theorem XI-20, Reed and Simon vol. 3 [49]). Let f,g € L*(R™), then the
operator f(x)g(D) belongs to S5 (recall that D = —iV ) in # = L*(R").

The basic result for trace class perturbation scattering is the following.

Theorem 6.5 (Kato-Rosenblum Theorem). Let A and B be self-adjoint operators on . If
we suppose that B — A is trace class, then the direct and inverse wave operators (6.3) and (6.4)
exist.

Unfortunately, this result is too weak to be directly useful because the operator B — A may
not be bounded as we have seen with the example of the wave equation on flat space-time and
even if it is (in the case of a potential for instance), it is not compact in general. The following
theorem turns out to be more useful.

Theorem 6.6 (Kuroda-Birman). Let A and B be self-adjoint operators on F such that
(A+i) ' —(B+i) ' e,
then the direct and inverse wave operators (6.3) and (6.4) exist.

Another important result is the striking invariance principle. To express it, we need the
notion of admissible function.

Definition 6.3 (Admissible function). Let T be an open subset of R, a function f : T — R is
called admissible if " € L (T) and there is a subdivision of T such that in the interior of any

loc
of its intervals, f' is either strictly positive or strictly negative.

Theorem 6.7 (Invariance principle). Let f be an admissible function on an open set T. Let
A and b be self-adjoint operators on s with o(A),o(B) C T. Assume moreover that at each
boundary point of T, either f has a finite limit, or both A and B do not have point spectrum at
that point. Suppose also that A — B is trace-class. Then QT (f(A), f(B)) exist and

QF(f(A), f(B)) = Q5(A, B)xry (B) + QF (A, B)xn,(B)

where Ty and Ty are the unions of sub-intervals of T in which f" >0 (resp. f' <0) and x1, and
X, are their characteristic functions (i.e. xr,(x) =1 if x € Ty and 0 otherwise).

This is quite a remarquable result that states that the wave operators are independent of
the exact function f and only depend on the intervals on which the function is increasing or
decreasing.
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6.4.1 Application to potential scattering

Let us consider the wave equation on Minkowski space-time, with a short-range non-negative
potential
Ve?d' R, V>0,V()=0r"1"%, a>0.

l.e.

o —Ap+Ve=0. (6.23)
Under Hamiltonian form it is expressed as
au . . 0 1

where A is self-adjoint on the Hilbert space 5, completion of (65°(R?))? in the norm

)l = [ (9w + Vit + o) da
R
We compare with the free wave equation

v . (0 1
- = ’LA()U, Ao = —1 <A 0> (6.25)

where Ay is self-adjoint on the Hilbert space #5 = H'(R?) x L?(R?), completion of (€5°(R?))?
in the norm

I w3 = [ (9w o+ af) da,

Equation (6.25) satisfies the Huygens principle but not (6.24). The two Hilbert spaces are
different and so we will have to use an identifying operator. We put

h=—-A+Vand hg = —-A
and we consider the operators
p=(—A+V)"? and po = (-A)"/.

They both are well-defined by the functional calculus since h and hg are self-adjoint non-negative
operators on L?(R3). The operator p ® 1 is an isometry from J# onto (L?*(R3))? and similarly
o ® 1 is an isometry from % onto (L?(R?))2. We introduce the operator

J=Wro)(el)=p"uel e L, H)

that is in fact an isometry from . onto #. We aim to define the direct and inverse wave
operators as

wE = s~ lim e~ A FeitAo, (6.26)
—> 00
Wt = s— lim e o geitd (6.27)

t—=o0
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The method here is quite different from the flat space-time construction of the previous section.
We shall establish a link between these wave operators and those that compare the operators
w and po. To this purpose, we take advantage of the fact that the equation is real and that it
suffices to consider real solutions. In other words, we consider .77 and .74 are real Hilbert spaces.
We define the unitary operators

T: # — L*(R3C), TU = puy + iug and Tp : 56 — L*(R3), ToU = pour + ius.
Then we have
A = pleity gtdot — Tolgiuol, - 7 — T and T = 7L = T, T
It follows that for any ¢ € R,
AL 7 iAot — =1 g—ipt gipotpy

and
e—ontj*ezAt — Tofle—z,uotezutT'

So it turns out that all we need to do is establish the existence of the direct and inverse wave
operators

wt = s— lim e "eiHol,
t—+oo

WF = s— lim e tHotgint
t—+oo

In order to prove this, we shall use the invariance principle. We start by establishing that the
difference of the resolvents of h and hg is trace-class:

R+ = (ho+ 1) = (h+1) " (ho+ Dho+ 1) = (h+ 1) (h+ 1)(ho + 1)~
= (1) Wk + 1)
=~ [+ D) o+ )] [(ho + )TVI2] V2o + )7

The idea is then to say that this is the product of a bounded operator and two Hilbert-Schmidt
operators and is therefore trace-class. For this to work using Theorem 6.6, we must be able to

ensure that 1

e ¢ E )

which is fine, and that
V(z)[Y? € LA(R?), ie. V() e LY(R?),

which requires a > 2 and is therefore a lot more restrictive than just V being short-range. If
we wish to assume merely that o > 0, we need to assume in addition that V is spherically
symmetric. Then we can use a decomposition of the solution into spherical harmonics. This has
the advantage that we then work for each angular momentum on a 1 + 1-dimensional problem
and we merely need to ensure that V(r) € L([0, +oo[) which is satisfied for any a > 0.
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Remark 6.3. We see here the major weakness of trace-class methods and the reason why in the
early 2000’s, when people started to extend time-dependent scattering to the Kerr metric (see
for example [20, 21]), that is not spherically symmetric, they had to use Mourre theory instead.
Another drawback of trace-classe perturbation methods is that the reason for the existence of wave
operators is to be found in spectral properties of the difference of the Hamiltonians and is not
easily interpreted as a weak version of the Huygens principle.

In such situations, we then have that the wave operators QF (h, hg) and Q% (hg, h) exist. Since
p and pp are non negative, have purely continuous spectrum and h = p? and hg = p2, we may
use the invariance principle with 7' =]0, +-o00[ and f(x) = y/x that is strictly increasing. We infer
that w® and @T exist and this gives us our complete scattering theory. We can go further and
compare to a simpler dynamics than the wave equation on flat space-time. This can be done by
combining this result with the time-dependent scattering construction on flat space-time that we
have described in Section 6.3. The chain rule applies when concatenating wave operators with a
common intermediate dynamics and this gives us a scattering theory for the wave equation with a
short-range potential, with a comparison dynamics that is simply given by the 1+ 1-dimensional
wave equation, i.e. by the radial null geodesic flow. We must however be careful to re-express
the scattering theory of Section 6.3 using the propagator for the wave equation and the isometry
R instead of the propagator for the rescaled equation, otherwise we will not have a common
dynamics.

6.4.2 Scattering for the wave equation on the Schwarzschild metric

This is a historical result obtained by John Dimock in 1985 [12], partially based on joint work

with Bernard Kay that was to appear later [13, 14]. It was the first scattering theory on a non

trivial Einstein vacuum space-time. It is entirely based on trace-class perturbation methods.
Recall that the Schwarzschild metric in Schwarzschild coordinates (¢, r,w) is expressed as

2M
dr? — r’dw?, F(r)=1-"—
Fy &~ (r) o

g = F(r)dt* —

where dw? is the Euclidean metric on the round 2-sphere. We work outside the black hole in
the region {r > 2M}. The d’Alembertian operator associated with g can be calculated using
formula (2.28). It has the form

19> 10 ,,0 1
1= Far 2o Lol (6.28)

We express it in terms of the Regge-Wheeler tortoise coordinate r,. Recall that

dr, 1
re =71+ 2Mlog(r — 2M), dr ==
r

The d’Alembertian becomes

—Age. (6.29)
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The first order term remaining in (6.29) is not very pleasant in the sense that it has a slow fall-off

at spacelike infinity, it is a long-range term. We use a rescaling by r as we did on Minkowski

space-time. This will not completely eliminate this term, contrary to the flat case, but it will

replace it with a short range potential. Indeed, we have

1 1[0 & FF 1

rid,- = - — - -+~ ) - A 6.30

Iy F(8t2 or? r > r2 5% (6.30)

where the left-hand side is to be understood as the composition of three operators. Hence the
wave equation outside a Schwarzschild black hole can be expressed in terms of the unknown

¢=r¢ (6.31)

as

82 82 _ASQ F/ ~ 2

(3152_87'2+F< -2 +T>)¢:O,OHR,5XRT*XSM, (632)
which is notably simpler than the equation satisfied by the physical field ¢ and no longer contains
any long-range term.

Remark 6.4. Once again we see the rescaling by r appearing as a fundamental step in the
construction of the scattering theory, just as in the time-dependent scattering theory for the
wave equation on Minkowski space-time, or the conformal scattering theory using the incomplete
compactification. It is this rescaling that will allow us to compare the full equation with the wave
equation on Minkowski space-time in a simple manner and also to introduce an even simpler
comparison dynamics that would not be accessible if the first order term remained.

The Hamiltonian for Equation (6.32) is

0 1
A=—4 — ’ . .
Z <83* - P2+ ) 0) (039

r

It is self-adjoint on the space ¢, completion of (6§°(R,, x S?))? in the norm
Vgeug |? 1dF
Ul = o w2+ F Vs 2, 1af 2
wig= | XSQ{ ol + F | S (? 4+ S
For more details, see [12].

There are two asymptotic regions, the horizon (r, — —oo) and infinity (r. — +o00), and
we need to introduce a comparison dynamics for each. At the horizon, the function F' falls-off
exponentially fast in r,. As a consequence a natural comparison dynamics in this region is given

by
0 1

At infinity, two approaches can be adopted. The first one consists in considering that the
region is asymptotically flat and it is therefore natural to chose the Hamiltonian for the wave

+ |u2|2} drodw.  (6.34)
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equation on Minkowski space-time as a comparison dynamics. There is however a freedom in the
manner in which we choose to glue Minkowski space-time onto the Schwarzschild geometry in the
neighbourhood of infinity; this can be expressed in a simple manner as a choice of coordinates on
Minkowski space-time in terms of the coordinates on Schwarzschild’s space-time. We choose to
use the coordinates (¢, r,,w) as spherical coordinates in flat space-time. We obtain the following
comparison dynamics

, 0 1

T3

Using the spherical symmetry, this can be understood as a short range perturbation of 83*. This
is done by decomposing the field on the basis of spherical harmonics. For each given angular
dependence the perturbation reduces to a short-range scalar potential. The eigenvalue [(I + 1)
of the spherical Laplacian appears as a factor in the potential, as a reminder of the fact that
Ag2 is not a bounded operator. The unitarity of the propagators allows to recombine the full
solution and to infer the existence of the strong limit. Note that using r instead of r,, however
natural it may seem, would lead to an artificially long range perturbation that would make the
scattering theory much more complicated and less meaningful. Another approach is to say that
since the perturbation F (_7252 + FT/) is short-range at infinity, we can choose Ag defined above
in (6.35) as the comparison dynamics at infinity. Both the choices (6.35) and (6.36) are valid and
they provide two different and in a sense inequivalent descriptions of the asymptotic behaviour
of massless scalar fields on Minkowski space-time. This is because the two Hamiltonians Ay and
Aj are self-adjoint on two different Hilbert spaces, namely

Ay = HY(R;L*(S?)) x L*(R x §?), (6.37)
A = HYR®) x L3(R?), (6.38)

that are the completion of C§°(R x S2)? (resp. C§°(R?)?) in the respective norms

I 9 = / (10, £ (re, @) + [9(re, w) ) dud®e, (6.39)
RxS2

B = [ (e + Vs ) 4 b)) . (040

The corresponding wave operators take into account the existence of the two asymptotic regions
and can be defined as follows for 7 = 0,1 depending on the comparison dynamics chosen at
infinity

— —
+ : —itA it A : —itA itH ;
s (S B tlgl:nooe Z joel Y 8- t—l>1£i:no<>e l ‘7].61 J) 7 (6.41)
~ . —k . — k.
W*i=s— lim e 07 ™ fs— lim e g o (6.42)
t—+oo t—+oo

where the identification operators Jy € Z(;.74) and J1 € ZL(H; 7) are defined using
cut-off functions

— —
Xe 6;°(R), X (z)=1foraz<—
— —
Xe ¢, °(R), X (z)=1forz>

, (x)=0forxz >R,

-
X
.
X (z)=0forz<e
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and the operators

Ag:  F' \'/?
= (-0 + F(—2E + —
I <r*+(r2 +T)> :
A 1/2
H1 = <_83*_ §2> )
T*
1/2
po = (<02)"7,
by
<~ 1< — 1 —
Jo = w' Xpo®x= (' ®1) X (no@1), (6.43)
- 17 — 1 —
T = ' Xp®X=(p'el) X (hel). (6.44)

The proof of the existence and completeness of the wave operators for the comparison dynamics
A; at infinity has been established by Dimock in [12|. The proof with the choice Ay is not
explicitly present in the literature in the exact form given here but an equivalent result is proven
by the author in [40].

The idea of the construction by Dimock is very clearly explained in his paper. One would
naturally like to use mere cut-off functions as identification operators, but they are not bounded
operators between the various energy spaces. However they are bounded at the level of the

corresponding L? spaces. So one composes X or X with the operators or their inverses

pel € Z(H; LR x S%dr.d*w)?) ,
po®1 € L (LR x S% dr.d’w)?) ,
pmel € Z(4; LR, dr.d*w)?) ,

that are isometries. The existence of the wave operators then translates into the comparison
between solutions to evolution equations associated to A and Ag or A; seen through these

e
isometries. Considering ® € 4 for instance and putting ¥ := s — limy_, oo e~ 4 e 0D, we
have

0 — tljgloo o—itA (H-l @ 1) ; (1o 1)eitA0(I) _ ‘IJH%J
= Jim (W' ®1) X (o ® 1) e™0d — ¢
= dim (pe1)(u' e1) X (1o ® 1) ™00 — (@ 1) e“A‘I" L d2)
- tlz—rgloo ; (o ®1) 0D — (n®1) eitA\IJ’ L2(R3;dr,d%w)

The proof is essentially similar to the one we gave for potential scattering in the previous section,
modulo the additional feature of the cut-off functions. Just as we saw in the potential case, a
spherical harmonics decomposition needs to be used in order to work in lower dimensions and to
be able to apply the Kuroda-Birman Theorem.
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6.5 Minimal velocity estimates

Mourre theory is inspired by quantum mechanics in the Heisenberg formalism. Considering
a given evolution equation, the idea is to construct for the hamiltonian a so-called conjugate
operator that resembles a position operator or a generator of dilations and is increasing along
the evolution. This property is usually derived locally in energy by means of pseudo-differential
cut-offs. It entails among other things a weak version of the Huygens principle that is called
a minimal velocity estimate. It is more flexible than trace-class methods, in particular, it has
successfully been applied to the Kerr metric (see for example [21]). Another major advantage
is that the minimal velocity estimate is easy to interpret geometrically and easily replaces the
Huygens principle in the construction of wave operators. The drawback is that the theory is
extremely technical and requires great care in its application. We give here however a very
simple example in which one can obtain a minimal velocity estimate without any of the analytic
complications: Dirac’s equation in 1 + 1-dimensions. The equation is

Ohp+iHp =0, H=—iv0, + VI (6.45)

where
(1 0 (10 _ l-a
fy-(o _1>,IQ—<O 1>,V(m)—0(]x\ ), a>0.

We consider a function f € C§°(R) such that, for 0 < e < 1 given, suppf C [-1+¢,1 —¢], and
we define the function F' by
t
F) = [ (7(s))7as.
—o0

Next, we introduce the observable

O(t):=F (’y%) :

Then d
a (eitHCD(t)e—itH) — eitHD(I)(t)e—itH
where D®(t) is the Heisenberg derivative of ®:
do
Do(t)=—+1i[H, D] .
(1) =5 +ilH, )
This can be expressed explicitly as follows

do do
D@(t) = E‘F’}/a

)
- 00

Given the support of f, it follows that as a quadratic form,

D> (%),
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Using this inequality, we obtain for 7" > 0

[l eme s = [ (2 (7). o) §

T
! / (Do(t)e ™, e o) dt
1

3

IN

and

T , da (1, . ;
/ (e Do(t)e ™y, ¢)dt = — / (™ D(t)e g, ¢)dt
1
— (<€ZTH¢( ) —’LTH¢ ¢> < iH(I)(l)e_ngb, ¢>) .
It follows that T -
[ 17 (5 e o] T < Ziolimim sy lol? (6.46)
1

with
1@/l oo 20y = IFllze = 1 f]172 -
Taking the limit of (6.46) as ' — +oo and using the fact that the bound depends only on the

L? norm of f and the localisation of its support, we obtain a minimal velocity estimate : for any
e €]0, 1] there exists C' > 0 such that for all ¢ € 2,

/ — P e (6.47)
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Chapter 7

Conformal scattering on flat space-time

Constructing a conformal scattering theory for a field equation on flat space-time consists in
showing that one can associate to the field some restriction in some sense, at the future and
past conformal boundaries, and that the field is entirely described by these restrictions. This
will imply that we can define a “scattering operator” that to the past restriction associates the
future restriction and is invertible. In the case of Minkowski space-time, we have the luxury of
being able to embed it in a compact manifold with boundary. So our conformal boundary can
be chosen to be quite complete. But only null infinity is relevant for conformal scattering, so it
would seem natural to work instead with the incomplete compactification that we have described
in Chapter 3. We establish conformal scattering theories for both the complete compactification
and the incomplete one and we compare the two.

7.1 Consequences of conformal invariance

In the case of Minkowski space-time, we see that ¢ € D' (R?) satisfies (4.5) if and only if ¢ := Q¢
(Q defined by (3.7)) satisfies

where

O =02 — Ags .
The Cauchy data for both equations are related by simple relations. Let us denote
G0 = Bli—o, ¢1:=0li=0, o= dlr=0, ¢1:=ro|r=0.

We can express the hatted data in terms of the unhatted ones. We start from the expression
(3.7) of ©Q and the relations (3.6) between the partial derivatives with respect to (¢,7) and to
(1,¢) at t = 0. These entail

QL =

67971 ”T:O =0 ;
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whence
~ 1+ 72
¢‘T:0 = 9 ¢’t=07
. _ 1+72 _
0dlr = (2 ) (S5 00hn0 ) + (0.0 rm0) (0heo)
1+ r?)?
- 4 8T¢|t:0 .
Therefore, we have
N 1472 N 14 12)?
¢o = 5 ¢o, ¢1 = (4)¢1- (7.2)

On the Einstein cylinder, the Cauchy problem for (7.1) can be solved in any Sobolev space on
53, This is a consequence of Theorem 4.1 but can also be established explicitly, for Sobolev
spaces of non-negative integral order, by the spectral approach, which gives us some conserved
norms in addition.

Theorem 7.1. The operator

0 1
A_Z<A53—1 0>

H = H'(S?) x L*(S?)

1s self-adjoint on

with domain D(A) = H?(S3) x HY(S3). As a consequence, for any k € N and any (qgo,qgl) €
HFT1(S3) x H*(S3), there exists a unique solution

k41
¢ ()€ Ry HH(57))
j=0

of (7.1) such that qZ;!T:o = ¢y and 87¢3|T:0 = ¢1. Moreover for all j € {0,1,...,k} the norm of
(d(7),0-6(T)) in D(AT) is constant in time and is equivalent to the H/*Y x HJ-norm on S3.

In particular, for data ¢|,—g, 8;¢|,—0 € €°(S?), the associated solution of (7.1) is smooth
on the whole Einstein cylinder. Hence, we have the following result.

Theorem 7.2. Assume that the data ¢g, 1, for the Cauchy problem for the wave equation (4.5)
on Minkowski space-time, are such that the corresponding data for the rescaled field

_ 1+ 72
)

(1 +r2)2
4

ng ¢07 &1: ¢17

extend as smooth functions on S3. Then the rescaled solution ngb = Q¢ extends as a smooth
function on the Finstein cylinder €.
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Remark 7.1. Implicit in the hypotheses of Theorem 7.2 are some requirements on the fall-off of
initial data for ¢. Indeed, the smoothness of oo and ¢1 on S* entails that

lim 72¢(0,r,w) = 2&0(2'0) )

r—+00
. 4 AR (0
TBIEOOT 0rp(0, 7, w) = 4¢1(77) .
Hence, ¢o decays as 1/r? and ¢ as 1/r4. We can compare this with a naive description of the
requirement of finite physical energy in terms of fall-off in r. The physical energy on at =constant
slice is given by

1
/ <!8t¢\2 +10:¢f” + z\vsmy?) r2drdw.
R3 r
If we consider only integral powers of 1/r, the finiteness of the energy would correspond to
VSng = 0(1/7‘) and 8t¢7 87‘¢ = O(l/r2) as r — +oo.

It appears that the assumptions that allow us to extend the rescaled fields smoothly to the Finstein
cylinder are stronger than the finiteness of the energy of the data.

7.2 Local and global decay

If the assumptions of Theorem 7.2 are satisfied, this implies that qg as well as all its successive
derivatives 3]ﬁ3évg2<25, k,l,n € N, extend as smooth function on the Einstein cylinder and are
therefore uniformly bounded on M. This can be used to infer many local and global decay
results for such solutions. We start with a simple power-law behaviour along timelike and null
directions.

Proposition 7.1. Under the assumptions of Theorem 7.2, the solution ¢ of (4.5) associated to
the data ¢g, ¢1 at t = 0 satisfies the following properties.

1. Decay along null directions. There exist smooth functions ¢~ € C>®(R x S?%) given as
the restrictions of ¢ to future and past null infinities described respectively in (u,w) and
(v,w) coordinates, such that

lim ro(t=r+u,rw)= o (u,w), (7.3)

1
r—+o00 \/1 —|—U2

lim ro(t=—-r+v,rw)=

i N

The two functions in the right-hand side of (7.3) and (7.4) are the future and past radiation
fields of ¢.

2. Decay along timelike directions. For all (r,w) € RT x 2,

o (v,w). (7.4)

: 2 o (:*
tlgtnoot qﬁ(t,r,w) - 2¢(Z )
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In other words, the physical solution ¢ decays like 1/r along radial null geodesics and like 1/t
along the integral lines of O;.

Proof. This is a simple consequence of Theorem 7.2. Let us first consider the decay in null
directions. For (u,w) € R x S%, we have

¢(t =r+u,r, w) = (Q|{(t:7’+u,7”7w)}) qg(t =T+, w)
2 .
= \/(1+u2)(1+v2)q§(t:r+u,r,w)
_ 2 ot =1 +u,r w)
A+ A+ wr2n?

It follows that
T 2 N
t=r4+u,rw).
\/(1+(u+2r)2) \/(1+u2)¢( )

Hence, using the (u, R,w) coordinate system to describe the right-hand side, we have

ro(t=r+u,rw)=

. o . ¢(u7 R =0, w)
rl}gloo ro(t=r+u,rw) = ﬁ
and this is equation (7.3). The proof for (7.4) is completely analogous.
We perform a similar calculation on an integral curve of 9;. Let (r,w) € RT x S? be given,

o(t,r,w) = (Q|{(t,r,w)}) qg(t,r,w)
2 ~
B \/(1+(t—r)Z)(l+(t+T)2)¢(t7T,w).

Therefore
2 — od(t
tlg:r(l)ot ¢(t,7“,0.]) - 2¢(Z ) :

This concludes the proof. O
We now turn to global decay properties, first in terms of the time variable ¢, then along a
family of lightcones accumulating at i ™.

Proposition 7.2 (Decay in t). Under the assumptions of Theorem 7.2, the solution ¢ decays
uniformly like 1/t, i.e. there exists a constant C > 0 (depending on ¢) such that for all (t,r,w),

C

t,r,w)| < . 7.5
Bt )| € g (7.5
Moreover, the L? norm of ¢ on ¥; for the measure drdw tends to zero as t — +00

lim |p(t, r,w)|*drdw = 0. (7.6)

=400 JR+x g2

Due to the fact that the generators of rotations and 0y are Killing vector fields, properties (7.5)
and (7.6) are also valid for 8fVZQ¢ for all k,n € N.
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Proof. Recall that

R 9 R
= Qo =
#=10 \/(1+(t+7’)2)(1+(t—r)2)¢
and
A+E+m))A+Et-—r)) =1+ —r)2+ 22+ 212 > 14 262,
Therefore )
o(t, r,w)| < WH?MLW(M)-

Let us now prove (7.6). We can obviously improve the estimate above as
L+ t+m)2)A+ (t—r)?) > 1422+ 272,
This implies that
606,700 < 15y 519l

and (7.6) follows by the dominated convergence Theorem. O
We also consider the lightcones Cr for T' > 0 defined by
Cr:={t,rw); t=T+r}. (7.7)
We have the following uniform decay result in terms of 7'

Proposition 7.3 (Decay in T'). Under the assumptions of Theorem 7.2, the solution ¢ satisfies
for all T >0 and (r,w),

2
VA +T2)(1+ T2+ 4r2)

o(T +r,r,w)| < IBl] oo e - (7.8)

This implies that the L* norm of ¢ on Cr for the measure drdw decays faster than 1/T, i.e.

T—+o00

lim (1+17?) / (T + 7,7, w)[2drdw = 0. (7.9)
R+t xS2

Properties (7.8) and (7.9) are also valid for vagzqﬁ for all k,n € N.

Proof. Property (7.8) is a direct consequence of ¢ = Q¢, of Theorem 7.2 and of the fact
that for t =T +r, T > 0, we have

9 4
(1+T2)(1+ (T +2r)2)"

Then (7.9) follows by the dominated convergence Theorem. Ul
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Remark 7.2. The lightcones Cr are singular at their tip. If one prefers to work with smooth
hypersurfaces, Ct can be replaced by the hyperboloid

STZ{(t,nw), t:T+\/1+r2}.

The decay rates in terms of T obtained for Cr will also be valid for St.

For integrations by parts, the singularity at the tip does not matter since Stokes’ Theorem can
be applied to closed bounded hypersurfaces that are piecewise C'. Moreover the energy functionals
on Cp will have much simpler expressions that those on St. This is why we prefer to work with
the lightcones.

It is interesting to infer decay rates for derivatives of ¢ as well. This can be done using the
smoothness of ¢ and of the coordinates 7 and ¢ on the Einstein cylinder. First, we have

or o oo
ot dr Ot o
2(1 4+ 12 +1r?) 0 4tr 9,

o =

A+t t—nDor A0+ +{E—r2) o

oo 00
oror  0rdC

4tr 9 N 21 +2 +r?) 9
AI+E+r))A+(t—r)2)or A+ @E+7)2)A+(t—7)2)0¢

Then,

oo = () + Qo

_ ( —2(t+ ) N —2(t—r) >¢3
(L4 (¢ =r)HV2A+ (E+7)2)32 (14 (t=7)2)32(1 + (t+1)2)1/2
N 2 2(1+ 2+ 7?2 99
\/(1 +(t—r)2) 1+ t+r)2) A+ (t+ r)2)(1+ (t—r)?) or
N 2 Atr aj
VO+E=—m)A+ t+r)2) L+ E+r)2)A+ (¢ 7)) 9¢’
09 = (0,9 ¢+ 00,
_ —2(+7) 2t —r) .
a ((1 +(t=7)2)V2(1+ (t +7)2)3/2 " (L (¢t —7)2)32(1 + (t + 7’)2)1/2> ¢
N 2 4tr 99
\/(1 +t—r)) A+ (t+r)2) A+ (+ r)2)(1+ (t—r)?) or
2 2(1 412 +72) o

T e ) A+ DA+ (=D oc

We obtain the following decay rates in terms of ¢ and 7.
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Proposition 7.4. Under the assumptions of Theorem 7.2, for allt > 0 and (r,w)

4 N “ R
2900 < s (16l + 10rblion + 10cHimn) (710
4 N “ R
Dot < s (1911m0 + 0Bl + 10:0lm00) (711
and for all T > 0 and (r,w),
4 N A .
T 4| € ot (I8lmm + 100l + 1256l=0)
(7.12)
4 A A .
10-¢(T + 1,7, w)| < L1121 T o) <H¢HL°°(M) +1|0- 9 oo nry + H8C¢HL°°(M)> :
(7.13)

7.3 A first glance at peeling properties

What happens to the fall-off rate along null geodesics if instead of ¢ we consider (9, + 9,)¢ and
(0y — Or)¢? We proceed similarly, working with coordinates (u,v,w) and (7,(,w) :

9¢

(O + 0,)6 = Dup = (D, Q)¢+Qa 0,6+95° 0.

We have
B 2 5.0 — —2v & B % 1
VO +?) T a2+ 0232 v dv 142

So along an outgoing null geodesic, where we have v ~ 2r and u is constant, 0,¢ falls-off like

1/r2.
As for Oy¢ :
or oC
(at - 8r)¢ = aud) (a Q)QZ) + Q 87'¢ + Q aCQb
We have
—2u or o 1

0,2 =

(1+u2)3/2(1 +02)1/2” dv T w1+’

So along an outgoing null geodesic, Oy ~ 1/r.

This is one aspect of the peeling. The derivatives tangent to an outgoing null geodesic, when
going out to infinity along that geodesic, behave better than the derivatives along null directions
that are transverse to that geodesic. This property plays a very important role for nonlinear
equations with Klainerman’s “null condition” [28]. Another way of describing it is that ¢ has a
Taylor expansion in v near .# 1 at any order, this gives an asymptotic expansion into powers of
1/r for ¢ at any order along outgoing null geodesics. However this is a local description of the
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peeling, related to the asymptotic behaviour of the solution along a given outgoing null geodesic.
This type of pointwise decay only contains a part of the information contained in the initial
data; a loss is inevitable because pointwise decay estimates are obtained from energy estimates
via Sobolev embeddings, that involve a loss of regularity. A more interesting description of
the control of the transverse regularity of the solution at the conformal boundary in terms of
functions spaces of initial data is provided in Section 7.5 by the energy equivalence (7.20). See
the discussion in that section.

7.4 Conformal scattering using the complete compactification

We work with the compactification of Minkowski space-time described in Section 3.1.1. We
consider the stress energy tensor for equation (7.1)

a1 A~ 1a
Ty = T(ab) = aa¢ab¢ - ieabeaiacﬁbad(;5 + §¢23ab (7.14)
and contract it with the Killing vector field K = 0,
J* = KT,

This yields the conservation law
VaJ® = 0. (7.15)

To calculate the flux of J across a hypersurface X, we choose K for the normal vector field to
X, as well as for the transverse vector field. We have

EXT(d)) = /53 JaKaK_ldVOl :/ TooK_ldVOI

53
= 5[ (&

and for .# we take 0 — ¢ as the normal vector field and (8, + O;) as the transverse vector
field and, parametrising .#+ as 7 = 7 — ¢ over S3, we get,

2 72
+(;5 > duss.

erd) = o5 [ (20 i |ved

A

This is a natural H' norm of ¢ on .#+, involving only the tangential derivatives of ) along .# .

Now consider a smooth solution ¢ of (7.1). The conservation law (7.15) tells us in particular
that the outgoing flux of J through the closed hypersurface made of the union of X and .# 7 is
zero, hence

2 72
+ (ﬁ > d,uss

. L2 1 NEE
b= e + ore [Ved +¢)du53~

E+(9) = Ex,(9). (7.16)

As a particular case of Theorem 4.11, we have the following theorem, with an additional property
of the trace operators given by the energy equality (7.16).
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Theorem 7.3. The trace operators
’]r:t : (¢207 (il) — éLﬂi )

defined from (€>°(X))? to €°(IF), extend uniquely as isometries from H'(Xq) x L?(Xo) onto
H'(.7%) equipped with the energy norms on Xo and .#*. The scattering operator, given by

S =TT )1,
is an isometry from HY(#~) onto H(# 7).

The result of the theorem can be interpreted as follows. Given initial data ¢g and ¢; for
equation (4.5) such that the corresponding rescaled data qgo and (51 extend as smooth functions on
53 respectively, the corresponding solution ¢ divided by € has a limit along null geodesics, both
in the past and future. These limits define functions on .#* that each completely characterises
¢: they are the future and past scattering data. This extends to initial data such that (gfgo, gfgl) €
H'(S3) x L?(83) and the corresponding scattering data span H'(.#7%).

7.5 Higher order scattering

Let us consider ¢ a smooth solution of (7.1). Since 0, is a Killing vector, for any k € N, 07]’_%5
satisfies equation (7.1) and therefore also (7.16), i.e

E+(059) = Ex,(019). (7.17)
For k = 2p, we have

EXO (87]?(;3)

||33p€5||3111(x0) + ||83p“¢3||%2(xo>
= )0l + (L~ A0, D2

=~ ||<ZB||%12p+1(XO) + H87'(£||%—12P(X0) ; (7.18)
and for £k =2p + 1,
Ex,(OFP) = H@?”*%H?p(xo) + ]]831’*2(;3]]%2(){0)
= (1 = Ags)P0rll3 (x0) + I1(1 — Ags)? "Dl 72x,)
= ||l 2mr2xg) + 19- @l Frms1 () - (7.19)

Hence, we have for each k € N:
10 kr gy + 10 Bl ) = Exa(D5D) = £+ (850) = 105121

and using the fact that the H* norm controls all the lower Sobolev norms, this gives us the
equivalence

k
H¢HH1<+1 (Xo) + ”87¢HHk (Xo) = Z ‘8P¢HH1 (F71) (720)
p=0
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This indicates that one can establish higher order scattering theories encoding the H* propa-
gation of more regular solutions. This is done by restricting the trace operators to the higher
order energy spaces. There is however a slight difficulty: the corresponding energy spaces on
Z* are defined using a derivative along J, that is transverse to .#*. In order to understand the
higher order energy spaces on .#*, one must use the restriction of the equation to .#* to express
the transverse derivative in terms of integrals along the null generators of tangential derivatives.
This type of construction has been done in a paper by D. Héafner and J.-P. Nicolas [22] for the
Goursat problem on a finite light-cone for Dirac’s equation. Let us do the explicit calculation
for a first order energy. We start from equality (7.17) for k =1

5]* (5’7@ = 5X0(ard;)~ (7'21)

As we have seen in the previous section,
Ex0(0r9) = 1011312 xy) + 10r 0172 x,)-

We now evaluate &+ ((‘97(]3) for solutions of (7.1) that come from smooth compactly supported
physical initial data. We do the construction for .#~. Equation (7.1) can be written as

) N 1 R
¢ — 8?¢ — —5-Ax¢+¢ =0,
sin“

i.e.

(0 +2) (916 - ) = Db~

Since the physical initial data are compactly supported, the restriction of (i to .#~ vanishes in
the neighbourhoods of i~ and i, whence, at any point ({y — , (o, wo) of #~, we have

. . Co 1 R R

(ar¢ - 3(925) (Co — m, o, wo) = \@/ <sin2(A52¢(C -7, G wo) — o(¢ — W,C7w0)> sin? ¢d¢dw.
0

This provides an expression for £ ,+ (8Tq3) that involves only derivatives along directions tangent

to #~. This is a norm on functions on .#~ in which we can take the completion of the space

of smooth functions supported away from i~ and . This defines a function space of first order

scattering data (we can also use \/ E+(d) + E44+(0:0) as an alternative choice of norm). The
norm in this space is a little cumbersome, with a control on the regularity that is not particularly
intuitive.

However, what is important to observe is that the energy equivalence (7.20) provides a com-
plete description of the peeling at any order. Moreover, this description is optimal in the sense
that for any given order of transverse regularity (choice of k), we have the exact class of initial
data that entails this order of peeling for the rescaled solution, without loss of information. The
thing that can be improved in this description is that it is based on the full compactification
of Minkowski space-time. This does not generalise to meaningful asymptotically flat Einstein
space-times and imposes some rather strong decay at spacelike infinity on the data in order to en-
sure regularity of the solution on the Einstein cylinder. A complete description of the peeling on
Minkowski and Schwarzschild space-times is given in Section 9.5, based on the compactification
with conformal factor Q@ = 1/r.
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7.6 A stronger conformal scattering construction

161

Instead of using the full conformal embedding of Minkowski space-time into the Einstein cylinder,
we now work with the partial compactification described in Section 3.1.2. The metric 7 is also

scalar-flat (see Equation (3.22)), so a scalar field ¢ on M satisfies the wave equation

Oy =0

if and only if the rescaled field 3
b=R16=r¢

satisfies the wave equation on (M, 7) )

06 =0.
In terms of coordinates (¢, r,w), this takes the form

¢ 0% .
2 2 —
T @77" w*ASQQZ)—O

Equation (7.22) has a stress-energy tensor

1

T = VadVid— 35 (7Ve6Vab) ias

2
- -1 - - SN L
= VadVid — 5 (10 = 1210, 6 — V5261 i
| - - 0N L
= VadVid— 5 (~RORII — 20,6086 — [V 5201 fiar
| - - N L
= VadVod — 5 (~RORGL + 20,6080 — [V 2912 s

that is conserved, i.e. o . 3
VT = 00,0 = 0 if ¢ satisfies (7.22).

(7.22)

Moreover, we have a future-oriented causal Killing vector field 7' = 9, or 9, or 9, respectively in
the coordinate systems (¢,r,w), (u, R,w) and (v, R,w), that is timelike in the interior of M and

null on the boundary (see Section 3.1.2). We use it to define a conserved energy current

Jo =TTy, V*J, =0.

(7.23)

The energy fluxes on the {¢t = 0} hypersurface, denoted by ¥, and on .# + can be calculated as
explained in the divergence Theorem 2.5 by choosing n = [ = rd; for Xy, n = 9y, | = —0g for

St and n = ,, | = O for .#~. They are given by

~\ 2 ~\ 2
s oo 1 0¢ 0¢ 1 ~
Exo(0) = Q/RiXSQ <8t> + <87‘> + 2 ’VS2¢
~\ 2
5 0
Esr(p) = /R o ((9(5) dudw ,

2
E,—(d) = /RXSQ< ) dvdw,

2

SIS

drdw,

(7.24)

(7.25)

(7.26)
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where

‘sz;

N\ 2 -\ 2
2 (09 1 0¢ o
= (60) + ey (6@) , dw =sinfdfdy .

Remark 7.3. Note that the energy (7.24) may be quite close to the physical energy of the ini-
tial data, associated with the standard stress-energy tensor for the scalar wave equation on the
Minkowski metric and the timelike Killing vector 0Oy

1 oo\ [0o\? 1 A
520(¢)—2/MX52 (<8t> + <6r> +772|VS2¢| )7“ drdw,

but it differs from it by two terms,

Eso(B) — Ex,(9) = ;/Rixsﬁ ((6(57?))2 — 7 <g(f>2> drdw,

= 1/ <¢2 +2r¢8¢> drdw,
2 R;«FXSQ 87"

the first one being proportional to the squared L? norm of ¢ on X, which is controlled by neither

gZo (¢~>) nor 520 (¢) :

The energies (7.24)-(7.26) above define function spaces Hyx, and H ,+ by completion of
E(R3) x 65°(R3) and €5°(R x S?) respectively, in the associated norms associated. These
spaces are in fact standard homogeneous Sobolev spaces

Hy, ~ HY(R?, drdw) x L2(R?, drdw), H,+ ~ H(R; L*(S5?)).

We see that we are dealing with a larger class of functions than when using the full compactifi-
cation, hence we cannot apply here the results of Theorem 7.3. Moreover, since we are not on
a spatially compact space-time, we cannot use directly the results of Theorem 4.11, we need to
adapt the proof to our situation.

Remark 7.4. As we have seen in Remark /.7, homogeneous Sobolev spaces are delicate objects
in low dimensions. The space H*(R™) is defined as the completion of €5°(R™) in the norm

\/ | Vi@,

Forn =1 and n = 2 this is not a distribution space, this is because constants are not ruled out
in the completion process and so in effect the completed space is a space of equivalence classes
modulo constants. This is no longer the case for n > 3. In the case of ﬁyi, we are dealing with
n =1. As a consequence, many people prefer to define the scattering data (or the radiation field)
as the restriction to .Z of &gd;, which is an honest function living in L?>(R x S?). In fact the two
points of view are equivalent since the norm in ﬁji of the restriction of ¢ to I*, for solutions
for which this restriction is well defined, is evactly the norm in L*(R x S?) of the restriction to




A stronger conformal scattering construction 163

IE of Oyp. Whittaker’s formula (4.13) and its relation to the Laz-Phillips theory (see Chapter 5)
give an additional reason for considering the restriction of 81;(]3 as the scattering data. However,
for consistency with higher spin zero rest-mass field equations as well as for reasons of analogy
with analytic time-dependent scattering theories, we have chosen to define the scattering data as
the restrictions of(;g itself.

With our choices of compactification, stress-energy tensor and observer, we can construct the
following conformal scattering theory.

Theorem 7.4. Let T+ be the linear operators that to (¢o, b1) € E5°(R3) x €5°(R?) associate
the restrictions of ¢ to S, where ¢ is the solution in €>°(M) to the Cauchy problem

{ Cpp=0onM,
Plsy = ¢0, OrPls, = ¢1-

Then T* take their values in H s+ and extend as isometries from 7:[20 onto H s+ . The scattering
operator for the theory is then defined as

S :=THT")" .

Proof. A feature of the partial compactification of Section 3.1.2 is that spacelike and timelike
infinities remain at infinity. This means that at least at first sight, energy estimates cannot be
obtained by a direct application of Stokes’ Theorem, since we shall not work with a compact
hypersurface. However we only need to establish estimates for dense subclasses of data and we
can restrict ourselves to smooth compactly supported functions. For the Cauchy problem, this
is enough to ensure that Stokes’s Theorem can be used. For the Goursat problem, we need to
be a little more careful.

1. The operators T* are partial isometries. Let (¢o, ¢1) € C5°(R?) x €5°(R?) and ¢ € € (M)
be the corresponding solution to the Cauchy problem. Our aim is to perform an energy
estimate on the (neither closed nor bounded) hypersurface S that is the reunion of ¥y and
# 1. By finite propagation speed, ¢ vanishes identically in the neighbourhood of i, which
means that in the spacelike directions, the fact that S is unbounded does not prevent us
from using Stokes’ Theorem. But of course the Huygens principle entails that the solution
also vanishes in the neighbourhood of i, so we can in fact apply Stoke’s Theorem on the
hypersurface £+ U X as if it were a closed bounded hypersurface and we obtain

Eg+(9) = Exy(9) -

The same construction can be done in the past. Therefore the operators T* extend as
bounded one-to-one operators with closed range between Hy,, and H s+.

2. The operators T* are full isometries. All we need to do is to prove that the range of T+
is dense in H(.#*). We write the proof for T, it is identical for T~. Let us consider
¢t € €°(R x S?) as characteristic data on .#F. Let us consider a lightcone Cr, that cuts
Z* to the future of the support of ¢ and another Cr, with Tp << —1. We consider
the part O, 7, of partially compactified Minkowski space-time that lies in the past of Cr
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Yo

Figure 7.1: Representation of the intermediate surface S and the domain K. Note that i and
it are represented as circles to signify that they are not part of the rescaled space-time since we
are using the incomplete compactification. This is also why the domain K is not compact.

and in the future of both ¥y and Cp,. Then we extend it as a smooth spatially compact
space-time with manifold, say, diffeomorphic to R x S3. Hérmander’s Theorem for the
Goursat problem entails that there exists a unique smooth solution ¢ to the wave equation
on Qp, 7, whose restriction to .# is equal to &*. Since this is true for any 77 and 75 such
as above, this is also true in the complete future of ¥y. It now remains to establish that this
solution has finite energy on Y. To this purpose, let us consider a spacelike hypersurface
S located entirely in the future of ¥ that cuts .#* to the past of the support of ¢+. Let
us denote by K the domain bounded by .# and S (see Figure 7.1); this is not a compact
set but since q~5 vanishes in the neighbourhood of ™, suppqg N K is compact and we can
apply the divergence Theorem on K. This entails

Egr(9) =Es(9) .
We observe that (5 is smooth on K and its restriction to .# 7 NS vanishes. Hence, we have
dls € Hy(S).

It follows that ¢ can be approached in H'(S) by a sequence (gz;g) of smooth and compactly
supported funf:tions. Moreover, if we consider v the future oriented unit normal vector
field to S, V,¢ is in L?(S) and can be approached in L?(S) by a sequence (¢% ) of smooth

compactly supported functions. Let us denote by QE” the solution to the wave equation

Dﬁ(;gn =0on M
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such that . o .
"5 = 93, Vud"|s = b3,
and ¢" = 0 in the neighbourhood of .#* U° in the past of S. Since
¢4 — @ls in H'(S) and ¢4, — V,¢|s in L*(S),

we have that o .
Es(p" — ) —» 0 as n — +o0.

In other words, (gg”) is a Cauchy sequence in energy norm on S and using the conservation
of the energy, it follows that it is also a Cauchy sequence in energy norm on Xy, which
entails that the energy of ¢ on Y is finite. Hence

(&!20,&5({5\20) € Hs,

and
ot =T" (cg!zoﬁt(f;bo) :

This concludes the proof of the theorem.

7.7 Perturbations of the wave equation

The conformal scattering method can be extended to non conformally invariant equations pro-
vided the lack of conformal invariance is controllable via energy estimates. A simple example is
the equation

Oyé + L =0, (7.27)

on Minkowski space-time, where L is a first order differential operator with smooth coefficients
depending on both time and space variables. We can try to express (7.27) as an equation on
the rescaled unknown qg = Q¢ involving Uj. Using Corollary 4.3 and the fact that the scalar
curvature of 7 is 6, we can write (7.27) as

03 (DMB + és) QLG+ [L, Q)b =0,

or equivalently o R R
Os0+ 6+ QLo+ Q3[L, Qb =0. (7.28)

If the coefficients of L, the differential operator being expressed using the coordinates (7, ¢, 0, ),
decay sufficiently fast at the conformal boundary, namely as Q3 for the first order terms and
as 02 for the zero order term, then the operator Q 2L¢ + QO3L, Q]qg extends as a differential
operator with smooth coefficients on the whole Einstein cylinder and we can construct a conformal

scattering theory for (7.27) using exactly the same method as for the wave equation.
I STOPPED HERE (08/04/2025). ANALYTIC SCATTERING NOT REVIEWED YET.
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Chapter 8

Some transversal constructions

8.1 A striking feature of scattering on Minkowski space-time

Let us consider massless scalar fields to start with. Let ¢ be a solution to the scalar wave equation
on Minkowski space-time associated with smooth compactly supported initial data at t = 0. Let

4 1/2
(1+(t+r)2)(1+(tr)2)) ’

be the rescaled field satisfying the Klein-Gordon equation with mass 1 on the Einstein cylinder
(see Subsection 3.1.1)

&:Ql¢mmaz<

32— Ngsp+¢=0. (8.1)

We can decompose ngb on spherical harmonics on S3. The eigenvalues of the spherical laplacian on
S3 are given by I(I+2), I € N and Equation (8.1) for solutions with angular momentum I(I + 2)
becomes the ordinary differential equation

026+ (1+1)°9 =0,
the solutions of which are given by
(5: $+ei(l+1)7 + é_efi(lJrl)‘r.

This shows in particular that qg is 2m-periodic in 7. However, the refocusing of light-cones from
&~ to # T described in Theorem 3.1, has stronger consequences.

Theorem 8.1. The scattering operator obtained in the previous two sections is in fact minus the
identity composed with the antipodal map. More explicitly in the partial compactification picture,
for a finite rescaled energy field, the scattering data satisfy

q;Jr(u,w) = —gg*(v, —w). (8.2)

This property is established in Spinors and space-time [45] Vol. 2, using the Grgin index
of zero rest-mass fields. We propose here two other proofs. The first one uses the geometrical

167
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reinterpretation of the translation representer in the Lax-Phillips theory and the second takes
advantage of the symmetries of the spherical harmonics on the 3-sphere.

Proof of Theorem 8.1 using the Lax-Phillips theory. Let us assume that the data for the
physical field ¢ are smooth and compactly supported. Given s € R and w € S?, the curve

y(r) = (r —s,rw)
extends for r < 0 as (putting p = —r)
F(p) = (=(p+s), p(—w)).

In Theorem 5.2, we have established equation (5.19) that allows to reinterpret the translation
representer k(s,w) of our field as the limit along v as r — +o00 of —rdy¢. Let us now study the
limit

i p0id(—(p + 5), p(-w))

using a localisation near the direction —w. This is essentially identical to the proof of Theorem
5.2 and we therefore omit some of the details. Recall that k is compactly supported, there exists
R > 0 such that suppk C [~ R, R] x S?. We have

1
ot.) =5 [ Kwd— .0
™ Js2
and since k is C' and compactly supported, we can differentiate under the integral
1
oo(t.) =~ [ Ouk(ed — ..
21 S2

In particular, we have

1

0~ (pts)p(-w)) = —o | (@k)(—poltpts, ¢)a*¢
= =5 | @R —w ) + 5,0
™ Js2

We now define a neighbourhood of the direction w that becomes small as p becomes large,

View = {c € 8% 1-wg < FEEIL
we have :
0ot o) = 5o [ Ol —w0) 5,0
= G EPSERNSEYS

Rsp

When ( € V}%T,

w<l—w(:]1—w.(\,
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SO
R<pll —wl|—|s] <|r(1 —w.{)+s]|.
The second integral is therefore zero and

Od(—(p+5), p(—w) = —— [ @k} (p(1 —w.C) +5,)dC.

2 VRsp
Adding and subtracting a term where ( is replaced by w, we obtain

06(~(p+ ), p(-w)) = —5- | [(OK)(p(1 ~ Q)+ 5,0) — @R)(p(1 ~ Q) + 5,w)] 4%

T VRsp
1
—5= (0sk) (p(1 = w.C) + s,w)d*¢. (8.3)
™ VRsp
The first term is of the form e(p)/p, where €(p) tends to zero as p — +oo. We calculate
explicitly the second term denoted by I, using spherical coordinates (6, ¢) based on the direction

w. Putting
0, = arccos (1 — Rt |S|) ,
P
we have
1 27 0,
I = —— / (0sk)(p(1 — cos ) + s,w) sin dOdy
27[' 0 0
L7 (4 o1 — cosd d6
= [ (4 (ot~ cos) s
1 1
= —; (k(R+|s| + s,w) — k(s,w)) = ;k(s,w) )
Hence 1 1
op(—(p +s),p(~w)) = ;E(P) + ;k‘(s, w) .
and

K(s,w) = lim_p0rd(~(p+ ), p(~)). (8.4)

The future and past scattering data for the partial compactification are defined as the restrictions
of p =r¢to 7T ie.

- L
Fluw) = lm ro(r+ure).
o~ (v,w) = rBToo ré(—r+ v, rw).

The variable s on .t corresponds to —u and on .#~ to —v. Equations (5.19) and (8.4) then
entail that

d - d
K(sw) = 0% (—s,0) = =267 (=5, ). (55
In other words ~ R
Bu¢+(u,w) = - v¢_ (Ua *w)
and since ¢* both have compact supports, (8.2) follows. This is established for smooth compactly
supported data for the fields and extends to finite energy data by density. O
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8.2 Recovering the structures of analytic scattering theories

Although the scattering theories from Sections 7.4 and 7.6 have been constructed in a geometrical
way, they retain some important analytic properties of the scattering constructions performed
using the Lax-Phillips approach or Cook’s method.

The wave operators can easily be interpreted as providing the comparison between two dy-
namics, the simplified dynamics being given by the flow of radial null geodesics. Even the
identifying operator has a role to play : the simplified dynamics will associate to the asymptotic
profile a function that is not well-defined on each level hypersurface of ¢, because of the rays fo-
calising inside the space-time. This is solved easily using a smooth cut-off inside a fixed compact
in space (in the physical space-time) and allows to interpret the inverse trace operators as direct
wave operators defined exactly as in the section on Cook’s method.

Provided we use the partial compactification of Section 3.1.2 (used in Section 7.4 and also in
the case of the Schwarzschild metric in section 3.2.5), we see that the radiation fields are another
type of translation representer for the solution. Indeed, in this compactification, the vector field
0y remains Killing and extends smoothly to null infinity as the null generator of .#. Taking
as data the solution at time ¢ instead of 0 means pulling back the full solution by a time —t
along the flow of 9;. This modifies the radiation fields (considered in the variables used for this
compactification) by a translation of —t along .# (more precisely by pulling it back by —t along
the flow of the null generator of .#).

The translation representer is a feature associated with a timelike Killing vector that extends
to # as its null generator. It will be present if we construct a (conformal) scattering theory on
Schwarzschild’s space-time. On time-dependent geometries however, we will lose this property.
The interpretation of the trace operators as wave operators defined by comparing with a simplified
dynamics will remain though, and the simplified dynamics will still be given as the flow of a
congruence of null geodesics near .7.



Chapter 9

The wave equation on the
Schwarzschild space-time

9.1 The Cauchy problem

Solved by the spectral approach.

9.2 Energy current and its conservation law

Provides an alternative way of solving the Cauchy problem.

9.3 Some decay results

Dafermos-Rodnianski, others?

9.4 The conformal scattering construction

9.5 Peeling

We study peeling properties in the neighbourhood of i® where the real problem is localized. If
one wishes, results can be extended to the whole of .#* and the whole initial data surface in a
straightforward manner. Our work deals with what happens near 7°.

We work with geometric energy estimates. We start by obtaining some basic estimates
between .#+ and the initial data surface {t = 0}. Then, by applying some well chosen differential
operators to the equation, we get some higher order estimates.

For the basic energy estimates, we need to find some vector field that is close to being a
Killing vector field for § and that is transverse to .#. We adapt the classic “Morawetz vector
field” to Schwarzschild’s space-time just as Inglese and Nicolo did in [26] and then Dafermos and

Rodnianski in [10].
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9.5.1 The Morawetz vector field

For m = 0, the metric g is the Minkowski metric n and we have ©w =t —r. The Morawetz vector
field is defined as the image of 0;, that is a Killing vector for n, by a light-cone inversion. Its
simplest expression is in terms of variables u =t —randv=t+1r:

T0, = 0y + v20,,
which, in terms of variables u, R gives
T°0y = u*dy, — 2(1 + uR)OR . (9.1)

This vector field is a Killing vector for § for m = 0, i.e. if we perform the time asymmetrical
compactification for Minkowski space-time, we obtain a rescaled metric for which T is a Killing
vector. It is interesting to note that the Killing vector 0, corresponding to the time translation
on the Einstein cylinder is a simple combination of T" and 9,, in this coordinate system :

99, = 9y + T%9, ,

it is therefore also a Killing vector for g for m = 0.

We keep the expression (9.1) in terms of variables u, R in the Schwarzschild case to define
our approximate Killing vector field. We still refer to it as the Morawetz vector field and denote
it T.

T® is uniformly timelike in a neighbourhood of i® and can therefore be used for obtaining
energy estimates with positive definite energies on spacelike hypersurfaces.

9.5.2 Stress energy tensor and energy density

We choose the stress-energy tensor for the free wave equation [Uzgp = 0

L. ~c
Tab = Tiap) = 0aP0p — 5 9abg “0.0049

which, for ¢ solution of (?7?), satisfies VT, = Oy = —2mRpOp¢. Contracting Ty, with T,
we get the conservation law

ve (TbTab) = T, VT — 2mROT 9yeb. (9.2)

The hope is then that the error terms (on the right hand side), have a sufficiently nice behaviour
to allow a control via Gronwall-type arguments.
The energy density 3-form E(¢) associated with 7' is given by :

B(¢) = TTupdz’ =TT, dvol*
= [u*¢; + R*(1 - 2mR) (u*dudr — (1 + uR)%)
+(1+uR)|Vg2¢|*] du A d®w
1
+5 [(@+uR)® = 2m” B®) 6 + 0’|V s29l”] dR A &P
+ angular terms . (9.3)
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For a hypersurface S, we denote

s(o) = | E().

S
For instance,
Est+ () = / [W?¢2 + |Vg20*] du A d®w.

g+

We foliate the domain {u < ug << —1} by the spacelike (except for s = 0) hypersurfaces
Hs :={u=—sr.}, 0<s<1;

H; is the {t = 0} hypersurface and Hg corresponds to .# .
The energy on the surface Hs is given uniformly equivalent to

En.(¢) = / <u2¢i NV |V52¢|2> du A d%. (9.4)

|ul

9.5.3 The fundamental energy estimates

For m = 0, T* is a Killing vector field for our rescaled metric g (it is a conformal Killing vector
field for g and in fact a Killing vector field for g). For m # 0, the Killing form for 7 is given by

V(aTy) = 4mR*(3 4+ uR)du”.

This gives
TpVoT? = 4mR*(3 + uR)¢%

which exhibits a nice fall-off near .#* and 4.

We need to choose a vector field V' that will identify the different hypersurfaces Hs, and the
conservation law (9.2) integrated over the domain {u < up}, ug << —1, gives (draw a picture of
the domain {u < up} and define the three hypersurfaces .7, S, and Hj u,)

up?

uo

/ Ve (TbTab> d*Vol = £, +Es, — Enr,
{u<uo}

= / (Tabv(“T”) — 2quﬁTb8b¢) d*Vol
{u<uo}

1
— / ( / (Tabvab) - 2mR¢Tb8b¢) v d4Vol> ds.
0 \JHeug

Another way of understanding this kind of energy estimates that is more familiar to PDE analysts
is the following : we multiply equation (??) by T'¢ and integrate the result between s = 0 and
s = 1. This is not quite precise enough however : it is implicitely assumed that we have a
well defined product structure on the domain {u < ug}, s being a “time” variable and the space
variables being chosen on .# T or on H; or any other H,. It is in order to define this product
structure that we need an identifying vector field V. It will perform a splitting of the 4-volume
measure into a part along the integral curves of V' that is simply ds and a 3-volume measure on
each H, defined as V J d*Vol.
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In this case, a natural identifying vector field v ! is given by
v =riR%(1 —2mR)|u|'0g. (9.5)
The corresponding 3-volume measure on each H; is then
v1dVol*|y, = r2R*(1 — 2mR)|u|~'dud®w|y, .

Such a choice of identifying vector field %, which is really associated with the choice of parameter
s for the foliation, will lead to error terms that cannot be controlled by the energy density” and
therefore to the impossibility of performing a priori estimates.

To be more precise, the 4-volume error terms will be multiplied by

Tu¢r2R*(1 — 2mR)|u| ™!

and then considered as terms on the 3-surface H, that we shall try to control by the energy
density. Supposing that the (squares of the) 4-volume error-terms are barely controlled by the
energy density, we have a problem, indeed :

1
T%q¢pv I dVol* ~ ugp, — 2(1 + uR)EqﬁR.

The first term is naturally controlled by the energy density on the H; slices, but not the second,
since ! is infinitely larger than Ru~! near .#+.
All we need to do in order to solve this problem is the following change of parameter :

or 1
7:=-2(y/s—1), so that %= 5

The change of sign and the —1 term are there purely for aesthetic reasons, the important part
is 24/s. This new parameter varies from 0 to 2 as s varies from 1 to 0. We denote

(9.6)

S = Hs (9.7)

The natural new identifying vector field is

il

LR

V=—Vsv=— /'7?'7«31%2(1 —2mR)|u|"'0g = — (r.R)*? (1 — 2mR)

Tt needs to satisfy
Os  10u  wuor. _
v r.ov  r2ov
whence the expression (9.5) of v obtained by imposing that it is colinear to dgr, i.e. choosing v parallel to the
level hypersurfaces of u ; this is natural given the shape of our domain {u < wuo}.
2To be more precise, this does not occur for the fundamental estimates, because the scalar curvature 2mR
gives us some extra fall-off at .#. For higher order estimates, commuting Or into the equation will give error
terms without any fall-off. So the problem will occur as soon as we try to gain one extra degree of regularity from
the fundamental estimates.

1,
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We get error terms on each . that are equivalent to :

2

(VAT T,V Jdvolt =~ Rﬂ/ﬁﬁzdud%,
u

R¢ ’]j' (u*0ud — 2(1 + uR)ORr¢) dud®w

<R2¢2 +u?¢? +

12

<—2qu§Tb8b¢) V J dVol

R
Jul

A

qs%q) dud?w .

The only difficulty comes from the zero order term. We solve it by proving (simply by integration
by parts) the following estimate :

Lemma 9.1. Given ug < 0, there ezists a constant C > 0 such that for any f € C3°(R), we have
uo 9 uo 9 2
/ (Pp(u))” du < C/ u? (¢ (u))” du.

This entails that the energy density controls the L? norm on the H; slices.

We see that this is much more than what we need, but for higher order estimates, we will
use all that this lemma gives us.

This allows us to obtain, via simple Gronwall estimates, the following estimates

Theorem 9.1. For uy < 0, |ug| large enough, there exists a constant C > 0 such that,

g];';) (¢) S Cg?‘[l,uo (¢) )
Ett10y (0) < C (€ (6) + E5.y.,(6)) -

9.5.4 Higher order estimates

Contrary to what happens for m = 0, where T is a Killing vector field, we cannot use it here to
raise the regularity, since

[T, [T, 2mR]] = 4mu(2 + uR),

so differentiating the equation several times using 71" will introduce potentials which blow up near
i?. Although this may appear as unfortunate, it is a blessing in disguise.
Instead, we use the vector field dr. We obtain

(O+2mR) ¢p = 2(1 — 3m)ROrPr — 2(1 — 6mR)dr — 2ma . (9.9)

All the terms in the right hand-side can be controlled by the energy density for ¢r or ¢ using
when necessary the lemma above. It is clear that further differentiations using dr will not raise
any difficulty. We get the estimates
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Theorem 9.2. For each k € N, there exists a constant Cy > 0 such that, for any solution ¢ of
(?7?) associated to smooth compactly supported initial data, we have for all 0 < s <1,

k
Eg, (080) < CY &, (0%0),
p=0

k
Errg OhD) < O (4 (Oh0) + &5, (050))

p=0
This gives us a simple characterization of the peeling

Definition 9.1. We say that a solution ¢ of (??7) peels at order k € N if for all polynomial P
in Or and V% of order lower than or equal to k, we have £ ,+ (P$) < 4o00. This means than for
uQ

all p € {0,1,...,k} we have for all ¢ € {0,1,...,p}, SJ% (8%Vg§q ) < 400.

This is of course valid for Minkowski space as well. So in flat space-time, we have two
definitions of the peeling :

e a first one obtained using the embedding in the Einstein cylinder and the time translation
of the Einstein cylinder (quite close to the Morawetz cector field) ;

e a second one using the time asymmetric compactification and the vector field 0.

It turns out these two definitions are different. The class of data given by the second definition
is larger than that given by the first. This is due to the fact that the vector field we use for
higher order estimates is characteristic (or null if one prefers this terminology), which gives less
stringent conditions than a timelike vector field that controls all spacelike derivatives via the
equation (the energies on H; given by both constructions are equivalent).

So this is a complete verification of the peeling model at all orders for the wave equation on the
Schwarzschild metric, as well a definition that is different and possibly more relevent definition
of the sets of solutions admitting peeling at a given order. Why more relevent? Because we show
that we merely need to control the null derivative in the direction of .#* instead of a timelike
derivative. It is in a way a propagation estimate : the other null derivative does not give a
contribution on .# T so even if it lies in very weakly regular spaces, it will not interfere with the
regularity of the solution at .# .



Chapter 10

The wave equation on asymptotically
simple space-times

10.1 The Goursat problem using a modified Hormander approach

10.2 Conformal scattering for Corvino-Schoen/Chrusciel-Delay
space-times
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Appendix A

Elements of functional and spectral
analysis

In this chapter, we give a brief construction of distributions and tempered distributions and
Sobolev spaces on R™ and on regular bounded open sets, and give some bases of spectral theory.
The material is presented as a quick review of useful notions for our purposes. Some proofs are
given when they provide useful techniques for applications. The reader eager to explore these
questions in depth can look at the first and second volumes of the book by Reed and Simon
[47, 48], the first volume of the book by Taylor [57] and volumes 1, 2 and 3 of the book by
Hormander [24]. We only work with the canonical Euclidean norm on R™ and we denote it by
I|l.]|. From section A.4 onwards, we shall work on a Hilbert space .7 that will always be assumed
to be separable. Its inner product and norm will be denoted by (.,.) and ||.||. We assume a
basic knowledge of Hilbert spaces. We also assume some familiarity with Lebesgue spaces, but
we recall their definition here.

Definition A.1 (Lebesgue spaces). Let 2 be an open subset of R™ and p € [1,+00], the space
LP(Q) is the space of Lebesgue measurable functions on Q such that

/ |f(2)|Pdx < +o0.
Q

It is a Banach space for the norm

1= ([ If(w)l”dfc)l/p .

The space L*(Q) is the space of functions on Q such that

ess sup | f(x)| := min{b € R; f~1(]b, +-00[) negligible} < +oc.
e

It is a Banach space for the norm

[ flloo = ess sup | f(z)

€
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Remark A.1. To be completely precise, the norms above do not distinguish between two functions
that are equal except on a set of measure zero and for p € [1,00], the space LP(Q) is really a
space of classes of functions under the equivalence relation “almost everywhere equal”. We shall
however ignore this and simply identify the classes with any of their representatives.

The local Lebesgue spaces are also important. They are defined as follows.

Definition A.2 (Local Lebesgue spaces). Let Q be an open subset of R™ and p € [1, 00|, L, ()

is the set of functions f such that for any relatively compact open subset O of ), we have

fe1r0).

A.1 Spaces of smooth functions and distributions on R”

Let © be an open subset of R". We denote by €°(Q2) the space of infinitely differentiable
functions on 2. It is not a normed space but it is endowed with an infinite family of semi-norms
defined for each compact subset K of Q and o € N” by

o f

Nk a(f) = max @(m)

zeK

that define the topology. This means that a sequence of functions (fy,)nen in €°°(£2) converges
towards a function f in €°°(2) if and only if for all compact subsets K of Q and a € N, we
have

lim Ngo(fn—f)=0.

n—-+o0o

The fundamental function space in the theory of distributions is the space of test functions. Its
definition requires to introduce the notion of support of a continuous function.

Definition A.3. Let Q be an open subset of R™ and f a continuous function on Q0 with real or
complex values. The support of f, denoted supp f, is the complement in Q0 of the largest open
subset of R™ on which f is identically zero. This is equivalently defined as the closure in € of
the set on which f is non zero, i.e.

o
—

C
supp f = <f‘1({0})> _ R F@) £0).

Definition A.4. We denote by €5°(12) the space of smooth functions on Q with compact support.
In other words, f € €5°(Q) if and only if f € €°°(2) and there exists a compact subset K of
Q such that f(z) = 0 for x € Q\ K. The topology on 65°(2) is the following: we say that a
sequence (¢n)nen converges towards ¢ in €5°(2) if and only if the following two properties are
satisfied

1. there exists a compact subset K of Q such that supp ¢ C K and for alln € N, supp ¢, C K,
and

2. ¢n converges towards ¢ in € ().
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The space €5°(S2) will often be denoted by Z(K2); its elements are called test functions.

This space is fundamental in the construction of many function spaces by completion under
well-chosen norms. For example, for p € [1,+o0[, LP(2) is the completion of Z(Q2) under the
norm ||.||,. However the completion of Z(Q) under the norm ||.||s is not L>(2) but €°(Q).

There is another space of smooth functions that is of crucial importance when considering
the Fourier transform, this is the space of Schwartz functions. It is not a “local” space defined
on any open subset on R" but it is globally defined on R" as follows.

Definition A.5. The space of Schwartz functions on R™, denoted 7 (R™) is the subspace of
¢ (R™) of functions f that are rapidly decaying at infinity, in the sense that for each o, B € N™,
the semi-norm

p0°f

Na,ﬂ(f) = Sup 9o (l‘)

z€R™

x

is finite. The semi-norms N g define the topology on .7 (R™).

We now introduce the notion of distribution on €2 and its support. The theory of distributions
was developed by the french mathematician Laurent Schwartz in the 1940’s, on the basis of the
works of Heaviside and Dirac. He was awarded the Fields medal for this in 1950.

Definition A.6. Let Q2 be an open subset of R™. A distribution on § is a linear form on 2(2)
that satisfies the following property:

(P2) for any compact subset K of ), there exists k € N and C > 0 such that for each ¢ € 2()
with supp (¢) C K, we have

0%¢

@) <C Y max |

€N
lal<k *

The action of a distribution T € 2'(Q) on a test function ¢ € 2(Q) is a duality product denoted
by (T, ) g (), 9(0) o (Ts0) g when the open set is clear, or even (T,$) when there is no
ambiguity.

o A distribution T € 9'(Q) is said to vanish on an open subset O of  is for all ¢ € 2(Q)
such that supp(¢) C O we have (T, ¢) = 0.

e The support of a distribution T € 2'(Q) is the complement of the largest open subset O of
Q on which T vanishes.

o When in the property (&) the integer k is independent of the choice of the compact subset
K, the distribution T is said to be of finite order. The order of T is then the lowest integer
k for which (22) is valid.

Here are some fundamental examples of distributions.
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e Distribution associated to a function. Let Q be an open subset of R™ and f € L _(Q).
The distribution T’ associated to f is a distribution of order 0 on € defined by

(Ty, ) = /Qf(ac)¢(x)dx for all p € 2(Q).

This realises the continuous embedding Li (R") < Z'(R™) and we have obviously for all
p e [1, 09,
LP(R") — L

loc

(R") = Lige(R") = 2'(R").

e Dirac distribution at a point. Let a € R”, the Dirac distribution at a, denoted d,, is
the distribution of order 0 on R" defined by

(0q, ) = ¢(a) for all p € 2(R").

The construction of distributions by duality induces naturally some operations on distributions
from their analogues on functions. Let Q be an open subset of R", T' € 9'(Q) and f € €>°(Q),
then we have

o multiplication by a smooth function

(JT,0) = (T, f¢),

oT B D¢
<axk’¢> - ‘<T’axk> |

Two other important spaces of distributions are &’(2), the space of distributions with compact
support on € (the topological dual of °°(2)) and .#/(R™), the space of “tempered distributions”
on R™ that is the topological dual of .’(R™). All the Lebesgue spaces on R" satisfy

e derivative of a distribution

LP(R™) — ' (R™) — 2'(R"), p € [1,00)].

A.2 Fourier transform, Sobolev spaces on R"

The Fourier transform on R"”, defined by

aT . 1 —ix.
(FINE = G [ e e

also denoted f(€), is an isometry of L2(R") and an automorphism of .(R™). It induces by
duality an automorphism of .#/(R") still denoted by .%# and defined by

(FS, Q)0 = (S, T 1 v, oralso (S,0) . = (S, d) .

This follows from the well-known property of the Fourier transform

f@)g(@)de = [ f(x)g(z)dz
R” R”



Sobolev spaces on a regular bounded open set 183

for functions f and g belonging to L'(R™). All the usual properties of the Fourier transform
extend to .’ (R"), in particular

oS . 08
7 () =i, o= =-i7 («"5) .
<8xk ) 1 o~ \"
Sobolev spaces on R™ are naturally defined using the Fourier transform.

Definition A.7. For s € R, the Sobolev space of order s on R™, denoted by H*(R™), is defined
by
HR") = {f € #"(R"); (1+[¢2)2f € L*@®M)}

which means that (1 + |£]2)5/2f is the distribution associated to a function in L2(R™). It is a
separable Hilbert space.

The space H*(R") is also the completion of Z(R") in the norm

1 areceny = |1+ €172

L2(R")

When k € N, H¥(R™) can be equivalently defined as the space of tempered distributions f on
R™ such that 0%f € L*(R") for a € N", |a| < k and a norm equivalent to the one above is

1/2

e ={ D 10 FIIF 2en)

o] <k

For s > 0, H7*(R") is the topological dual of H*(R") and we have the chain of continuous
embeddings for ¢t > s > 0:

2R") — S (R") — HY(R") — H*(R") — L*(R"),
L*(R") — H¥(R") — HY(R") = .7 (R") — 2'(R").

A.3 Sobolev spaces on a regular bounded open set

When Q is a regular bounded open set (i.e. a relatively compact open set whose boundary 02
is a smooth compact hypersurface of R™), for s € R, we define the Sobolev space H*(2) as the
set of restrictions to Q of elements of H*(R"), i.e.

H(Q)={ue 2'(Q); 3U € H*(R"); u=Ulg}.
It is a Banach space for the natural norm
lull s () = f{{|U || grs(mny, U € H*(R™) and Ulg = u}.

This definition is in fact valid for any open set in R™ but for regular bounded open sets, we have
the following property:

for ke N, H¥Q) = {u € 2'(Q); 0% € L*(Q) for |a| < k}
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and it is endowed with an equivalent norm to |[[.|| s ()

1/2

ullk.o = Z HE)QUH%?(Q)

|| <k

for which it is a separable Hilbert space.
If we define 2(12) as the set of restrictions to  of elements of Z(R"), then for s € R, H*()

is the completion of Z(f2) in the natural norm.
For s > 1/2, we have a notion of “trace”; i.e. restriction to the boundary, for elements of

H5(Q).

Theorem A.1 (Traces). Let Q be a regular bounded open set with boundary 92 and incoming
unit normal v. The trace of order j, for j € N, is the map v; : 2(Q) — €°°(99Q) that to ¢
associates its incoming normal derivative of order j at OS2, i.e. 6Zqﬁ. For s > j+1/2, v; extends
by density to a continuous linear map from H*(Q) to H*7-1/2(5Q).

Remark A.2. Note that the definition of Sobolev spaces on OS2 can be inferred from that of
Sobolev spaces on a reqular bounded open set on R wia a choice of atlas on OS).

For k € N, k > 1, the completion of Z(f2) in the norm |.|[x.q is denoted by HE(2). It is a
closed subspace of H¥(Q) and it has the following characterisation

HE() = {u e H (9); 7;(u) =0; 0<j <k —1}.

Understanding the origin of the loss of half a derivative in Theorem A.1. We
show how to derive a weaker version of the theorem where we loose % + ¢ in the order of the
Sobolev space. The result of the theorem itself, with a loss of exactly half a degree of regularity,
is not very complicated to prove but requires interpolation between Sobolev spaces. The weaker
version is technically lighter and shows quite clearly the origin of the loss of half a regularity
order in the trace process. This weaker version can be derived explicitly in a simple example
that is not in the setting of the theorem but is in fact fundamental in the construction of the
proof: the case where 2 is a half space. In order to understand this simple case, we are going
to consider a function in f € H*(R"), s > 0, and represent R™ as R x R"~!, the variables being
denoted z = (z,y) € R x R™ with dual variables through a Fourier transform ¢ = (&, 7). First,
if s1,89 > 0 are such that s; + s3 < s, then we have

H3(R™) — H*'(R; H*2(R"1)).

This is due to the fact that

||f||H51(R; Ho2(Rn-1)) = (1 + |§’2)sl/2(1 + ’T]|2)S2/2f‘ L2(R")
< 2\s1/2 2\s2/2 ¢
< [asirrra s,
2\s/2 ¢ —_
< a1y 2 gy = Wl
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Now we look for the values of s — 1 such that H*(R; H%2(R"1)) — ¢°(R; H2(R" 1)), ie.
such that H%1(R) < ¥°(R). The definition of H*!(R) can be rewritten as

v
T+ 17
If this is the case, then u is given by the inverse Fourier transform of 4, i.e.

ule) = (27T)_n/2/m 1+ \§1|2)81/2“(5)€Md5'

u € H* (R) < there exists v € L?(R) such that 4 =

The function 1

T+ Ry
belongs to L?(R) if and only if s; > 1/2. In this case we can use Lebesgue’s dominated conver-
gence Theorem to infer the continuity of u. We have therefore established that for s; > 1/2 and
s > 81 + s2, we have

H5(R™) — ¢°(R; H2(R™1)).

In particular, in this case, the trace of order zero at the hypersurface {z = 0} ~ R"~! is well-
defined as a continuous map from H*(Q)) to H*~*1(R""1) for s > s; > 1/2. Using an atlas of
the boundary, this result can be used to prove the same result for a bounded regular open set.
Extensions to higher order traces follow the same idea.

A.4 Spectral theory of bounded self-adjoint operators

A first fundamental notion is that of the adjoint of an operator.

Theorem A.2. Let A € L(H), there exists a unique operator A* € L(H) such that, for all
x,y € I, we have

(Az,y) = (z,A"y) .
The operator A* is called the adjoint of A. It also satisfies ||A*|| = || A]l.

Proof. This is a direct consequence of Riesz’s representation Theorem, which states that for any
continuous linear form [ on J# (i.e. | € S, the topological dual of ), there exists a unique
z € ¢ such that

l(x) = (x,z) for all x €

and in addition ||z|| 2 = ||I|| ¢ - O
A useful property of the adjoint that is a direct consequence of its definition is that for any
Ae L),
1
A = Ker(A) @ ranA*, (A.1)
1
where the symbol & denotes an orthogonal direct sum.
An operator A € £ () is said to be self-adjoint if A = A*, skew-adjoint if A = —A*.

Note that A is skew-adjoint if and only if the operator i¢A is self-adjoint. We have a useful
characterisation of self-adjointness.
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Proposition A.1. Let A € L (), then
1. A is self-adjoint if and only if
(Az,z) € R for all x € A,

2. if A is self-adjoint, then
[All = sup  [(Az,z)| .
z€H , |lz||=1

Proof. The proof of the first point is a consequence of the polarisation identity. Let us prove
point 2. A first inequality is immediate

sup  [(Az,z)| < [[A]-
€, ||z[|=1
Let us show the converse inequality. We use the polarisation identity
1
(Az.y) = 7 ({Alz+y),z+y) — (Ale —y).z —y))

+% (A(z +iy), z + iy) — (Alz — iy), x — iy)) .

The first line of the right-hand side is real and the second is pure imaginary. We infer
1
R(Az,y) = 7 (Alz +y),z +y) — (Alz —y).z —y))

and putting

K = sup |(Az, )|
xeH, ||z||=1

we have

K K
R(Az, )| < 7 (lz+ ol + llz = oll?) = 5 (1l + y]1*) (A.2)

since for x € 7,
(A2, z)| < K||z|*.

If K =0, we choose y = Az, and from (A.2) we get
(R(Az,y)| = (Az, Az) = || Az|* = 0
for all x € 2, whence ||A|| = 0. If K > 0, we put y = +Ax. Inequality (A.2) yields

1 K 1
—||Az|? < = 24— | Ax|?

whence . i
ol Azl <
i.e. for x # 0,
2
[EET
[Ea

and finally ||A]| < K. O
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Let A € £ (), the resolvent set of A is defined as
p(A) ={X € C; A — A is an automorphism of 7}.

As a consequence of the fact that for B € £ () with ||B|| < 1, I — B is invertible and
+o0
=) "B", (A.3)
n=0

it is easy to show that p(A) is an open set in C and that any A € C such that |\| > ||A]| is in
p(A). For A € p(A) we denote
Ry(A) = (AT — A)~!

it is called the resolvent of A at A.
The spectrum of A is the complement of the resolvent set

It is a closed set and can be decomposed into three distinct parts

e pure point spectrum, this is the set of eigenvalues of A
op(A) = (A € C; ker(AI — A) # {0}};
e continuous spectrum

oo(A) = {)\ € C; ker(M — A) = {0}, ran(A — A) # 7, ran(M — A) = jf} :

e residual spectrum

or(A) = {/\ € C; ker(AM] —A) ={0}, ran(\] — A) # %”} .
The spectrum of an operator and that of its adjoint are related in the manner described by the
following proposition, whose proof is a direct consequence of the definition of the adjoint.
Proposition A.2. Let A€ L(H),
1. Neo(A) & X eo(A),

2. for A € p(A), we have (Ry(A))" = Rs(A”),
3. A€o (A) = X € o,(AY),

4o A€oy (A) = A€ ap(A%) Uo,(AY),

5. XN € 0e(A) & A€ 0(A).

In addition, the spectrum of an operator is never empty.
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Theorem A.3. For A€ £(#), o(A) # 0.

Proof. This is due to the fact that the resolvent Ry(A) is analytic on p(A) as can easily be seen
by developing it into an entire series in the neighbourhood of each point of p(A), using nothing
more than (A.3). If one assumes that o(A) = (), then Ry (A) is analytic on C. Now for [A| > ||A]],

we have
A —1 +oo A n
_ 71: —1 _ — -1 £
it (1 4) e (4)

which yields

+00 n
1 AN 1 1
i<y S () = wm g — 0 e

Consequently, for any continuous linear form [ on £ (), A — I(Rx(A)) is holomorphic on C
and tends to 0 at infinity, it is therefore bounded on C; by Liouville’s Theorem, this function is
constant, the constant being necessarily 0 to ensure the zero limit at infinity. It follows that for all
1€ (L)), we have I[(R\(A)) = 0, whence Ry(A) = 0, which contradicts its invertibility. [

Moreover the spectrum can be localised in terms of the norm of the operator.

Definition A.8. Let A € L(H), we call spectral radius of A, and we denote r(A), the quantity
r(A) :==sup{|A\|; A€a(A)}.
Theorem A.4. Let A € L(H), we have

r(A) = lim A"V <A (A4)

n—-+oo
This implies in particular that o(A) is compact.

Proof. Firstly, it is clear that
lAm |V < Al

hence if the limit (A.4) exists, it is lower than [|A||. Secondly, we prove that

r(A) = limsup || A"||*/™ (A.5)

n—-+o0o

then we shall establish the existence of the limit.
The resolvent Ry (A) is well-defined and analytic on {|A| > ||A]|} and for all such A,

-1 +00 4n
R,\(A)_()\—A)_l_i<1—f\l> _inzofn. (A6)

Moreover, by definition of r(A), {|\| > r(A)} C p(A) and this is in fact the largest annulus of the
form {|z] > C} on which the resolvent is analytic. Since Ry(A) is analytic on {|A] > r(A)}, it
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admits a unique expansion as a Laurent series on this domain, given by (A.6). Putting z = 1/,

we have
“+00

RA(A) — Zzn+1An

n=0
and the radius of convergence of this series is

1 1
= — > >
limsup,,_, o [|A7[1/" ~ [|A]

0. (A7)

It is in particular analytic in the neighbourhood of 0. We know in addition that it is analytic
on {0 < |z| < 7(A)7!}. It is therefore analytic in the disc of center 0 and radius r(A4)~! and by
the remark above, this is the largest disc centred at the origin on which the series is analytic. It
follows that r(A) ™! = R, i.e. r(A) = limsup,,_, . [|A"||*/".

It remains to show that the limit exists. We put b, = log|A"||. We have ||[A"T™| <
|A™|||A™|| and therefore byt < by + by,. Let m € N* be given, for n > m, we can write the
Euclidean division of n by m: n = mg+r, 0 < r < m — 1. Since byg < qby,, it follows that
bn < g¢bm + by and dividing by n,

n - n n

As n — 400, ¢/n — 1/m and b./n — 0 since b, on takes a finite number of values, namely
bo, ..., byu—1. We infer that

. b . b i
lim sup — < limsup (qu + T) = lim <qu + > =T
n—o—+oo M n—4oo \ T n n—+4o00 \ N n m
One can therefore write . ) .
inf = <liminf = < limsup — < -2
n>0 N n—+o0o N n—+oo N m
and since m is arbitrary, we have
b b b
inf = <liminf = <limsup — < inf 2.
n>0 N n—+o00 N n—+oo N m>0 m

Hence, the limit of b, /n as n — +oc exists and since by, /n = log(||A"||'/™), the result follows. [J

In the case where A is a self-adjoint operator, the spectral radius can be characterised more
explicitely

Corollary A.1. Let A € L(H) be a self-adjoint operator, then r(A) = ||A].

Proof. Since the sequence ||A™||'"/" tends to r(A), we only need to show that one of its subse-
quences converges towards ||A||. On the one hand,

|A%A] = HStlllp1<A*Ax,:v> = Swp 1Az|? = || AJI?,

one the other hand A is self-adjoint and therefore ||A*A| = ||A2%||. Hence, for all n € N,
|A%"|| = ||A||*". It follows that 7(A) = ||A||. O
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We have more precise informations on the spectrum of self-adjoint operators.
Theorem A.5. Let A € L(H) be self-adjoint, then

1. 0(A) CR,

2. or(A) =10,

3. the eigenfunctions of A associated to different eigenvalues are orthogonal.

Proof. e We begin by showing that o,(A4) C R. Let A € 0,(A) and z € H, x # 0 such that
Ax = Az, then B
(Az,z) = Nz, z) = (x, Az) = Nz, z)

whence (A —A) [|lz||* =0 and ||z|| # 0, dou A € R.
e We infer easily that o,(A) = 0, indeed, let A € 0,.(A), then A € 0,(A*) = g,(A) C R. We

therefore have A € R and A € 0,(A), which is absurd since 0, (A) and o,(A) are disjoint.
Therefore o,(A) = 0.

e Let us now show that 0.(A) C R. Let A\ = o+ i3 with 5 # 0. We assume that A € o.(A).
Then A\ — A is injective and its range is dense in H but distinct from H. We show that in
fact Im(AI — A) is closed in H, which contradicts the assumptions. To this end, we first
prove a useful inequality. Let z € H,

A= Az|* = ((a+iB— Az, (a+iB— A)x)
= |l — A)z|? + || Bx|* + 2R(iBx, (o — A)x)
and,
(ifx,(a — A)z) = i(B,(a — A)z) = iﬂaHxHQ —if(x, Ax) € iR,

whence
1A = A)z|* = [[(a — A)z||* + || Bz|* > B2||z|*. (A.8)

Let us consider a Cauchy sequence (xy,), in Im(AI — A), denote z its limit H. For each n,
there exists y, € H such that x,, = (A — A)y, and using (A.8), we have

|z = zall® = [|(A = A) (Y = ya)I* = Bllym — vl

It follows that {y,}n is a Cauchy sequence, hence convergent. Let y be its limit, by
continuity of (A — A), we have x = (A — A)y € Im(\ — A). Hence the result. The
assumption A € C\ R is therefore incompatible with A € o.(A), i.e. 0.(4) C R.

o Let \,pu € 0,(A), X # p. We consider z,y € H, x # 0, y # 0 such that Az = Az, Ay = py.
Then, using the fact that u € R,

(Az,y) = (Az,y) = Mz, y)
= (z, Ay) = (z, py) = p{z,y)
and since \ # p, it follows that (x,y) = 0.
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The resolvent has a straightforward but important property.

Proposition A.3 (The resolvent identity). Let A € L (), A\, u € p(A), we have

R)\(A) = Ru(A) = (u = NRA(A)R,(A). (A.9)

Proof. Ra(A) = Ru(A) = Ra(A)(uI — A)R,(A) = RA(A)AI — A)R,(A) = (1 — N RA(A) R, (A).
=I =1

OJ

Remark A.3. Note that the resolvent identity entails that for A\,u € C, Rx(A) and R,(A)
commute. Indeed, taking the sum of the two equalities

Ra(A) = Ru(A) = (p—A)RA(A)Ru(A)

R, (A) = By(A4) = (A= p)Ru(A)R\(A)
we obtain

0= (u— ) (Ra(A)R,(4) — Ru(A)RA(A))
and since  — X # 0 we have the result.

Besides resolvents, we need to consider functions of operators as we shall see shortly. This
is referred to as the functional calculus. Let A € £ () be a self-adjoint operator, for any
polynomial P, the operator P(A) is defined naturally by replacing the variable of the polynomial
by A. We have the following important property.

Lemma A.1. Le P be a polynomial with complex coefficients and A € L(H) a self-adjoint
operator, then o(P(A)) = P(c(A)) and

I1P(A)ll 2y = sup [P(A)].
A€o (A)

Proof. Let A € C, we have
PA) = A=C(A—2z1)(A —29)...(A — z)

where 21, ..., z,, are the roots of P(z) — A counted with multiplicity. We see that X € o(P(A)) if
and only if one of the roots belongs to the spectrum of A, i.e. there exists u € o(A) such that
P(u) — A = 0. This proves the first statement. For the second statement, recall that for any
operator B € £ (), we have

1BI? = 11B*B] .

Applying this to P(A) and using the fact that A is self-adjoint, we have
P(A)" = P(A") = P(4),
whence
P(A)*P(A) = PP(A).

Since PP(A) is self-adjoint, its norm is equal to its spectral radius, i.e.

IP(A)|* = [IPP(A)ll = sup [PP(A)| = sup [P()P(N)]| = sup [P(N).
A€o (A) Ao (A) A€o (A)
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By the Stone-Weierstrass Theorem, we can approach uniformly any continuous function f on
o(A) by a sequence of polynomials. Hence, the previous result extends to continuous functions.
We have a more complete result, referred to as the spectral theorem for bounded self-adjoint
operators in its continuous functional calculus form.

Theorem A.6 (Continuous functional calculus). Let A € £ () be self-adjoint, there exists a
unique map ® : € (R) — L(H) such that:

1. ® is an algebraic x-homomorphism, i.e.

o O(f+9g)=2(f) +2(g), ®(af) = a®(f), € C,

(
o O(fg) = 2(f) o 2(y),
e (1) =1dy,
° (I)(

2. ® is continuous and

|2()l.zey = sup [FO)] = [Ifllzee(o(ay s
A€o (A)

3. if f is the identity, i.e. f(A) = X for all X € o(A), then ®(f) = A;
4. if Az = Az, then, ®(f)z = f(\)z;

5. 0(®(f)) = f(o(A), i.e. X € a(®(f)) if and only if there exists p € o(A) such that
A= fp);

6. if f > 0, then the operator ®(f) is non negative, i.e. (®(f)z,z) >0 for all x € H.
We shall denote ®(f) =: f(A).

Proof. Let us start with uniqueness : 1. and 8. imply that for f = P a polynomial, ®(P)
coincides with P(A). Now let f € C(0(A)), by the Stone-Weierstrass, there exists a sequence
{P,} of polynomials such that P, — f uniformly on o(A). Les us assume that we have two
functions ®; and ®5 that satisfy the theorem’s list of properties. By the remark above, we have

VneN, &1(P,) = P2(P,) = P(A).
Moreover,
[21(f) = P2 < [ @1(f) = (Pl + [[@2(Fn) — P2(f)]| = 2||f = Palle(o(ay) = 0.

Hence ‘I)l = (I)Q.
We now turn to existence. Let f € C(0(A)), and {P,} a sequence of polynomials that
converges uniformly towards f on o(A). We put
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We must show that this is indeed a definition, i.e. that the limit is independent of the choice of
the sequence {P,}. Let us consider another such sequence {@,}, then

[1Pa(A) = @u(A)| = [|Pn = Qnlle(ay = 0-

Moreover the limit exists in £(H), since
||Pn(A) - Pm(A)H = ||Pn - Pm”c(o(A)) .

Since {P,} is a Cauchy sequence in C(o(A)), it follows that {P,(A)} is a Cauchy sequence in
L(H).

Then 1., 2., 8. are satisfied by construction and 4. is clearly true for any polynomial and
extends by density. Let us now prove 6.: Let f € C(0(A)), f > 0, then we can write f under the
form f = g2, where g is real valued and continuous on o(A). Since g is real valued, 1. entails

that ®(g) is self-adjoint. Still using 1., we have ®(f) = ®(g?) = ®(g)?. Whence, for all z € H
(@(f)z.2) = (2(9)%,2) = (B(g)z, B(9)x) = | @(9)x]* = 0.
It remains to establish the spectral image property 5.. We denote
F={f(N); rxea(4)}.

Considering A\g € C\ F' and the function g € C(c(A)) defined by

We have (f(A\) — Xo)g(A) = g(A)(f(A) — Aog) = 1 and therefore
(f(A) = AoD)g(A) = g(A)(f(A) — XoI) =1

which proves that Aol — f(A) is invertible and that Ao ¢ o(f(A)). Hence, o(f(A)) C F. We
show the converse inclusion. Let \g € F, there exists p € 0(A) such that A\g = f(u). There are
two cases :

o ker(A— ul) # {0}. Then there exists z # 0 such that Az = px. Then f(A)x = f(p)z and
therefore \g € o,(f(A)).

e 1 € 0.(A) (remember that the residual spectrum of a self-adjoint operator is empty). Then
the image of A — uI is dense in H but distinct from H. The operator (A — uI)~! is defined
on Im(A — uI) but is not bounded, otherwise, it would extend to a continuous operator
on H that would be the inverse of A — pI and this would contradict u € o(A). Therefore,
there exists a sequence {x,,} in Im(A — pul), ||z,|| = 1, such that ||[(A — pul) " ta,| — +oc.
Hence, putting

(A=),
A D) Tl
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which has a meaning for n large enough, because (A — pl) 'z,|| — +oo and therefore
(A — pI)~tz, # 0 for n large enough, we see that ||y, | = 1 and moreover

leall 1
1A= uD) ] ~ (A~ ul) ]

[(A = pl)yn|l = — 0, lorsque n — 40c0.

For p € N arbitrary, we have

1(AP = iPYynl| = [[(APT 4+ AP+ AP ™2 4 P (A = )|
< AP+ APt L+ AP+ P (1A = )yl = 0.

We infer that for any polynomial P, we have
|(P(A) — P())ynll — 0, lorsque n — +o0.

Let € > 0, there exists a polynomial P such that [|f(A) — P(A)[| = ||f — Plle(sa)y) < &/3
and there exists ng € N such that for all n > ng, we have ||[(P(A) — P(u))yn|| < /3. Then
for n > nyg,

I(F(A) = F)unll < I1(F(A) = P(A) |l + |(P(A) = P(1))yn|
HI(P(p) — f()ynll <e.

We have constructed a sequence {y,}, any element of which has norm 1 and whose image
by f(A) — f(r) = f(A) — Ao tends towards 0. This cannot happen unless A\g € o(f(A)).
Indeed, if A\g € p(f(A)), then

L= lyall = [[(F(A) = 20) " (F(A) = A0)yall < [[(F(A) = X0) | II(F(A) = Ao)ynll = O

which is absurd.

O]

A.5 Unbounded self-adjoint operators and perturbations thereof

Unbounded operators are the natural objects one has to deal with when studying linear partial
differential equation. Some results that we have seen for bounded operators extend to unbounded
operators without major modification, such as the functional calculus for self-adjoint operators
(provided we work with bounded measurable functions), but the proofs become more involved
and use some notions that we prefer not to describe here in order to keep the length of this
appendix under control. So a few results in this section and the next will be given without proof.
Once again, we refer the interested reader to the references mentioned above (mainly [47, 48]).

Definition A.9. An unbounded operator on F is the data of a subspace D(A) of S and of
a linear map A : D(A) — . It is usually denoted (A, D(A)). The space D(A) is called the
domain of A.
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Remark A.4. Of course, if D(A) is dense in F and A is bounded on D(A) for the norm in
F€, then A extends uniquely as a bounded operator on €. The examples we are interested in
are those where D(A) is dense in  and A is not bounded on D(A), i.e. not continuous for the
topology of 7.

Example. Let

H# = L*(R), D(A) = H'(R), A:%.

This operator is unbounded, otherwise, there would exist C > 0 such that for all f € Hl(R),
Hf,HLQ(R) <C ||f||L2(]R) )
i.e. L2(R) — H'(R), which is of course wrong.
Definition A.10. An operator (A, D(A)) is called symmetric if for all u,v € D(A),
(Au,v) = (u, Av) .

Definition A.11 (Adjoint). Let (A, D(A)) be an operator with dense domain (i.e. D(A) dense
in ). The adjoint of (A, D(A)) is the operator (A*, D(A*)) defined by:

DAY ={yesH; 3z A ; Ve € D(A), (Az,y) = (x,2)}

and
Ay ==z.
Remark A.5.

1. The fact that D(A) is dense in F ensures that if z exists, it is unique, for the difference
of two such z’s must be orthogonal to D(A) and therefore has to vanish.

2. An operator is symmetric with dense domain if and only if
D(A) C D(A”) and A*|pay = A. (A.10)

The property (A.10) exactly means that A* is an extension of A. It is often written simply
as

ACA".

3. Let A be a symmetric operator with dense domain and let B be a symmetric extension of

A, then we have
ACBCA".

Indeed, for all z,y € D(B), we have (Bz,y) = (x, By) and in particular for all x € D(A)
and y € D(B), (Az,y) = (x,By). By the definition of D(A*) and A*, it follows that
y € D(A*) and that A*y = By.

Definition A.12 (Self-adjoint operator). An operator (A, D(A)) is said to be self-adjoint if it
satisfies the following three properties:
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1. D(A) is dense in FH;
2. A is symmetric;
3. D(A*) = D(A).

Remark A.6. By point 3. of Remark A.5, we see that a self-adjoint operator does not have any
symmetric extension but itself.

Examples.
1. The operator D = %% is self-adjoint on L?(R) with domain H!(R).

2. The operator

n
52
A=) S
= 9
is self-adjoint on L?(R™) with domain H?(R") and is non negative, i.e. for all u € H(R"),

(—Au,u) > 0.

As we have seen above, when an operator is symmetric with dense domain, we have D(A) C
D(A*). However it is often difficult to calculate D(A*) explicitly. Luckily, there exists a fun-
damental criterion for the self-adjointness of such an operator that does not require a precise
determination of D(A*). This criterion requires the notion of a closed operator.

Definition A.13 (Closed operator). Given an operator (A, D(A)), its graph T 4 is defined as
Fp:={(x,Az); 2 € D(A)} .
We say that A is closed if I' g is closed in J€ x .
Note that for a closed operator, the domain of A, endowed with the graph norm
lullBiay = llull® + [ Aul® (A.11)

has the structure of a Hilbert space. We have the continuous embedding D(A) — % and
A — A is continuous from D(A) to 5. By Banach’s isomorphism Theorem, A\I — A is therefore
an isomorphism from D(A) to # if and only if it is bijective.

Any densely defined operator is such that its adjoint is a closed operator. This can be seen
by considering the unitary isomorphism of J# x . defined by

U(x,y) = (—y, ). (A.12)
Since % is unitary (i.e. X U%* = %*% = I), for any subspace F' of , we have
(w (F)" = (F*) .
Let (z,y) € £ x A, then (z,y) € % (T'}) if and only if for any u € D(A) we have
(z,y), (—Au,u)) =0, ie.(x, Au) = (y,u),

which is equivalent to € D(A*) and y = A*x. We have therefore proved the following result.
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Proposition A.4. Let A be a densely defined operator of 7€, then
D= (%(Ta))*

and 1is therefore a closed subspace of € x H, i.e. the adjoint of A is a closed operator. If in
addition A is symmetric, then A* is a closed extension of A.

We are now ready to state and prove the basic criterion.

Theorem A.7 (Basic criterion for self-adjointness). Let (A, D(A)) be a symmetric operator with
dense domain, the following properties are equivalent:

1. (A,D(A)) is self-adjoint;
2. (A, D(A)) is closed and ker(A* +iI) = {0};
3. ran(A £ il) = 2.

Proof. e 1. = 2. We have already established that if A is self-adjoint, then A is closed since
it is equal to its adjoint. Now consider x € D(A*) = D(A) such that Az = +iz, then we
have

(Az, z) = £il|z||*
the left-hand side is real and the right-hand side pure imaginary. It follows that z = 0.

e 2. = 3. Let us first establish that ran(A=+iI) is closed. Let (yy ), be a sequence in ran(A=+iI)
that converges in 7. For each n, there exists z,, € D(A) such that y,, = (A £+ iI)x, and

I(A £ iD)(@m — za)lI* = [ A(zm — za)|* + [|2m — zal|?

since (A(Tpm — xn), 1 (T — xp)) + (((Tm — zn), A(Tm — T5)) = 0 by symmetry of A. This
implies that both (x,), and (Azy), are Cauchy sequences in J#, let x and z be their
respective limits. Since the graph of A is closed, we have (z,z) € T'y, i.e. z = Az, in
other words, the limit of y,, is Az £ iz € ran(A £ iI). The range of A £ il is therefore
closed in 7. We now need to prove that it is dense in J#°, which is equivalent to proving
that its orthogonal is trivial. Saying that 2 € (ran(A = /)" means that for all y € D(A),
(Ay,x) = Fi(y,x) = (y, Liz) and this is exactly equivalent to saying that = € D(A*) and
A*z = +ix. So we see that

(ran(A £ iI))* = ker (A* Fil)
and this is trivial by assumption.

e 3. = 1. We only need to prove that D(A*) C D(A). Let x € D(A*), since ran(A—il) = 5,
there exists y € D(A) such that Ay — iy = A*z — iz. Using the fact that D(A) C D(A*)
and A = A* on D(A), we have y —x € D(A*) and (A* —il)(y —x) =0, i.e.

y —x € ker(A* — i) = (ran(A +iI))* = {0}.

It follows that @ € D(A) which concludes the proof.
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It is important, especially when studying scattering theory, to know under which conditions a
perturbation of a self-adjoint operator remains self-adjoint. The Kato-Rellich Theorem provides
a sufficient condition that is very useful. We need to introduce the notion of relative bound.

Definition A.14. Let (A, D(A)) and (B,D(B)) be two operators. We say that B is relatively
A-bounded if D(B) D D(A) and there exist non-negative numbers a,b such that

|Bz|| < a||Az|| + b||z|| Yz € D(A). (A.13)

The infimum of all a > 0 for which there exists b > 0 such that (A.13) holds is called the relative
A-bound of B and is denoted as(B).

Theorem A.8 (Kato-Rellich). Let (A, D(A)) be a self-adjoint operator. Let (B, D(B)) be a
symmetric operator that is relatively A-bounded with ca(B) < 1, then the operator (A+B, D(A))
18 self-adjoint.

Example. Consider V € L*®(R"), then —A + V is self-adjoint on L?(R™) with domain
H?(R™).

The spectrum of a closed operator is defined in terms of its restriction to its domain, endowed
with the graph norm, as follows.

Definition A.15 (Spectrum). Let (A, D(A)) be a closed operator, the resolvent set of A, denoted
p(A), is the set of A € C such that

M —A: D(A) — #

is an isomorphism, where D(A) is endowed with the graph norm (A.11). For A € p(A), we denote
Ry(A) := (M — A)_l, it is called the resolvent of A at X. The spectrum of A is the complement
of its resolvent set: o(A) := C\ p(A).

Proposition A.5. Let (A, D(A)) be a closed operator, for A € p(A), R\(A) € L () simply
because Ry\(A) € £ (A, D(A)) and D(A) — 7. Moreover, p(A) is an open set in C (i.e. o(A)
is a closed set in C) in which A — Ry(A) is analytic with values in L () and satisfies the
resolvent identity.

Let (A, D(A)) be a closed operator, similarly to a bounded operator, its spectrum can be
decomposed into three distinct parts:

e pure point spectrum: o,(A) is the set of A € C such that ker(A — A)} # {0};

e continuous spectrum: o.(A) is the set of A € C such that A\ — A is injective and its
range is dense in 2 but distinct from ), i.e. (\I — A)~! is an unbounded operator with
dense domain ran(Al — A);

e residual spectrum: o,(A) is the set of A € C such that A\I — A is injective and its range
is not dense in #, i.e. (M — A)~! is an unbounded operator with non dense domain
ran(Al — A).

Theorem A.9. The spectrum of a self-adjoint operator is real.
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Proof. This follows easily from the basic criterion. Let A = a4+ 48, 8 # 0. We have
1
A—)\I:A—al—iﬁlzﬁ(5(A—al)—il).

By the Kato-Rellich Theorem, B = A — al is self-adjoint with domain D(A) and so is %B.
Therefore %B —4I is an isomorphism from D(A) to J# by the basic criterion. O]

A.6 Spectral theory of unbounded self-adjoint operators

For unbounded self-adjoint operators, we have a functional calculus that ressembles that for
bounded operators, but using bounded functions that ensure that the images of the operators
are bounded.

Theorem A.10 (Spectral theorem for unbounded self-adjoint operators — bounded Borel func-
tional calculus). Let A be a self-adjoint operator on F, there exists a unique linear map ® from

bounded Borel functions on R to L () such that:
1. ® is an algebraic x-homomorphism;

N2y < suPreq(ay [F(NI;

3. let (fn)nen be a sequence of bounded Borel functions such that for all z € R f,(x) — x and
|fn(x)| < |z| for allz € R and n € N, then for all w € D(A), ®(fn)u — Au;

NS

4. let (fn)nen be a sequence of bounded Borel functions that converges pointwise to a bounded
Borel function f and such that the sequence sup,cg | fn(x)| is bounded, then ®(f,) — ®(f)
strongly, i.e. ®(fn)u — ®(f)u for allu € H;

5. if Ax = Az, then, ®(f)x = f(N)x;

6. o(®(f)) = f(o(A)), i.e. X € a(®(f)) if and only if there exists p € o(A) such that
A= fw);

7. if f >0, then the operator ®(f) is non negative, which means that for all w € H, we have
(@(f)u,u) = 0.

We shall denote ®(f) =: f(A).

An important function to consider as an example of application of the functional calculus is
f(z) = etz
Theorem A.11. Let A be a self-adjoint operator on J€, then the family of operators
{Uut) = e"icr
s a strongly continuous one-parameter group of unitary operators, i.e.

1. U(t) is a unitary operator on F for allt € R and U(0) = I,
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2. forallp e 7, U(t)p € C€(Ry; ),
3. forallt,s e R, U(t)U(s) =U(t + s) (and in particular U(t)U(s) = U(s)U(t)).
Moreover, it satisfies the following properties

4. for ¥ € D(A),

tim YOV =0 iy
t—0
5. if
t—0 t

exists, then ¢ € D(A).
Proof. The first three properties follow easily from the functional calculus.
3. Since ® is an algebraic x-homomorphism, we have
it A isA _ B(eMT)D(ei5T) = (eitreisT) = (I)(ei(t+s)z) — ilt+o)A

1. Invoking the same property, we also have e~"4 = ®(e~*) = ®(eilr) = (e*4)*. Putting the
two together, we obtain
eitA(eitA)* _ (b(ez‘txe—it;r) — <I>(1) =1y
eitA)* it

and similarly for (

2. Follows directly from Property 4. of the functional calculus.

4. We have '
eztx -1
. < |z|
it
and A
i eztac -1 _
s i

So for any sequence t, — 0, we are in the framework of Property 3. of the functional
calculus and this gives the result.

5. We define
D(B) := {¢ € A, %%W exists},
By = 1%5%% for ¢» € D(B).

Since U(t)* = U(—t), it follows that the limit itself is a skew-symmetric operator, and B
is therefore symmetric. Moreover, D(B) D D(A) by Point 4. above and B coincides with
A on D(A). Since A is self-adjoint, it follows from Remark A.6 that B = A.
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O

We see that the family of operators U(t) provides solutions to the Cauchy problem for the
Schrédinger equation
do

P _iA
a ~ e

provided the initial data are in D(A).

Theorem A.12. Let A be a self adjoint operator on €, consider the Schridinger equation

d¢é _

— = iAo, (A.14)

Let ¢g € D(A), then (A.14) admits a unique solution in €(R; D(A)) NEYR; ) given by
B(t) = e A¢gy. This solution satisfies

e Aol = || ol for all t € R.

Moreover, if ¢pg € D(A¥), k € N*, then

k
ey € [ €P(Ry; D(ARP)).

p=0

Proof. First of all e4py € €(R; ) and by point 4. of Theorem A.11, we see that it is
differentiable in time and that

d . . .
3 (€"00) = ie" M Agg € C(R; ).

By the functional calculus, we also have that for all ¢, s,

isA isA
et — 1T . Laets — T
eztA ¢0 eztA

S S

b0

and since the right-hand side has a limit in J as s — 0, it follows from point 5. of Theorem
A.11 that e ¢y € D(A) and then point 4. entails that the left-hand side tends to iAe™4¢y.
Hence €4 satisfies (A.14) and e*4¢pg € €(R; D(A)). The norm in JZ of e*4¢q is preserved
because €4 is a unitary operator for all ¢. This concludes the existence part of the proof.

Now consider 1) € €(R; D(A))NE(R; ) a solution to (A.14) such that 1(0) = 0. We

have d

since 1A is skew adjoint. Since 1(0) = 0, this entails that ¢ is identically zero and establishes
the uniqueness of solutions.

The additional regularity is established by a simple bootstrap argument. For k = 1 there is
nothing new. Assuming k > 2, we have A¢g € D(A*1), with k — 1 > 1 and therefore

e Apy € €(Ry; D(A)NE Ry ; H).
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But since A commutes with ¢4 on D(A), we get
Ay = A6 = Ag(t) € € (Ry; D(A)NE (Ry; H).

This implies that

b€ E(Re; D(A2) N (Re; D(A)). (A.15)
And using the equation we also have
o do , 1. .
iAp = a €ECRy; D(A)NE (Ry; ). (A.16)

Putting (A.15) and (A.16) together, we get
¢ € €(Ry; D(A*)NE (Ry; D(A) NE* (R, H).
The result follows by induction. O

Remark A.7. In some important cases, H will be a distribution space (S = L*(R") for
example), and A will be a differential operator. In such cases, it is often possible to gain the
existence and uniqueness of solutions to (A.14) in € €(Ry; H) in the sense of distributions;
such “minimum regularity” solutions will still have their norm in € conserved throughout time.

In fact there is a converse result to that of the theorem above.

Theorem A.13 (Stone’s Theorem). Let U(t) be a one-parameter group of strongly continuous
operators on J, then there exists a self-adjoint operator A such that U(t) = e, A is called
the infinitesimal generator of U(t).

A.7 Gronwall’s Lemma

A priori estimates are among the most useful methods in analysis. In many cases, they rely on a
fundamental inequality first established by the Swedish mathematician Thomas Hakon Gronwall
in 1919 and then generalised by many people. A standard form of the result is the following.

Theorem A.14 (Gronwall’s inequality). Let ¢ : [0,T] — [0,4o00] and C' : [0,T] — [0, +0o0] be
continuous functions and let B > 0. Assume that for t € [0,T] we have

o(t) < B + /0 C(s)d(s)ds

Then for all t € [0,T], we have

(1) < Bexp ( /0 t C(s)ds) .
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