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Conformal scattering and the Goursat
problem

Lionel J. MASON! & Jean-Philippe NICOLAS?

Abstract

We work on a class of non-stationary vacuum space-times admitting a conformal
compactification that is smooth at null and timelike infinity. Via a conformal trans-
formation, the existence of a scattering operator for field equations is interpreted
as the well-posedness of a Goursat problem on null infinity. We solve the Goursat
problem in the case of Dirac and Maxwell fields. The case of the wave equation
is also discussed and it is shown why the method cannot be applied at present.
Then the conformal scattering operator is proved to be equivalent to an analytical
scattering operator defined in terms of classical wave operators.

1 Introduction

Scattering theory, used in the framework of general relativity, is a powerful tool for study-
ing the long-time influence of the geometry of space-time on the behaviour of fields.
Stationary scattering was in particular used by S. Chandrasekhar et al. [8] to calculate
the quasi-nomal modes (resonances) of field equations, of spin lower than or equal to
two, on black hole geometries such as Scharzschild and Kerr. Time-dependent scattering
was first used by J. Dimock [15] and J. Dimock and B. Kay [16, 17, 18] to describe the
asymptotic behaviour of classical and quantum scalar fields on the Schwarzschild metric.
Since then, many works in the same spirit have appeared, by A. Bachelot [1, 2, 3, 4, 5],
A. Bachelot and A. Motet-Bachelot [6], D. Héfner [22, 23], D. Héfner and J.-P. Nicolas
[24], F. Melnyk [31, 32|, J.-P. Nicolas [33]. As a result, we now have a rather detailed
understanding of the classical and quantum scattering by a spherically symmetric eternal
black hole, including proofs of the Hawking effect, and our grasp of the Kerr case is slowly
improving.

All the methods used in the works just cited, however successful they may have been,
suffer from a common drawback : they rely heavily on spectral methods and therefore
can only be applied in time independent situations (space-times with a Killing vector that
can be interpreted as the time coordinate vector field, which does not necessarily mean
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stationary, e.g. Kerr). This constraint is purely technical. The relevent information for
the development of a scattering theory in relativity is the asymptotics of the metric. These
asymptotics are encoded in those of the field equations and then extracted by means of
spectral techniques to obtain a scattering theory. It is these spectral techniques that are
incompatible with generic time-dependence. The purpose of this paper is to show that,
using more geometrical methods, it is possible to extract directly from the asymptotics
of the metric, information on the scattering properties of fields ; the results obtained are
completely equivalent to those obtained by analytical scattering techniques.

The main tool is the Penrose conformal compactification : a space-time (.#,g) is
represented by an “un-physical” space-time (////\, g), g being a conformal rescaling of g,
whose boundary (made of two null hypersurfaces .#* and “points” i* and i) describes the
infinity in the original space-time. The asymptotics of the physical metric g are encoded
into the regularity of g at the boundary of .#Z. The asymptotic behaviour of solutions of
covariant hyperbolic and conformally invariant field equations is then entirely described
by the trace of the solutions of the rescaled equations on .#*. The idea is then to interpret
the notion of scattering operator, at the level of the rescaled space-time, as an operator
that to the trace of the rescaled field on .~ associates its trace on .# . To show that
this operator is well-defined and is an isomorphism between adequate function spaces, it
is necessary to solve the Goursat problem (or characteristic Cauchy problem) on #* for
the rescaled equation.

The essential ideas concerning the Goursat problem on .#* were developed by R.
Penrose in [35]. The first use of these techniques for constructing a scattering theory is
due to F.G. Friedlander [20, 21] in the context of static space-times with regular conformal
structure at space-like infinity. The techniques were taken up again by J. Baez, 1. Segal
and S. Zhou [7] ; this is a construction in Minkowski space for nonlinear, conformally
invariant wave equations, showing that the existence of a conformal scattering operator
(that to traces on .~ associates traces on # 1) is equivalent to a scattering theory defined
in terms of classical wave operators. Immediately after this work, L. Hormander published
a short paper giving a rigorous proof of the solution of the Goursat problem for generic
wave equations on spatially compact space-times [26]. Since then, as far as we know, the
idea seems not to have been pushed further.

We work with space-times, referred to as smooth asymptotically simple space-times,
whose Penrose compactification is regular at timelike and null infinity. The notion of
asymptotically simple space-times was first introduced by R. Penrose (see for example [36]
vol. 2) and since the works of Corvino in 2000 [13], Chrusciel and Delay in 2002 and 2003
[11, 12] and Corvino and Schoen in 2003 [14], it is known that there are solutions of the
Einstein vacuum equations with full functional degrees of freedom in the initial data that
are asymptotically simple with prescribable regularity at null and timelike infinity. This
provides a generic framework of non stationary vacuum space-times with regular conformal
compactification. On such space-times, we construct a conformal scattering operator for
the Dirac and Maxwell equations and we prove the equivalence with analytical scattering
theories defined in terms of classical wave operators. The case of the wave equation
requires some extra details and will be treated fully in a separate paper; here we indicate
some of the main steps but dont give a complete treatment. The paper is organized as
follows :



e Section 2 contains a description of the geometry of the space-times we work with
and their conformal compactification. The three equations we study are also de-
scribed, including the Cauchy problem, conserved quantities and conformal invari-
ance. Subsection 2.2 contains the important definitions (definitions 2.1 and 2.2) of
the spin-frames we shall use in the physical and rescaled space-times.

e The next section (section 3) describes the strategy of construction of the conformal
scattering operator (following the ideas of Hérmander in [26]) and contains the two
main theorems for Dirac and Maxwell fields.

e In section 4, we prove that the conformal scattering theories obtained are equivalent
to analytical scattering theories where the scattering operator is defined in terms
of classical wave operators. The comparison dynamics are as simple and visual as
can be since they are given by the flows of congruences of null geodesics near £+ ;
this gives a description of the scattering operator in terms of asymptotic profiles
rather than the more complex comparison dynamics. This part shows that the
conformal technique allows one to construct genuine scattering theories in generic
non-stationary frameworks where spectral methods cannot be applied. The technical
complexity of spectral methods is also far greater than that of conformal techniques.

e The technical issues are then treated in details in appendices : crucial estimates
used for the construction of the conformal scattering operator are given in appendix
A, appendix B contains the proofs of the theorems and the detailed construction of
a solution to the Goursat problem is done in appendix C.

This paper is the first step in a programme centred on conformal scattering in general
relativity. Subsequent studies will include a detailed treatment of the wave equation as
well as an alternative solution of the Goursat problem using the techniques of Hadamard
and Leray (as Friedlander did for the wave equation in [19]). A key issue that will also
be addressed is that of the peeling : what are the minimal conditions to impose on initial
data on a spacelike hypersurface to ensure that the trace of the solution on .#* is smooth?

2 Geometrical and analytical frameworks

2.1 Asymptotically simple space-times and the space-times of
Corvino-Schoen and Chrusciel-Delay

We work with the space-times constructed by Chrusciel and Delay [11, 12], Corvino [13],
and Corvino and Schoen [14]. These space-times are asymptotically simple with specifiable
regularity for null and timelike infinities and are diffeomorphic to the Schwarzschild or
Kerr space-time in a neighbourhood of spacelike infinity. We concentrate our attention
on the most regular case, where null and timelike infinities are smooth (meaning here
C>). Our theorems can be extended to less regular cases but we do not wish to blur the
ideas by too many technical remarks. The minimum regularity of future and null infinity
compatible with our constructions will be discussed in subsequent papers.



Let us first recall the definition of asymptotically simple space-times in the smooth,
asymptotically flat case. A 4-dimensional, globally hyperbolic, Lorentzian space-time
(M, q), M ~ TR is called asymptotlcally simple if there exists another globally hyper-

bolic, Lorentzian space-time (//l g) and a smooth scalar function € on  such that :

(i) # is an open submanifold of M whose boundary is the union of two points ¢~ and
i™ and a smooth null hypersurface (denoted .# and pronounced scri, for “sript i”) ;
& is the disjoint union of the past light-cone .#* of i* and of the future light-cone
S~ of i™ ; F7F are referred to as future and past null infinities respectively and i+
as future and past timelike infinities respectively ;

(i) >0, =g on .#,Q=0and dQ # 0 on 0.4 ;

(iii) every null geodesic in .# acquires a future endpoint on .# and a past endpoint on
I

It follows from the definition above that & (resp. .#7) is the set of future (resp. past)
end-points of null geodesics and that ¢* (resp. i7) is the set of future (resp. past) end-
points of uniformly timelike curves. We also define %, or spacelike infinity, as the set of
boundary points of uniformly spacelike Cauchy hypersurfaces in .Z .

We denote by V the Levi-Civita connection associated with the metric g and by \Y
the Levi-Civita connection associated with g.

2.2 341 decompositions

In order to have a natural formulation of the Cauchy problem in the physical space-time,
we perform a 3 + 1 decomposition of the geometry that will allow us to express the field
equations as evolution equations. We choose on .# a global smooth time function ¢, such
that V% is uniformly timelike on ., i.e.

J0<C <Cy < +00; Cy < g ViVt < Cy at each point of A |

and the second derivative of ¢ tends to zero at infinity along any direction (timelike, null
or spacelike).

The foliation {¥;}cr of .4 by the level hypersurfaces of ¢ is a foliation by smooth
Cauchy spacelike hypersurfaces, all diffeomorphic to ¥ = R3. Moreover, (3,h(t)) is
asymptotically flat for each t. We consider T the future-oriented normal vector field
to the foliation, normalized so that T*T, = 2. This normalization is convenient in the
context of spinors ; T4 induces a Hermitian form on spin space and so we can choose
a unitary spin frame that is “adapted to the foliation” as defined in [34] meaning that
TAY = 0464 + 147" in addition to 1?04 = 1. In such a spin-frame we have

Tanr = T =1d,, e Tawd Y = |6° + |6']", T4 pada = |of* + ]

(Here we adopt the abstract index convention in which ordinary indices are abstract
markers specifying the vector bundle to which a given (spin-)tensor belongs and bold-face



indices referring to concrete indices labelling components in a given frame.) The metric
g can be decomposed as follows :

1 1
gar = 5TaTy = hay L.e. guda"da® = ZNd* — b, (1)

where the lapse function N is defined by T,dx® = Ndt and h is for each time ¢ a smooth
Riemannian metric on 3, it can therefore be considered as a smooth time-dependent

riemannian metric on R3. The connection V, can likewise be decomposed along 7% and
along (T%)" :

1 1
Vo= §TaTb Vy—ha' Vy = 57aVr + Do, (2)
where Vp = TV, is the covariant derivative along 7% and D, = —h,’V, is the part

of V, orthogonal to 7% : T*D, = 0. D, is the four-dimensional covariant derivative
restricted to act tangent to ;. It differs from the Levi-Civita connection on (3, h(t)) by
a combination of the extrinsic curvature (or second fundamental form) of the leaves of
the foliation. In particular D, T, = Ku = K(a) is V/2 times the extrinsic curvature. More

precisely we have
Kay = DoTy = ho"hy'V. T

and obviously T%K,, = 0. We introduce the following slightly different form of the space-
like covariant derivative

DAB _ T(IZ/VB)A/ _ TXVDBA/ : DAB —_ Tél/qu)Bl _ TngBB/ ‘

The product structure .# ~ R x ¥ is fixed by identifying the points on different
hypersurfaces Y; along the integral lines of 7. This defines the vector field 0/0t as
N
0 - 0

a

EIE dzre’

independently of the choice of local coordinates on .
On the rescaled space-time, we shall use two different foliations. One given by the
hypersurfaces ¥, that approach .#* as t — 400 (see figure 1). We define a second foli-

ation as follows : we choose a global smooth time function 7 on (////\, g), such that Ver
is a uniformly timelike vector field and 7(i*) = £7, T > 0, and we consider the level
hypersurfaces of 7, .7,. We assume in addition that 4 = 3 (see figure 2). The hypersur-
faces ¢, correspond, in the physical space-time, to hyperboloids that are asymptotically
null. In the rescaled space-time, they are smooth uniformly spacelike hypersurfaces, with
boundary .# N J#.. Note that S ¢ is reduced to i*.

Using this new foliation, we can perform a 3 + 1 decomposition of g and V. We denote
by T the future-oriented normal vector field to 7 (for the metric g), normalized so that
GapT?T" = 2. We have

>
>

~

~ 1 - ~
Gy = =T,Tp — hap i.e. Gapdatda® = 5N2dr2 —h, (3)

A

Vo, =

>

A A A

PPN 1
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Figure 1: The foliation {3;} repre-  Figure 2: The foliation {J% }, whose
sented in the rescaled space-time. leaves are transverse to .#.

where T,dz® = Ndr and hy, is for each time 7 €] — T,T], a smooth Riemannian metric

on .

2.2.1 Spin frames

We can shoose a global smooth spin frame over all of .#Z whose derivative tends to zero at
infinity (M is topologically trivial). Similarly one can choose a global smooth spin-frame
on A . However, we will wish to adapt the spin-frames to the geometry of ., and this
cannot be done globally.?> These topological technicalities require us to use at least 3
spin-frames. However, they are all related by smooth bounded functions to a suitably
chosen global smooth spin-frame. Furthermore, the formulae that we use do not depend
on the choice of a spin-frame; densities for norms can be calculated locally on the separate
patches, but will agree on overlaps and so the local integrals can be added together with
a partition of unity to give the appropriate global norm. With these provisos, we choose
spin-frames on two neighbourhoods near .# as follows:

Definition 2.1. On /Z/\, near S, we choose a spin-frame (64,14), smooth except at i~
and it, such that 1* = 626% is tangent to S ~, a® = 44 is tangent to ZT. Note that

3To be more specific, we wish to choose spin-frames in the unphysical space-time so that 2% = i4;4 is

tangent to .# 1, and Jo =o6464 is orthogonal to the cross-sections of .# ' given by the intersections with
J¢,. However, the complex vector m® = 0474 is determined by its real part (the real and imaginary parts
have the same length and are perpendicular) and so cannot be non-zero globally on the S?s. Furthermore,
such spin frames cannot continue smoothly over the interior of the hypersurfaces as n® defines a map
from the sphere to the light cone with nontrivial winding number and so cannot be extended smoothly
over the interior of some 7, as this would deform the map to the trivial one. In total, then, we need
three sets to cover the space-time, two to cover the S? factor near infinity on the complement of some
world tube K x R with K compact in each ., and one to cover the interior of the space-time.



such a spin-frame is necessarily singular at i*. We also assume that i* = 14 near S+

and 6 = o near .

This will be enough for our treatment of Dirac’s equation. In the Maxwell case,
however, we will wish to choose the spin-frames (0#,:4) in the physical space-time and

(64,14) so that they are related by a rescaling :

Definition 2.2. We choose on . , near ., a spin-frame (0?,14) such that the associated

tetrad 1* = 046, n® = LAY, m® = oY, m® = 126%, is a normalized Newman-Penrose

tetrad for the metmc g and Satzsﬁes mn addz’tion :

e [% extends to become a tangent to ¥~ and n® extends to become tangent to I in

—

M
° la + na — Ta ;
e O721% and Q~'m® are smooth on £+ and Q2n® and Q~'m® are smooth on &~ .

On /// the spin-frame (64,14), such that the associated tetrad Z“, ne, me, m® is a nor-
malized Newman-Penrose tetmd for the metric §, is then defined as a rescaling of (0, 14).

Consider two functions A\ and Ay on A such that, for ty > 0 given,

o )\ = Q7! in the future of the hypersurface %, Ao = Q7' in the past of L_4,,
)\1)\2 = Q_l on M 5y

e )\ and Ay are positive and smooth on A ,

then we define (64,i4) by 64 = M\jo? | it = A4,

2.3 The Cauchy problem in the physical space-time

On each ¥;, we consider the standard Sobolev spaces :

Definition 2.3. Given B a vector bundle on ¥ and k € N, we define H* (3;; B) as the
completion of the space C§° (Xy; B) of smooth compactly supported sections of B in the
norm :

102 / S (Ve R4, dVol,

|a|<k

where (.,.), and dVol, are the inner product and the volume form on ¥, induced by the
metric g (i.e. by the metric h(t)).

Implicit in this definition is a choice of metric on the bundle B. In this paper, the
bundles will be tensor bundles over the 2-component spinors and these do not have a
natural positive definite metric. However, when working on a space-like hypersurface,
the normal vector T4 provides a good choice although any other normalized uniformly
time-like vector field will do.



Remark 2.1. For any ty,ty € R, the metrics h(t1) and h(ty) are uniformly equivalent on
Y3, Moreover, asymptotic simplicity and the way the function t was chosen entail that this
equivalence is also uniform in time. Consequently, the Sobolev spaces H*(X;; B) consid-
ered as Hilbert spaces on Y are all uniformly isomorphic to H®(Xq; B). For simplicity,
we shall denote H*(Xy; B) by H*(X; B) and the hermitian product and volume form on
Yo by (.,.) and dVol. When we wish to use explicitly the norm on a given ¥, we shall
come back to the complete notations H*(X;; B), (.,.), and dVol,.

Remark 2.2. For further simplicity, we shall often use formal notations : H; will denote
a gwen Hilbert space on ¥, and H the corresponding Hilbert space on X, equipped with
the Hy norm.

2.3.1 The wave equation

The conformally invariant scalar wave equation

6

where R, is the scalar curvature of the metric g, is expressed as an evolution equation as

(D+1Rg>¢:O,D:VaV“, (5)

2 (0 0 1., 1., . -

The energy for the standard wave equation
Oy =0,

associated with the timelike vector field T is

Blo,t) = / ToT Vo,
pI

- 1
= /E (10:0]” + N*h*0,005¢ + |9°) ~ Vol

¢ 09 ca 09 09

0z 0zt I Gze gl

The Cauchy problem for equation (5) is well-posed in any Sobolev space of integral order
on Y. Cauchy data consists of the field on ¥, ¢x,, together with its first derivative
Vs, = 0¢/0t|5, . We have :

Lemma 2.1. For any k € N*, for any (¢o,, ¥s,) € H*(X) ® H*'(X), there exists a
unique solution

where 87T, =

¢ €C’(Ry; HYX))NC' (Ry; H (X))
of (5) such that $(0) = ¢x, and 0;¢(0) = s,. In addition,

k
pe(C (R H'(D)) .
1=0
This result is proved for general globally hyperbolic space-times in Y. Choquet-Bruhat,
D. Christodoulou and M. Francaviglia [10].
Characteristic data for the wave equation consists simply of ¢ restricted to the initial
null hypersurface (see [35]).



2.3.2 Dirac fields
The massless Dirac equation reduces to the Weyl anti-neutrino equation
VAY 4 =0. (6)
Its 3 + 1 decomposition is given by
Vipa = —V2N DEop

where V; denotes V 2. Although the energy momentum tensor does not lead to any
t

positive definite conserved quantity, a special feature of Dirac’s equation is that it admits

a closed 3-form, referred to as the charge or probability density

w="Papadz?®, VM (¢a0a) =0. (7)

This leads to an exactly conserved L? “energy”
l6allz2(s,) :A T4% ¢4 4dVol, :/E (I60f* + [@1]*) dVoly = [Pl 2y »  (B)

(the expression in terms of components of ¢, is valid for any spin-frame (04, ) adapted
to the foliation {3;};) and to estimates for higher derivatives. The Cauchy data for (6)
consists of ¢4 restricted to the initial data surface. The Cauchy problem for this equation
is well posed in all Sobolev spaces (see [34] for a detailed proof for generic symmetric
hyperbolic systems) :

Lemma 2.2. For any k € N and ¢4 € H*(X; S,), there exists a unique solution
¢4 €C(Ry; HYZ; Sa))
of (6) such that $4(0) = 4. Moreover,
k
OF NS ﬂCl (Re; H'(S; Sa)) -
1=0
The characteristic data for a null hypersurface with null normal n* = 474" is ¢, :=

¢ALA, [35]

2.3.3 Maxwell’s equations

We work with the field version of the equation here

VA% ap =0, dap = dan), (9)

where the curvature 2-form of the electromagnetic field F,, = ¢papcap + (;3 A p€ap. The
energy momentum tensor is

Top = dapdarp



and this is conserved, VT, = 0 leading to energy estimates of the standard form for

E(6,t) = / T yodVol,
¢

- L (Ipool® + 2l o1 |* + d11|?) dVol, (10)
V2 /s,
where in the above we have used a spin-frame in which 744" = 0454 + 474"

The Cauchy data for the Maxwell equations consists of ¢ g \20 subject to the constraint
equations DA4P (gb AB|20) = 0. It is easy to see that this constraint is preserved by the
evolution as a consequence of the identity VA4'VE ¢ap = 0. (There are 4 equations
for the three components of ¢ 45 so the system is overdetermined. However, this identity
shows that, in effect, the constraint equation is a consequence of the other three equations
if it is imposed on the initial data, so the system is consistent.)

In order to apply the theory of symmetric hyperbolic systems, we need to extract three
of the four equations that form one. To do this, we choose a time-like vector field, T,
with T°T, = 2 and consider the equations Tl AVCA/¢B)C = (0. These are equivalent to
the evolution equations T°V ¢ p = Da¢3)c. These evolution equations admit energy
estimates for the energy (10) with the same T ; they are a symmetric hyperbolic system
so that the Cauchy problem is well posed in H*.

Lemma 2.3. For any k € N and for any Y ,p € HE (Eo; S(AB)) such that DBy a5 = 0,
there exists a unique solution

¢ap €C(Ry; H" (Z; Sup)))
of (9) such that ¢ap(0) = Yp ; that is to say, in particular, that DAP (¢AB|Zt) =0 for
all t € R. Moreover .
dap €[ )C (Ri; H*' (S5 Sup)) -
1=0

Remark 2.3. Note that the constraint on the hypersurfaces ¥, take the form

(145 0a)| =0.

t

We shall denote the space of constrained L* data on Xy by Ly, wen (S¢; Scap)) or simply
Li/laxwell (Et)

The characteristic data for a null hypersurface with null normal n® = (474" is ¢ =
daptP, [35).

2.4 The field equations on the rescaled space-time

We first define function spaces on the rescaled space-time, based on the ones we use on
the physical space-time. To a given Hilbert space H; on >;, we associate H; its image
under the isometry ¢ +— Q7 1¢ ; that is to say

8]l = [|27"0

A

10



If all the H; norms are uniformly equivalent in time, then the H, norms are all equivalent,
but not uniformly. We likewise use the notation H for Hy considered as a Hilbert space
on .
All three equations are conformally invariant with ¢ +— Q7'¢. This means that if we
denote formally the equation by
Lyo =0, (11)

and if the Cauchy problem for (11) is well posed in a given Hilbert space H, then ¢ €
C(R;; H) is a solution of (11) if and only if ¢ := Q7'¢ € C(R;; H) is a solution of

Lyp=0, (12)

where (12) is the covariant equation (11) with the metric g and its associated covariant
derivative replaced by g and V.

Remark 2.4. An additional important property of Dirac’s equation is that the closed
3-form

w=" <¢A§5A’d$AA,>

1s conformally invariant, where x is the Hodge x-operator, which on a 1-form is given by
xa,der® = % < % gpeqdabdzcdad. The same is true in the Mazwell case of the 3-form

- (TaTabdl‘b) =" (Ta¢AB<Z_5A'B'dIBBI)

with T* remaining unrescaled.

So we see that in the Dirac case, if Hy is taken to be L*(X;; Sy4), the space H, is simply
the natural L? space on ¥, associated to the metric g, that we can denote Lz (X5 Sa),
or L* (3¢5 g) if we do not wish to specify the bundle. In the Mazwell case however, since
the vector T is not rescaled, if we take Hy = L3, on (Et; S(AB)), then the space H, will
be a weighted L? space on ¥, associated with the metric §, the weight being exactly €.

The rescaled space-time is smooth and globally hyperbolic. Using the foliation {5},
of .4 and the 3 + 1 decomposition of §, we obtain a well-posed Cauchy problem in some
natural Hilbert spaces defined on the hypersurfaces .7#.. These spaces depend on 7 in
that the metric and the hypersurface 7 both depend on 7, but they vary smoothly with
T.

Finally we prove an important property of the equations we consider. This property
will entail the existence of trace operators on .#*.

Lemma 2.4. For C5° data on ¥y the corresponding solution gzg is smooth on .4 and its

support remains away from i°.

Proof. The fact that the support of the solution remains away from :° is a straight-

forward consequence of the finite propagation speed (see figure 3 for the shape of the
support). This allows us to deform, away from the support of the initial data, the space-
like hypersurface ¥y into a hypersurface ¥, that is spacelike for the metric g but goes

across .# T and remains away from °.

11



— Support of initial

Support of solution data

Support of initial data

% i°

Initial data hypersurface

>~ Part of space-time
that is cut-off before
the extension

i

Figure 3: Support of solution for compactly Figure 4: Construction of the hypersur-

supported data. face 3 and extension of the space-time
lying in the future of this hypersurface
as the smooth space-time M.

The part of the space-time . that lies in the future of this hypersurface is completely reg-
ular and can be extended to a smooth Lorentzian globally hyperbolic space-time without
boundary (see figure 4), say (M =R x S3, G). The equation

Le® =0

then admits a unique solution ® € C> (M). This is a consequence of Leray’s theorem
(see [29]) for symmetric hyperbolic systems on smooth globally hyperbolic space-times.
This solution ® coincides with (;3 in the part of the future of 3% that lies inside of .# , by
local uniqueness of solutions of (12), consequence of the finite propagation speed. Hence,

QAS extends to a smooth function on .7 . O]

3 The conformal scattering operator : strategy of
construction and main theorems

The construction of a conformal scattering operator is done in three main steps, following
the general strategy of Friedlander, [20], using techniques based on those in Hérmander’s
work [26].

First step : trace operators T on .#*. In the conformal description of scattering,
this step is the easiest ; it is the construction of a trace operator that, to the initial
data on ¥, associates the characteristic data on .#* of the corresponding solutioll\.
We work with data in C°(Zg). For such data, the solution ¢ is smooth on ..
Therefore we can define the trace of qg on .#*. The equations being linear, the trace
depends linearly on the initial data. Then, for a well chosen Hilbert space f]ﬁ on
#* we prove an estimate of the form :

~

30> 03 ¥os, € CF(%0), ||63] . <€ émi|, (13)
B2

12



where éj} is not the complete trace of $ but its characteristic data on .#* : the
estimate (13) is obtained by integrating a 3-form on a closed hypersurface ; the part
integrated on . is degenerate and involves only one component of the trace of the
solution on .#*. This allows to define, by densfcy of C5°(3p) in H, bounded operators
T+ from H to H i, that to qbgo associate qb s These operators are the analogues,
in this conformal construction, of inverse wave operators in usual analytical time-
dependent scattering theories.

Second step : The trace operators T+ are one-to-one. We prove the estimate recipro-
qual to (13) :

30 > 0; Yoy, € C° quzo

<elés,,

(14)

By density of Ce(X) in H and by continuity of T+, this shows that T* is one-to-one
from H onto the closed sub- space TEH of H <

Third step : % is an isomorphism. We show that for any ¢ ~ € C°(I%), where
we define C°(.#%) as the space of C* functions on & + whose support remains
away from i° and i*, there exists gbz € H such that Tigbz — ¢%. This amounts
to solving the Goursat problem on .#* with data qﬁ. We thus obtain a densely
defined inverse to T* that is clearly continuous by estimate (14). Hence this densely
defined inverse can be extended to a bounded operator from H £ to H that is an
inverse for ¥*. The operators (Si) are the analogues of direct wave operators in
analytical time-dependent scattering theories. The conformal scattering operator is
then defined as

S=3H (). (15)

It is the operator that takes characteristic data at £~ to the corresponding data at
I,

Using this strategy, we prove the following theorems (details of proofs are given in

appendix B). The case of the wave equation remains open for the moment. We treat the

Dirac and Maxwell cases completely. We work with the spin-frames (6%, i) on M that
were introduced at the end of subsection 2.2 : that of definition 2.1 is enough for Dirac,
but for Maxwell we need to use the spin-frame of definition 2.2.

Theorem 1 (Dirac’s equation). Here we have Hy = L*(3g; Sa). The trace operators
T that, to some initial data ¢a| € Cs°(X0) for the rescaled equation
b

0
VA4 =0, (16)

associate respectively the trace of él on I and the trace of ¢20 on &, extend as iso-
morphisms from H onto L*(#*; C).

Theorem 2 (Maxwell’s equation). Here the space Hy is the space of constrained L?
Mazwell data on > :

L12\/Iaxwell(20> = {(bAB S L (207 S(AB)) D ¢AB = 0}
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The trace operators TF, that, to some constrained initial data éAB € H, for the rescaled
equation R A
VA5 =0, (17)

associate respectively the trace of Qgg = ZAZBgEAB on It and the trace of ggo = éAéquAB
on S, extend as isomorphisms from Hy onto L?(.#*; C).

Remark 3.1 (Null data and the trace on .# of the rescaled field). For each field equation
considered here, the characteristic data on #*, i.e. the data necessary for solving the
Goursat problem on Z*, contain less information than the Cauchy data on a spacelike
hypersurface or indeed the full trace of the field on Z* : for the wave equation, it is the
trace ofqg only with no information on (9795, for Dirac and Maxwell, it is the trace of
only one component of the field. It is however important to understand that, if the field
18 reqular enough, the remaining information is completely determined in terms of the
characteristic data by the restriction to % of the equation and some choice of boundary
condition. This restriction can be considered as a contraint equation on %. We illustrate
this remark in the case where the characteristic data is (;3:,; e Ce(IT).

e Dirac’s equation : the null data gg} is the trace of gZA>1 on St. We use the expression
of the equation in terms of components

A2V ady — M2Vad1 + (1 —7)do + (1 — B)¢1 = 0,
[*Vadr — m*Vato + (a0 — m)pg + (¢ — p)p1 = 0,

w, v, 7, B, a, ™, € and p being spin coefficients (see [36] vol 1). The restriction of
the equation to F is the first equation above ; it is an ordinary differential equation
along the null generators of I+ that determines ¢y in terms of ¢1 provided ¢q is
assumed to be zero at it

o Mazxwell’s equations : the null data cﬁ} 15 the trace of QBQ on S, This is similar to
the Dirac case. The full system is written in terms of components as

ﬁa@aﬂgo - ma@aél + (1 —27) ng + 27&1 - U<,52 0 (18
12V ad1 — M*Vads — vy + 201 + (1 —28) ¢y = 0 (19
[PVagy — m*Vady — (m - 2a) b0 — 2/)&1 + /<;ng52 = 0, (20
[*Vats — *Vady + Ady — 211 — (p— 26) 2 = 0 (21

~— — ~— ~—

where go = 646" Gap, I = 641°Gap, 62 = I*iP0ap and K, p, o, 7, &, @, B, 7,
T, A, W, v are the spin-coefficients (see [36] vol. 1). The first two equations allow
to calculate ¢y and ¢y on I in terms of ¢y if we assume that ¢y and ¢1 are zero
at i*. Note that equation (18) is the contraction of the system (17) with the frame
vector m®, i.e. (18) is equivalent to MmNV 5 ¢ap = 0. Similarly, (19) is obtained by
contracting 1 into (17), (20) by contraction with —1* and (21) by contraction with
—m®. The two constraint equations on I+ (equations (18) and (19)) are therefore
equivalent to ZA/@Q@AB = 0.
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e The wave equation. The null data &} is the trace of ¢ on S . The trace of 8T$
on I T is here also determined in terms of the null data by an ordinary differential
equation along the generators of S .

This remark will be crucial for finding a solution to the Goursat problem for Dirac’s and
Mazwell’s equations. For the wave equation however, we shall not need it. This fact is
further commented on in remark C.1.

4 Equivalence with conventional scattering theory

Let us first recall a very simple example of scattering theory defined in terms of classical
wave operators.

4.1 Analytic scattering theory for spin 1/2 in flat space

Consider the massless Dirac equation on Minkowski space, expressed in spherical coordi-
nates using a spin-frame (0*, 1) associated with the Newman-Penrose tetrad

1 1 1 l
:E(&t—i—&«),n:ﬁ(ﬁt—@n),m:m<3@+ﬁfb> :

_ 51 1 _12 1 - 1 3 %o .
((‘% a(@r+r) ~0 <8g+2cot9) rsin&aa@ &1 =0,

where o!, 02, 0% are the Pauli matrices

, (10 , (01 s (0 —i
"_(0—1 2 \10) 7 i o0 )

Replacing ® = (¢, ¢1) by ¥ = r®, we obtain the simpler form of the equation

l

rsin g

, . .
OV = iHU ., H = —io'd, — Lo (ae + 5 cot 9) I a0, .
T

The Hamiltonian H is self-adjoint on H = L?(RT x S?; drdw) and thus defines the
unitary one-parameter group e’ that solves the equation in H. We introduce a simplified
dynamics

HO = —ial& .
The operator Hy is self-adjoint on Hy = L*(R x S?; drdw) and the associated one-
parameter group e when restricted to act on the spaces of outgoing and incoming
data, respectively

H+:{\P:<£1)GHO} andHOI{\P:( 00>eHo},

reduces to a simple radial translation at speed +1 :

etho — e:Ftar .

‘Hgt
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Given any function x(r) € C*°([0, +o0[) such that x = 0 in the neighbourhood of 0, y = 1
for r large enough and 0 < y < 1, we define the identifying operator

jx : HO — H
U — (X‘I’)|R+xs2~

The wave operators

WA = lim e "H 7 "How U e HE,

t—=o0

exist, are independent of the choice of y and are complete, i.e. the inverse wave operators

Wt = S-limy oo 0T
. H — Ho ~ | xPon R xS?,
VAR Vo U where yU = 0on R- x §2,

exist (where S-lim denotes the strong limit) and satisfy
Iﬁﬁvi:khg,W*W*zﬂ&hlﬁi:(wdf.

The scattering operator that describes the complete evolution of the field from its past
scattering data to its future scattering data is

S =WTWw—.

A proof of these results can be found in [33]. It turns out that this example, however
simple it may appear, is a perfect model for the interpretation of our conformal scattering
operators in terms of wave operators.

The simplified dynamics e restricted to act on H7 is simply the flow of the outgo-
ing/incoming radial null vector field

0 0
ek —.

at  or
The scattering data associated to such comparison dynamics are referred to as asymptotic
profiles. They provide a very visual and natural description of the scattering properties

of an equation : the solutions of the equation, as time becomes large, behave like a given
profile pushed along the flow of a simple vector field.

()

4.2 Wave operators for spin 1/2

In our asymptotically simple situation, for K a large enough compact set, we can find
a congruence of outgoing null geodesics, defining #* (i.e. each point of .#7 is reached
by one and only one of these geodesics), on RS x (¥ \ K). Similarly, we can choose a
congruence of incoming null geodesics, defining .# ~, on R, x (X \ K). This is represented
on the compactified space-time M in figure 5.
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R xK

K 2,

i S
Figure 5: Congruences of null geodesics outside R, x K.

As is done in appendix C (see figure 7), we extend the future and past null congruences
by timelike congruences inside [0, +oo[;x K (resp. | — 00,0]; X K) to obtain two smooth
weakly timelike congruences : one of R;” x ¥, denoted €+, the other of R, x X, denoted
.

We use these congruences to define the analogues of J, e and e’”HOJ;. First,
we choose a conformal factor €2 such that the metric g and it/s\ inverse can be extended
continuously to i° (and are therefore uniformly bounded on .#). This is possible in the
Schwarzschild case (see [25]) and the result in the Kerr case should follow from the fact
that the Kerr metric is a short-range perturbation of the Schwarzschild metric ; the proof
however is not known to this day (as far as we are aware) although the possibility of
choosing such a conformal factor  should be seen as a (fairly safe) conjecture?.

Remark 4.1. For spinor fields in L*(# "), the norm is given by

2

~

b

= | dadaidVolys = / |1 2dVol s+
L2(=7+) g+ g+

and the information is reduced to that of the component ngl. The information of the
component ¢y is lost and is irrelevant to the definition of the Hilbert space. It can therefore
be projected to 0 in the definition of the analogues of J,. For ¢4 € L*(.F7) it is the other

component that is relevant and 451 may therefore be taken to vanish in the analogues of

T

Definition 4.1 (of PY(t)). We consider a function x € C*(X) such that x =0 on K,
X = 1 outside a given bounded open set O containing K and 0 < x < 1. We introduce the
operator PY(t) that to ba = ¢104 € L*(#7T) associates its projection onto 4 along the
congruence €, multiplied by x. The operator P (t) is defined on elements of L*(.# ™) in
a symmetrical manner interchanging oa and 14 to define €~ analagously to €™ .

41t has so far not been possible in the Schwarzschild case to choose Q such that § is Lipschitz in a
neighbourhood of i° (again, see [25]), although the question is not yet fully understood. The situation
should be similar in Kerr.
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Remark 4.2. [t is important to note that the operator ]P’;’(t) could be defined in an
equivalent manner using merely the congruence of null geodesics outside R} x K and not
the congruence €*. For a spinor field g, € L2(IY), ]P’;(t)QBA is the spinor field ¥4 on
Y defined as follows :

° Qﬂo 15 identically zero ;

° 1&1 is zero inside of K ;

e outside of K, 1[11 is equal to the projection onto 3 \ K, along the congruence of
outgoing null geodesics, of ¢1, multiplied by x.

A similar symmetrical definition is valid for P (t). This clearly decomposes Pi(t) into
the action of a dynamics defined by the flow of a null geodesic congruence, followed by
a smooth cut-off. These operators are therefore the analogues of J,e™0 in our simple
example.

Lemma 4.1. For our choice of conformal factor, the operator ]P’f(t) is bounded from
L*(F%) to L*(%), the norm being uniformly bounded in t >0 (resp. t < 0).

Proof. It follows from the fact that the metric is uniformly bounded on M and that
€7 is a smooth congruence. O

We are now ready to define our direct and inverse wave operators and to state the
main theorem of this section. We denote by U(t, s) the propagator for equation (16) that
to data ¢(s) € L2(3,) associates the restiction ¢(t) of the associated solution to .

Theorem 3. The wave operators
W+ = Simy1oUd(0,8)P (1), (22)
W = Slimyyo (PE() UR,0), (23)
exist, i.e.
W e c(ﬁ(yi); ﬁo) L WEe c(ﬁo; L2(,ﬂi)> ,
where Hy = L?(Zo; Sa), are independent of the choices of K large enough and the
function x and satisfy
W= (W), WEW=E = Idpa(pe), WEWE =1dy, .
Remark 4.3. The operator
(PE(t))" « H, — L*(I%)

acts by first multiplying a spinor field QASA € H, by x and then by projecting it onto I+
along the congruence €=. Since the result is an element of L?(.#%), only its component

[(P;(t))*gEA} i (resp. [(]P’;(t))*qu] 04 ) is relevent, the other one may be taken to be
tdentically zero.

The proof of theorem 3, given in appendix B, shows in fact more than what is stated
in the theorem.

Theorem 4. We have in addition : W* = T%. Consequently, S = WHW~.
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4.3 The Maxwell case

Similarly to the Dirac case, we denote by U(t, s) the propagator for the rescaled equation
(17) that to constrained data on X4 associates the restriction to X; of the corresponding
solution. We also consider y € C*°(X) such that x = 0 on K, y = 1 outside a given
bounded open set & containing K and 0 < y < 1.

Definition 4.2. We introduce the operator ]P’f(t) = xPi(t), the composition of the mul-
tiplication by x with P (for the definition of Pz in the Mazwell case, see definition

C.4).

Theorem 5. The wave operators
W* = S-limy 1ol (0, 1)P5 (1),
W = Slimyyo (PE() UR,0),

exist, i.e.
W e £ (1% i), W e £(Hy 1A(55) |

where Hy = L3, .1(X0), are independent of the choices of K large enough and the
function x and satisfy

W = (W), WEW=E = Idpa(pe), WEWE =1dy, .
We have in addition : W* = I*. Consequently, S = W+W~.

Remark 4.4. We see that the situation here is slightly more complicated than for Dirac.
The operator Pi(t) 18 mot merely the composition of a projection along null geodesics and

a cut-off. Here is also involved the calculation of the component (ﬁl on X, so that Pf(t)gﬁj}
can satisfy the constraints.

Note also that the adjoint of Pf(: 15 Just as simple as in the Dirac case. The action of
(P£)" on a Mazwell field daBly, € Litaxwen(Xt), t >0 (resp. t <0), is, first, to multiply
it by X, second to keep only its component (x#2)ls, (resp. (x¢o)ls, ), and finally to project
this component on I+ along the congruence €*. It is therefore just as trivial as in the
Dirac case to see that W* = T+ The rest of the proof is essentially analogous to the
proof in the Dirac case and we omit it.

A Estimates from characteristic data on .¢

In order to prove these, we will use special features of .. In particular, these estimates will
not be true in such a simple form in the context of a characteristic initial value problem
from a finite light cone (although analogues will, of course, exist). We first obtain an
explicit representation of the metric in a neighbourhood of .#* and ¢*.

We deal with three regions separately, a neighbourhood U™ of i*, a neighbourhood of
U? of i® on which the space-time agrees with the Kerr solution, and a neighbourhood U of
#* which covers the rest of .#* but is bounded away from i® and i*. On U° the strategy
is to use the (exact) energy estimate using the time-like Killing vector. On U and U™ we
use an approximate Killing vector that generalises the dilation from Minkowski space.
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A.1 The U’ region

We simply evolve the hypersurface ¥ in this region leaving it fixed elsewhere ; we obtain
a surface Y very much like that of figure 4, such that the part that differs from >y lies
entirely in the U° region. The time-like Killing vector K® of the Kerr solution leads to
exactly conserved quantities K%Tg,, VP(K®Ty,) = 0. Thus, the divergence theorem can
be applied in the unphysical space-time in which .# is a finite surface to give that

KTy da® = | KT dab + KTy da? (24)
o o FA

where .#;" is the part of #T to the past of the hypersurface 3.

This is sufficient to move on to the next step in the case of the Maxwell equations
(recall that the Dirac case is straightforward because of the exactly conserved quantity
on the rescaled space-time) because the energy integrands are conformally invariant and
the formulae in the unphysical space-time are equal to their counterparts in the physical
space-time.

Remark A.l. In order that there be no flux at i°, we work with compactly supported
data ; for these, the solutions are bounded away from i° ; then we extend the equality (24)
by density to finite energy data on .

However, we need to do a bit more work in the case of the wave equation because in
that case, the standard positive definite stress-energy tensor is not conformally invariant :
firstly the energy in the unphysical space-time will not be equal to that in the physical
space-time, and furthermore, it will not be exactly conserved unless the scalar curvature
vanishes in the unphysical space-time. The latter point is easy to remedy if we choose our
conformal scale for the unphysical space-time by first choosing an appropriate solution to
the conformally invariant wave equation, and rescaling in such a way that this solution is
reduced to 1. Such a conformal scale is guaranteed to have vanishing scalar curvature by
virtue of the fact that ‘1’ is a solution to the conformally invariant wave equation implying
that (04 R/6)1 = R/6 = 0. In the Kerr solution, an appropriate choice is

d)z—log(l——m_t), re =m+vm?2—a?

r_ —r4 r—r_

which behaves like 1/r as r — oo. Restricting to Scharzschild for simplicity, we see that
the unphysical metric becomes

Qs = log(1 — 2mR)*>

7 (R*(1 — 2mR)du® + 2dudR + do?)

where R = 1/r, u =t —r—2mlog(r —2m), and do? denotes the round unit sphere metric.
The Killing vector K = 0/0t becomes the Killing vector K = 0/0u in the unphysical
space-time and so K“T,, is conserved in the unphysical space-time. The hypersurface
Y is u = —1/R — 2mlog(r — 2m) and %, can be taken to agree with X, for R > Ry
but for R < Ry, we can take u = a(R — Ry) — 1/Ry — log(Ry — 2m) for some « with
0 <a<(1+2mRy)/R}.
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We note that, although this rescaling brings .# into a finite coordinate range into the
future, i° is still at w = —oo. This does not lead to any problems of leakage of flux in
equation (24) on account of remark A.1.

The distinction in the wave equation case from Maxwell and Dirac is that the norm
that is preserved is not the original energy norm from the physical space-time.

A.2 the U' region

The strategy here is to examine in detail the proof of the standard energy estimate near
. We will use a foliation that, near ., is given by ) = constant where (2 is the conformal
factor relating the physical metric g to the unphysical one § = 92¢. In the standard proof
of the energy estimate, one uses Gronwall’s inequality starting with

9 KT, V'QdVol, = / (VK T,,dVol,
88 Q=s
where dVol; is defined by *dz* = V®QdVol; on 2 = s. Gronwall’s inequality can be
invoked if we know that X
(VOK) Ty < c KTV (25)

for some uniform constant c¢. Although V(g clearly remains bounded, the difficulty we
have is that as © — 0, V*Q will become null, and so the right hand side of (25) no longer
controls all the components of T};,. Indeed, we will wish to take for K* a vector field that
also becomes null on .# (in fact we will take K* = @‘LQ) in order to get a bound involving
only the characteristic data and this makes our task harder. The proof of (25) relies on
special properties of the geometry of .#, and will not be true for a generic lightcone.

The space-times in question are smooth at .#* and ¢t and in particular have the
property that the Weyl tensor vanishes on .#* and at i*.

Lemma A.1. There exists a conformal scale near it so that the Ricci curvature }?ab
vanishes at i and on & R =0 = n"R.

Proof: First we choose a conformal scale that brings i* to a finite point. The operator
1
Layw = (VauVeyp + ;RA(A’B’)B)OUJ

is conformally invariant when w is taken to have weight 1. We obtain w on £t by
setting w(:*) = 1 and solving the conformally invariant second order ordinary differential
equation n%n’L.,Q = 0 up the generators of #+. There is a freedom in choice of the
first derivative of w at ¢t that will be useful to us later. We can then, as a power series,
extend this scale off .# by using 1/w thus obtained, as characteristic data for a solution
to the conformally invariant wave equation near i* (this can be done at least at the level
of formal power series, [35], and extended as a smooth function to a full neighbourhood
of i in such a way that the equations hold to all orders at .#*). If we now choose the
conformal scale in which w = 1, we have that n*n’R,, = 0 = R along .#*. In particular,
in this conformal scale, the full Ricci curvature vanishes at %, and R and Rabnanb vanish
along 7.
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The Bianchi identities now give, using the vanishing of the Weyl Curvature along .#
together with Rabn“nb = 0 = R, the equations Dci>21 — 20" = 0 from the primed version
of equ 4.12.36 of [36]. Since ®o; vanishes at ™, this implies that it vanishes along .#.
Similarly ®;; can be seen to vanish on .# using the primed versions of equations 4.12.37
and 4.12.40 of [36]. These together imply that Ran® = 0. H

We will use, for the approximate conformal Killing vector, K¢ = V() near & , where
Q) is the conformal factor relating the physical metric to the one derived above. This has
conformal Killing form V 44V 2. We have, from the conformal rescaling properties
of the trace free part of the Ricci tensor ®,,

@ab - &ab + QilvAA(A/VB/)BQ .

We assume that ®,, = O(Q?) (as will be the case, for example, for Einstein-Maxwell
fields), then this implies that the conformal Killing form of K is

Vo Vet = Qy + 0(2%) . (26)

Introduce Gaussian normal coordinates x® for this metric taken from the exponential
map from linear coordinates on the tangent space at i*. We find that, firstly .# is given
by z%2bn,, = 0 where 7, is the flat metric on the tangent space at it (this follows since
the null vectors will necessarily map onto .#). Furthermore, the vanishing of the Weyl
tensor and Rabn“ and R on .& implies that nn?R,pq = 0 on .# and so the geodesic
deviation equations implies that a parallel propagated frame from i* down £ 7 is also
Lie derived. Thus, in these coordinates, the metric at .# agrees with the flat one (the
parallel propagated frame from 7™ up the generators of .#* is also Lie derived up .#* and
so agrees with the coordinate frame). We can therefore write

JSQ = nabdx“dxb + ncd:ccscdh

where h is a smooth rank-2 symmetric tensor near .#. In these coordinates we have
Q = 2% 1, + O((x%2°n4)3) as can be seen by comparing (26) to the expression for the

lie derivative of cisz along VeqQ.

We introduce coordinates (t,7,0) related to the coordinates z* in the standard way
with 6 being coordinates on the unit sphere and r and ¢ being the usual radial and timelike
coordinates. .# 7 is then given by ¢t = —r and 70, = (0; — 9,)/V/2 is tangent to .#* and
10, = (0, + 0,)/V/2 is transverse to £ . We can write

V2 = (t — )% + (t + r)n®.

. 7, ~ARXA ~ ~A=A’
We can choose a spin frame so that (* = 6464 and n® = (44,

A.3 The Maxwell case
For Maxwell fields, Ty, = ¢appa . We wish to see that

(VOVEQ) T, = QOPT,, < cVIQVPQT,, (27)
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uniformly on U*. We note, first of all, that ®%(i*) = 0 and that 2°®,, = 0 on £ 7.
This in particular implies that, since ®,;, is smooth at i*, @, actually vanishes to second
order: ®,, = z¢z?®,  where ®,  has the symmetries and trace properties of a Weyl

tensor. We can therefore write ®,, = (¢t — r)?®/, for some bounded @,
Then we have that in terms of the spin frame above

T VIV = (t — 7)2|601 > + (£ — 1) P |? + (¢t + 7)?|oo|?
whereas, writing % = & nnb + R(®Hn@m? + ®Lmm?) we see that
Q0T = (t+r)(t- 7“)3 ((I)(J)ro|¢11|2 + %(‘b;ﬁﬁbn&m + @32¢00¢311)) + O((t2 - 7“2)2)

It is clear from these formulae that (27) holds, firstly near i*, because the left hand side
vanishes to 4th order whereas the right hand side only to second order, and secondly, near
F+ because (t+1)poo and v/t + rdo; are controlled by the right hand side, and the terms
that appear on the left hand side are clearly bounded by these.

B Proof of the main theorems

We do the constructions for .# %, the case of .#~ can be treated analogously.

B.1 Proof of theorem 1

The Dirac/Weyl equation (6) admits a conserved current in any globally hyperbolic space-
time, given by B
Ve =o¢tet, VYV, V=0,

the conservation following directly from the field equation. In particular, this gives rise
to a closed 3-form w = *V,dz* and the conformal rescaling weights of ¢4 together with
that of the kx-operator on 3-forms means that this 3-form is the same on the rescaled
space-time : -

w=&="Vdz®, Vo= ¢"p" . (28)

On restriction to a space-like hypersurface >, the indexed 3-form *dz“ is proportional to
the unit normal T to X, and we can set xdz® = T*dVoly, and this defines the volume form
dVoly, for 3. However, on restriction to ., we will still have *dz* = n®dVol s for some
choice of normal n® to .# and 3-form dVol s on .# but there is no invariant normalization
for n® and hence neither also for dVol,. However, the product *dz* = n®dVol, is
invariant. The quantities n® and dVol, can be understood more abstractly as spin-
weighted quantities : tensors with values in certain line-bundles. In the spin coefficent
formalism, one assumes that one has chosen a spinor dyad (0#,:4), but only up to scale.
On .# we can choose t* up to scale by requiring that (474" = n® be normal to .#. Under
= A, we will have n® — An® and dVol, — A~'A~'dVol, and we say that n® has
weight (1;1) and dVol, has weight (—1; —1) (more generally quantities might also have
weights under rescaling of o but that will not be needed here). A quantity has weight

23



(—1;0) can also be taken to mean that it takes values in the line-subbundle of the spin-
bundle spanned by ¢4 and this line bundle together with its complex conjugate generate
the appropriate line bundles for spin-weighted quantities.

The null data on .# for the Dirac field is gbl gbAL and has spin-weight (1;0) where
QASA is the rescaled Dirac field in the unphysical space-time and 7% = 474" also in the

unphysical space-time (on #1). The 3-form above then becomes
w = |y [*dVol,

and it can be seen that this is invariant both under conformal rescalings and rescalings
of /4.

The 3-form (28) is closed provided the solution ngA is regular enough to allow differenti-
ation. Essentially, ¢4 € H 1(///\7 S*) is enough. This is the case of solutions ot e COO(///[\)
associated with smooth, compactly supported initial data on ¥,. Since the support of
such solutions remains away from i°, we can use Stokes’ theorem on the hypersurface
constituted of ¥y and .# T to obtain

1 A A N
5T VudVols, = / A9V, dVol -+ |

o g+

i.e.

112
L2(Xo; dVol) gt

This gives us estimates (13) and (14) for Dirac fields. In addition we recover that the
characteristic data on £ is <;51 =17 gb 4. A similar construction at past null infinity would
reveal the null data there to be gbo = oAqZ) 4, since the normal (and tangent) vector field to
I~ is 1* = oo™,

We now suppose that we are given some null data é} € C*(#1).> Appendix C.2
gives us the third step of the construction and concludes the proof of theorem 1. [l

~ 12
d1| dVol s+ . (29)

B.2 Proof of theorem 3

The existence of W+ is straightforward. We consider ¢4| € C°(Z0), then by smoothness
o

.)

5We need also to impose th/e\ condition that it arises from a spinor field that is smooth at i*. Thus
there exists a smooth ¥4 on .# supported away from i® such that ngSJr = 140 = 9;. A priori, there is
considerable freedom in the choice of such a 1 4: we can add on any smooth spinor field whose restriction
to .#71 is a multiple of t4. The construction of appendix C.2 shows in fact that we have no freedom at
all in the trace of 94 on £ ; it is completely determined by the constraint equation on .# % and the
requirement that the support of 14 should remain away from i, (needed for technical reasons because

our choice of spin-frame (64,74) is singular at i ).

on ./ of the associated solution QAS 4, the spinor field

(B (1)) U(t0) (asA
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converges pointwise on £ to T ((;BA ) The convergence in L?(.# ") for such data is

o
a direct consequence of Lebesgue’s dominated convergence theorem. Since W+ and T+
coincide on a dense subset, they coincide on all of L?*(3,) and the convergence in L?(.# ")
likewise remains true for all L? data by density. Besides, W is clearly independent of
the choices of K large enough and the function y for smooth compactly supported data ;
this remains true for all L? data by density. The existence of W* and the fact that
W+ = (W=)™" is proved by our resolution of the Goursat problem. More precisely, let
QAS} € C5°(# ™) considered as a spinor field element of L*(.#™"). Since QAS} is supported
away from i*, P} ()¢’ will coincide on all ¥, (for ¢ large enough) with the projection on

5, along € of ¢, It follows from definition C.3 and proposition C.1 that (0, t)IP);(t)qAS}

converges in L?(3y) and that the image under T+ of the limit is qg} By density, W is
therefore well-defined as the strong limit (22) in L?(X,) and is a right-inverse of £+ = WT.

NS
The trace operator ¥ being an isomorphism, we conclude W+ = (W*) = (T*)fl.
Finally W+ = (W*)" is trivial. O

C Finding a solution to the Goursat problem

We treat the Goursat problem on .7 ; the case of .#~ is dealt with similarly.

On .#*, we consider a null data ¢%, € C°(#*) and we look for a solution of each
equation that has finite energy on ¥, such that the image of the data on 3y by T is (ﬁ}
There are two steps in this construction. The first is to find a solution in the future ,/Z/}
of a hypersurface 7 (where 0 < ¢ << 1 is chosen so that the boundary of JZ is in the
past of the support of q@}) such that the trace of its relevent component on 7 is ng;
The second is, by means of energy estimates, to show that this solution can be extended
uniquely to 4 and that the extension has finite energy on .

The first step is exactly finding a solution to the Goursat problem on a finite light-cone
(that of 7,) on the rescaled space-time. For a generic wave equation

y¢ + (a, V) +bd =0, (30)

where a is a smooth vector field on . and b a smooth scalar field, two methods are well
known. One is due to Hormander [26] and uses energy estimates, weak convergence and
compactness. The other is due to Friedlander [19] ; it is based on the works of Hadamard
and Leray and gives an integral representation of the solution. Both can be easily adapted
to the Dirac case, although some care is needed. The Maxwell case is more subtle. We
describe the first approach briefly in the case of equation (30), then we explain how it is
used for Dirac and Maxwell. The second approach will be the subject of a subsequent

paper.

C.1 The wave equation

We modify very slightly Hormander’s technique : instead of slowing down the propagation
speed so that .+ becomes spacelike, we approach .#* by spacelike hypersurfaces without
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changing the equation. This proves extremely useful in the reformulation of our confor-
mal scattering theory in terms of wave operators. The obvious choice for the spacelike
hypersurfaces approaching #* is the foliation {X;},.

—~

Next, we choose in . (denoting the future of X in .#) a congruence ¢ of timelike
or weakly timelike lines, to allow us to project the null data on .# T as regular initial data
on X for any ¢t > 0. There are two natural choices :

-
.
+

e
20 0
Zt 2 L
K Z,
Integral curves of T g / -
Figure 6: Timelike congruence normal to the Figure 7: A weakly timelike congru-
foliation {7 } .. ence, coinciding with a congruence

of outgoing null geodesics outside a
compact in space.

1. The integral curves of the normal vector to the foliation {77}, (see figure 6).

2. Given K a large enough compact subset of ¥, we can choose, in [0, +oo[;x (X \ K),
a congruence of outgoing null geodesics defining .#* (i.e. such that each part of
#* is met by one and only one of these lines). Then, these lines can be extended
smoothly inside [0, +o00[;x K as a timelike congruence (see figure 7).

Either choice is good and so would be any congruence of smooth timelike curves on M.
The second choice will be excessively useful for the reformulation of conformal scattering
in terms of wave operators, so we adopt it.

Definition C.1. We denote by P;:(t) the operator that, to é} associates the initial data
for (30) defined as follows :

is the projection of QE}Z on Y; along the congruence € ;

¢ ¢

pM

OaTé =0.

3¢
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We denote by ¢ the solution of (30) on M associated with the data Pg(t)&} on Xi.

The energy estimates established in [26] prove that tgb is uniformly bounded® with
respect to ¢ in H' (.4 ; 7 §), the natural Sobolev space on . /7 associated with the metric
§. Hence, we can extract a sequence {, ¢}, that \t_converges weakly in H 1(/’/1 ; g) and
hence strongly, by the Rellich theorem, in H'~%(. ol ; g) for any s > 0. The limit, denoted
6, belongs to H 1(//{ *: g) and still satisfies equation (30). Moreover, by standard trace
theorems, weak convergence in H' entails strong convergence on any hypersurface of a

given Lipschitz foliation, with continuous dependence of the parameter of the leaves. We
conclude that the trace of ¢ on £ is equal to ¢7.

Remark C.1. Note that this method does not guarantee the smoothness of the solution
unless we use estimates in H*(.#>; §) for all k € N. For such estimates, some care must

be taken in the choice of ang’ (this is similar to the phenomenon that we encounter in
3t

the definition of the data on ¥, approaching (13} for Dirac or Mazwell ; see below).

Remark C.2. In the case of the wave equation, although the Goursat problem can be
solved, the second step of the construction (uniform estimate from € to ¥g) runs into
difficulties for exactly the same reasons as the estimates from characteristic data on F+
in appendix A.

C.2 Dirac’s equation

In these last two sections, we shall use spin-frames (o”, () and (6, i4) as introduced in
definition 2.2. The fact that they are only defined outside a fixed compact in space is not
a problem here, since we only use explicit projections onto the spin-frames when working
with data that are zero in a given compact set (as the projections onto hypersurfaces ¥,
along € of fields on £ that are zero near i*). More precisely, we consider a neighbour-
hood O of it on & (slightly smaller than the region in which gzg} is assumed to vanish)

and we define a region O on .# as the set of points whose projection on #+ along the
congruence % lies inside O4. The intersection of O with a hypersurface ¥; will be de-
noted ;. We shall simply assume that the spin-frame (0%, 1) is defined globally outside
O (modulo the topological problem on the 2-sphere that is solved using two patches and
that is irrelevant here).

The definition of Py (¢) is more subtle in this case. We look for a way of defining

initial data ;¢ Al that allows us to follow the same strategy as for the wave equation.
When trying to use this scheme, some retrictions naturally appear for the choice of data.

Let us assume that we have defined tgb 4|, we denote by tgb 4 the associated solution

3t

of (16) in .. A first natural constraint is that ;¢,
2

t
as to guarantee that the second component of the solution we construct has the right

converges to gb} as t — +00, so

6The fact that we remain away from the singularity of § at i° by working on ////} is crucial here ; the
uniform boundedness in H*(.# ™ ; §) could not be obtained as a consequence of [26].
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trace on .#*. Now, in order to be able to construct this solution, we need to control the
family of solutions ;¢ uniformly in H' on .Z.". For ;¢ to be bounded uniformly in ¢ on
L*( A §), thanks to the conserved current, we simply need to assume that

<C.

L2 5 §)

3C>0;Vt>0, |0

pI

Let us now see what further constraints a uniform H! control on ///[} entails.

In the following, we use Dirac 4-component spinors, and denote by ¢ or gg the chiral
4-component spinors corresponding to the 2-component spinors ¢4 and & A resppectively.
Using the parallelizability of //Z we choose a global section {€,”}a—0,123 of the principal
bundle of orthonormal frames, such that éy* = \%T ®. The rescaled equation (16) then
takes the form

3
D eaVaip=0, (31)
a=0

where “.” denotes the Clifford product and

@a = @éa == éaa @a .
Each covariant derivative V, ;¢ satisfies an equation similar to (31), but with a right-hand
side :

3 3
S eaVa (Vo) = =3 {(Vota) Vard+éa [Vi,Va] 6}, b=0,3. (32
a=0 a=
Hence, an H'! control over th will be obtained as a consequence of the natural L? control
given on each unknown by the five coupled Dirac equations (31)-(32). This L? control
will be uniform in ¢ provided the L? norm of the restriction to ¥, of each of the functions
tg%, @atgzg, a=0,1,2,3, is bounded uniformly in ¢. A useful thing to do at this stage is
to decompose equation (31) on ¥ in terms of Vo and derivatives that are tangent to ;.
In order to express these tangential derivatives, we define the family of smooth functions
{fi}+ on ¥ as the restriction to ¥; of 7 projected back to ¥, along the integral curves
of T% : ie., for each 2 € %, fy(x) is the only 7 € R such that (7,z) € %, (using the
product structure on A induced by the time function 7 and the integral lines of T ).
The tangential derivatives of tg@ on Y; then take the form :

[(@a + @aft(x)@(o t(ﬂ (fi(x),z), a=1,23.

In order to control all the directional covariant derivatives, it is sufficient to control the
tangential ones and Vo tngS, since the functions f; are Lipschitz on ¥ uniformly in ¢. The
Vo time derivative of tgg on X; can be expressed in terms of its tangential derivatives,
re-writing the restriction of Dirac’s equation to »; as follows :

3
[( . zmméa) Void
a=1

=[S (B Bust1¥0) ] i

a=1

(ft(x)v .%)
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Clifford multiplying by the vector

3
éo— Y Vafil@)ea, (33)
a=1

that is normal to ¥;, we obtain

(1 -3 |vaft<x>|2) Fodl @), )
- _ <é0 — Z @aft(m)éa> ) [Z ég. (@g + @ﬁft($)@0> e
a=1 B=1

Therefore, in order to guarantee that the L2 norm on ¥, of V, ' 4 is bounded uniformly
in ¢, the L2(3;; ¢) norm of

(eo_zvaft ) [Zeﬂ (Vﬁ+vﬁft( ) >t¢3] (fi(z), ) (34)

p=1

(fe(x),z).

must tend to zero as t — +00 at least as fast as 1 — Y0, |V fu(z)|*.
The quantity (34) involves only tangential derivatives of ;¢ and is therefore quite

easy to control in our choice of t(ﬁ A‘z . In particular, if tqg is the restriction of the same

solution of the Dirac equation (i.e., is independent of ¢) the convergence will be trivially
guaranteed. On £ (i.e. as t — +00), (34) reduces to the constraint equation (see
remark 3.1) and if this is not satisfied, it will be an obstruction to uniform control in H*.

We are now in position to specify a good choice of tgzg A
P

Definition C.2. Starting from the null datum Q§1|j+ = gzg}, we can integrate the con-
straint equation to first obtain QZASO|(7+ to obtain a spinor field ggA on IT. We can then
integrate the full Dirac field equations component by component and order by order to
obtain as many terms in the Taylor series as we desire for the solution with given null
datum. This is a question of integrating coupled ODE’s up the generators of %, see, for
example, Penrose [35] for details. We note that in the term by term integration we need to
use the fact that ngﬁA should vanish in some small neighbourhood of it to fix the constants
of integration. The resulting spinor field ggA e is in C* (L) in such a way that its
support remains away from it

We can choose tgbA to be a smooth extension of the given gb L+ on ST that agrees with
the associated Taylor series to arbitrary order (although agreement to 2nd order will be
sufficient for control in H*).

With this ,¢,| |,
p3M
L*(3;) as t — +o0. Indeed, we have

a=1

the quantity (34) can be made to converge as fast as we like in

“ 2
Vaft = (35>

3
b~ 3 V(o)
a=1
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The rate at which this quantity tends to zero as t — 400 measures the speed at which
the hypersersurfaces X; approach .# 1 with respect to the metric . We note that for the
chosen foliation by ¢t =constant surfaces, this will actually vanish to second order in 1/t
at .# since € is of the same order as 1/t near .# and ¢g**V,tVyt = O(1) implies that
GV (1/t)V,(1/t) = O(Q?). Now, the convergence of (34) towards

(éo — i @afoo(l’)éa> [i ég. (@5 + @ﬁfoo(x)@o)

B=1

tgg :07

g+

where f. is the function defining .#% in the same way as f; defines X, is controlled
by the speed at which the tangent vector fields é, + V fi(x)éy, and the normal vector
field (33), on X, approach their trace on .#*, which in turn is controlled by (35). This

therefore guarantees a uniform H' control for the family ¢ 4 on A /7 and the rest of the
construction follows the same steps as for the wave equation.

Remark C.3. Note that we have been forced into imposing that the trace of the solution on
I satisfies the constrainls on T, and not merely that the trace of the first component
of the solution is equal to ¢*.

The choice of data given by definition C.2 has been made for the sole purpose of gaining
a uniform H' control in order to be able to use compactness arguments for guaranteeing
the existence of a trace. Once this is obtained, we can in fact simplify the data on »; to
construct another family of solutions. This new family will not be bounded in H! but its
restrictions to . will nevertheless converge in L? towards the same data, whose image
under T is precisely QAS} We define this new family, and the operator P+(t), as follows :

Definition C.3. For each t > 0, we define Py (t) as the operator that to ¢, associates

the spinor field ﬂﬁA on Y, whose component two 15 1dentically zero and such that
3t 3

ﬂ/Jl is the projection of (;3} on Y along €. We denote by tz/AjA the associated solution

of (1 5)
Proposition C.1. The families t(;ASA and t@A, defined using definitions C.2 and C.3
respectively, converge in L*(; ) and in L*(.#2; §) towards the same limit.

Proof. The L? norm on X, of t(ﬁA — tl/A}A tends to zero as t — 400 because the
normal vector to ¥; approaches n® and the contribution of the first component to the
norm decreases to zero (the second components of 10 4 and R 4 coincide on X, while
the first components differ but their difference is uniformly bounded). The proposition is
then a direct consequence of the charge conservation for (16). [l

For the last step of the construction, we need the following result :

Lemma C.1. Given a spinor field EggA € L*(A2; g), there exists a unique solution (514,

continuous in T with values in L*(, ; §), such that <£A P EéA. Moreover, there exists

Jle

C > 0 independent of 6@,4 such that

~

P

5¢A‘

3o LQ(Eo; g) LQ((%? !})
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Proof. This is a direct consequence of the charge conservation for Dirac’s equation
and the density of C§°(##) (denoting smooth spinor fields on J# whose support remains
away from #7T) in L*(J#; g). O

Finally we conclude, using proposition C.1 and lemma C.1 :

Proposition C.2. The family MA converges in L*(Xg; §) and in L2(////\) towards a

solution 4 of equation (16). This solution is continuous in T with values in L2(J.; §)
(also continuous in t with values in L*(3;; §)) and it satisfies

20) =05

Tt (aBA
C.3 Maxwell’s equations

We consider on .# " a complete spinor field QASAB‘ L= ngS(AB)‘ R such that
B2 S

~

o O

_ o+
g+ s

) ¢20 e and $1 e are the solutions of the constraints on .#*, determined by @

and the requirement that ;¢ AB| . vanishes in a neighbourhood of i*.

The main difference between Dirac’s and Maxwell’s equations is that Maxwell’s equations
are overdetermined, whence the presence of constraints on spacelike hypersurfaces. These
constraints need to be taken into accound in the definition of the data on ¥, approaching
the data on . We describe how the construction proposed for the Dirac case can be
modified. Once these modifications are made, the proof can be done in the same manner
and we omit it.

The Maxwell system on the physical space-time, decomposed on the spin-frame is
written as

mVE oap = n*Vapg — m*Vagy + (1 —27) ¢o + 2761 — 0y = 0 (36
n"VE ¢ap = n*Vady — m*Vads — véy +2uéy + (1 —28) o = 0 (37
—1°VE dap = 1*Vagy — m*Vagy — (7 — 2a) ¢ — 2p¢1 + k2 = 0, (38
VR ap = 1*Vags — m*Vady + Ao — 2761 — (p— 26) o = 0 (39

— — N ~—

where the spin-coefficients are those of the physical space-time, defined using the spin-
frame (0?,1). The constraint equation T*V%,¢5 = 0 is therefore

D¢: (l“—na)Vagbl -+ mava(ﬁg—mava(bo—i-(y—l-QOé—ﬂ')(bo
— 2(p+p) o1+ (k+26—-7) ¢ =0. (40)

We could be tempted to define the data on ¥; by projecting ngSAB e onto ¥; along
the congruence %. However, the data thus obtained would not satisfy the constraints on

5. Instead, we define ;¢ ap|  as follows :
P
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We first choose a smooth extension of the (perhaps truncated) Taylor series solution
to the Maxwell equations with the given null datum on £, and then project it onto
the solution of the constraint equations. This projection is implemented by means of a
projection operator P = 1 — D*(DD*)~!'D which is a bounded operator, see [30]. Being a
bounded operator, the convergence in H' is preserved by this construction.

This construction provides data on »; that approach the full spinor field (/zAS AB| on

#*+ and guarantee a uniform H' control of the associated solutions tg5 on ,///4’3r . The
uniform L? estimate between % and Y, is then obtained using the constructions of
appendix A near 7°.

Similarly to the Dirac case, once a first construction of a solution to the Goursat
problem has been obtained, it can be simplified by dropping the requirement of a uniform
H' control. The new family of solutions will converge in L? (and no longer weakly in H')
towards the same solution. This simplified definition of data on 3J; is once again the one

adopted for the construction of wave operators.

Definition C.4. For each t > 0, the operator P (t) is defined as associating to A} the
Mazwell field tqZ;AB

on X such that : tggo‘ 15 identically zero, tqZ;Q 1s the projection

it I P

of QAS} on X along € and tggl . is determined as the solution of (40) that vanishes inside
t

O*. The operator Pk (t) is defined in a symmetrical manner in the past.
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