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Abstract

For the massless Dirac equation outside a slow Kerr black hole, we prove asymptotic
completeness. We introduce a new Newman-Penrose tetrad in which the expression of the
equation contains no artificial long-range perturbations. The main technique used is then a
Mourre estimate. The geometry near the horizon requires to apply a unitary transformation
before we find ourselves in a situation where the generator of dilations is a good conjugate
operator. The results are eventually re-interpreted geometrically as providing the solution
to a Goursat problem on the Penrose compactified exterior.
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1 Introduction

Black holes are the cosmological objects in which the effects of gravity are the most extreme. In
the 1960’s and the 1970’s, some striking phenomena related to black holes were discovered, among
which the Hawking radiation and superradiance. A complete mathematical understanding of
these phenomena is far from being achieved yet ; it requires a detailed study of the propagation
and scattering properties of classical and quantum fields on black hole space-times.

The first and simplest solution of the Einstein vacuum equations describing a black hole
is the Schwarzschild metric, discovered in 1916 by Karl Schwarzschild [53]. It represents an
asymptotically flat space-time containing nothing but a static, spherically symmetric, uncharged
black hole. The Kerr family of metrics, discovered in 1963 by Roy Patrick Kerr [35], is a set
of solutions of the Einstein vacuum equations generalizing the Schwarzschild metric. A subset
of this family, referred to as slow Kerr metrics, describes an asymptotically flat space-time
containing nothing but an eternal, uncharged, rotating black hole. This provides the realistic
model for the exterior of a black hole (all cosmological objects are in rotation).



The scattering properties of classical and quantum fields outside a Schwarzschild black hole
have been thoroughly studied. The first results on the subject were obtained by J. Dimock
in 1985 [18] and by J. Dimock and B. Kay in 1986 and 1987 [19, 20, 21] for classical and
quantum scalar fields. This work was pushed further by A. Bachelot in the 1990’s ; his important
series of papers starts with scattering theories for classical fields, Maxwell in 1991 [2], Klein-
Gordon in 1994 [3] and culminates with a rigourous mathematical description of the Hawking
effect for a spherical gravitational collapse in 1997 [4], 1999 [5] and 2000 [6]. Meanwhile other
authors contributed to the subject, such as J.-P. Nicolas in 1995 with a scattering theory for
classical massless Dirac fields [44], W.M. Jin in 1998 with a construction of wave operators in the
massive case [34] and F. Melnyk in 2003 who obtained a complete scattering for massive charged
Dirac fields [39] and the Hawking effect for charged, massive spin 1/2 fields [40]. Note that in
[6, 39, 40, 44], the cases of Reissner-Nordstrgm (charged) and de Sitter (with a cosmological
horizon) black holes are also treated ; these geometries do not fundamentally change the analytic
difficulties in the construction of classical or quantum scattering theories. All these works use
trace class perturbation methods and therefore cannot be extended to the Kerr case because of
the lack of symmetry of the geometry (see below). One paper using different techniques appeared
in 1992, due to S. De Bievre, P. Hislop and I.M. Sigal [14] : by means of a Mourre estimate,
they study the wave equation on non compact Riemannian manifolds ; possible applications
are therefore static situations, such as the Schwarzschild case, which they treat, but the Kerr
geometry is not even stationary and the results cannot be applied. A complete scattering theory
for the wave equation, on stationary, asymptotically flat space-times, was subsequently obtained
by D. Héfner in 2001 using the Mourre theory [31]. The theory of resonances is well understood
in the Schwarzschild geometry, thanks to works by A. Bachelot and A. Motet-Bachelot in 1993
[7] and A. S& Barreto and M. Zworski in 1998 [52]. There is also a work on a non linear
Klein-Gordon equation on the Schwarzschild metric (and other similar geometries) with partial
scattering results obtained by conformal methods, due to J.-P. Nicolas in 1995 [43].

In the more realistic framework of Kerr black holes, the analysis of the scattering properties
of fields is faced with three fundamental difficulties, not present in the Schwarzschild framework.

1. Lack of symmetry. The Kerr solutions possess only two commuting Killing vector fields. In
the Boyer-Lindquist coordinate system (t,r, 6, @), based on these Killing vector fields, they
are interpreted as the time coordinate vector field 9/0t and the longitude coordinate vector
field 9/0p. Kerr space-time therefore has cylindrical, but not spherical, spatial symmetry.
This prevents a straightforward decomposition in spin-weighted spherical harmonics, that
reduces the problem to the study of a (1 + 1)-dimensional evolution system with potential.
The trace-class perturbation methods used in the Schwarzschild case are in consequence
not applicable. Another effect of the lack of spherical symmetry is the presence of artificial
long-range terms at infinity in the field equations. To get rid of these terms, it is necessary
to have a deeper understanding of the geometry, and of the dynamics naturally associated
with the conformal structure, than what is required in the Schwarzschild case.

2. The point of view of scattering theory is that of an observer static at infinity. Such an
observer perceives the propagation of a field outside the black hole as an evolution on
a cylindrical manifold ¥ ~ R x S?, with one asymptotically flat end corresponding to
infinity and one exponentially large (i.e. asymptotically hyperbolic, see remark 3.3) end
representing the horizon. In the absence of spherical symmetry, the exponentially large end
is awkward for scattering theory, more particularly for the choice of a conjugate operator
in the framework of Mourre theory. The generator of dilations, that is the usual conjugate
operator, cannot be used here.



3. Kerr space-time is not stationary ; there exists no globally defined timelike Killing vector
field outside the black hole. In particular, the vector 0/0t is spacelike in a toroidal region,
called the ergosphere, surrounding the horizon. For field equations of integral spin, such as
the wave equation, Klein-Gordon or Maxwell, this means that no positive definite conserved
energy exists, which allows fields to extract energy from the ergosphere, a phenomenon
referred to as superradiance. For field equations of half integral spin (Weyl, Dirac or
Rarita-Schwinger), we have a conserved L? norm, there is no superradiance and the lack
of stationarity is not in itself a serious difficulty. This conserved L? norm is usually
interpreted as a conserved charge. It is the good conserved quantity to work with because
the field energy, which is the quadratic form associated with the Hamiltonian operator, is
not positive definite for these equations (see also remark 2.1 for the Dirac case).

Because of the geometric complexity of the Kerr metric and the three difficulties mentioned
above, analytic studies of the propagation of fields outside a Kerr black hole are few. In particular
the complete understanding of superradiance in terms of time-dependent scattering is a major
open problem. S. Chandrasekhar’s fundamental work [12] uses systematically the Newman-
Penrose formalism to develop stationary scattering theories and describe superradiance in terms
of transmission and reflexion coefficients. As for time-dependent scattering, to our knowledge,
the only result in the Kerr framework is D. Héafner’s paper [32] ; it is a proof of asymptotic
completeness for the non superradiant modes of the Klein-Gordon equation. In this work, the
first two difficulties are present, but the third is avoided by the restriction to non superradiant
modes. Some analytic results have also been obtained outside the scope of scattering theory :
the existence of smooth solutions for Dirac’s and Maxwell’s equations was shown on generic
space-times by A. De Vries [16, 17] with application to the Kerr metric where the existence of
superradiance for Maxwell and its absence for Dirac are obtained ; one of us (J.-P. Nicolas)
has published a generic analytic study of the evolution of Dirac fields in Sobolev and weighted
Sobolev spaces, with applications to the Kerr metric and its maximal analytic extension [46], as
well as a work on a non linear Klein-Gordon equation, proving the well-posedness of the minimum
regularity Cauchy problem and, by means of a Penrose compactification, the existence of smooth
asymptotic profiles for smooth solutions [47] ; there is also a paper by F. Finster, N. Kamran,
J. Smoller and S.-T. Yau [23] on the time decay of Dirac fields.

In this work we develop a complete scattering theory for massless Dirac fields outside a slow
Kerr black hole ; this is, to our knowledge, the first complete scattering theory on the Kerr back-
ground. The choice of Dirac fields, with their conserved L? norm, has the advantage of avoiding
the third difficulty. The spinorial aspect, however, requires to obtain a better understanding of
the first two difficulties than what is necessary for the Klein-Gordon equation.

The paper is organized as follows :

e Section 2 is devoted to the presentation of the Kerr metric, of the Dirac equation on it and
of our main results. We begin with a brief description of the Kerr metric, then we give the
expression of Dirac’s equation in the two-spinor formalism of R. Penrose and W. Rindler
(see [50]). The Newman-Penrose formalism allows us to transform this intrinsic expression
into a system of partial differential equations with respect to a coordinate basis. For this
purpose, we choose Kinnersley’s tetrad, which is the one commonly used. The resulting
system contains artificial long-range terms. In order to get rid of these terms, we introduce
a new tetrad closely related to the local rotation of space-time. The section ends with the
statement of the main theorems of this work ; they express the existence and completeness
of classical wave operators for two types of simplified dynamics : asymptotic profiles and
Hamiltonians of Dirac type involving the Dirac operator on the 2-sphere.



Sections 3 to 7 contain the proofs of the theorems of section 2.

e In section 3, we define an abstract analytic framework, generalizing Dirac’s equation out-
side a Kerr black hole, by retaining only the analytic features relevant to scattering theory.
Then some simplified asymptotic comparison Hamiltonians are defined, for both asymp-
totic regions, in the general setting.

e Section 4 contains intermediate technical results necessary for the scattering theory.

e In section 5, after recalling the basic principles of Mourre theory, we prove the funda-
mental Mourre estimate. The generator of dilations cannot be used as conjugate operator
because of the difficulty related to the asymptotic end corresponding to the horizon. How-
ever, it is possible to define a unitary transformation leading to a situation where it is a
good conjugate operator. The correct conjugate operator is then defined by conjugating
the generator of dilations by this unitary transformation ; it is similar to the operator
introduced by R. Froese and P. Hislop [24], but the arguments used to prove the Mourre
estimate are different (Froese and Hislop’s argument is not adapted to Dirac’s equation).

e Once the Mourre estimate is established, the asymptotic completeness follows by standard
arguments described in section 6.

e Section 7 opens with a proof of the absence of eigenvalues for the Hamiltonian of the mass-
less Dirac equation on the Kerr metric ; this is a straightforward consequence of Teukolski’s
separation of variables in the equation. Then, we construct asymptotic velocities using
the asymptotic completeness results of section 6. Finally, the theorems of section 2 are
obtained as consequences of this construction, the absence of eigenvalues and the results
of section 6.

e Section 8 is a re-interpretation of the results of section 2 in geometrical terms. The
inverse wave operators are understood as trace operators on smooth null hypersurfaces at
the boundary of the Penrose compactification of the exterior of the black hole. The full
scattering theory is thus realized as the solution of a Goursat problem on the compactified
exterior, with null data specified on a union of two such smooth hypersurfaces, singular at
the junction.

In the massive charged case on Kerr-Newman backgrounds for the classical equation, the
full dynamics is a short-range perturbation of an intermediate spherically symmetric dynamics.
This intermediate dynamics is a one dimensional Dirac equation with a long-range (at infinity)
matrix-valued potential. This will require to introduce a Dollard modification in the wave
operators. This case is currently under study. The purpose of the present paper is to solve the
geometrical difficulties of the scattering of Dirac fields outside a rotating black hole. All such
difficulties are already present in the case of massless Dirac fields on a Kerr background. In
particular, the Mourre theory developed here should hold without modification in the charged
massive case. Note however that the geometrical interpretation of section 8 is highly dependent
on the massless, chargeless aspect. Indeed, in the massive, or charged case, the equation is
no longer conformally invariant and the conformal constructions fail. The reverse problem,
consisting of solving the Goursat problem on a compactified space-time in order to extract a
scattering theory, is under study with a first work on asymptotically simple space-times [38]. The
results of the present paper will be used in a subsequent work to develop a quantum scattering
theory for the Dirac equation on the Kerr metric. It is at this quantum level that the effects of
the non stationarity of space-time will appear (see remark 2.1).



Notations. Many of our equations will be expressed using the two-component spinor nota-
tions and abstract index formalism of R. Penrose and W. Rindler [50].

Abstract indices are denoted by light face latin letters, capital for spinor indices and lower
case for tensor indices. Abstract indices are a notational device for keeping track of the nature
of objects in the course of calculations, they do not imply any reference to a coordinate basis, all
expressions and calculations involving them are perfectly intrinsic. For example, g, will refer

to the space-time metric as an intrinsic symmetric tensor field of valence , i.e. a section

2
of T*M ® T*M and ¢g® will refer to the inverse metric as an intrinsic symmetric tensor field

of valence { } , i.e. a section of TM © TM (where ® denotes the symmetric tensor product,

0
TM the tangent bundle to our space-time manifold M and T*M its cotangent bundle).

Concrete indices defining components in reference to a basis are represented by bold face latin
letters. Concrete spinor indices, denoted by bold face capital latin letters, take their values in
{0, 1} while concrete tensor indices, denoted by bold face lower case latin letters, take their values
in {0,1,2,3}. Consider for example a basis of TM, that is a family of four smooth vector fields on
M : B = {ep,e1,e2,e3} such that at each point p of M the four vectors eg(p), e1(p), e2(p), e3(p)
are linearly independent, and the corresponding dual basis of T* M : B* = {eo, el,e?, 63} such
that e® (ep) = 95, dp denoting the Kronecker symbol ; gap will refer to the components of the
metric gqp, in the basis B : gap = g(€a,ep) and 2P will denote the components of the inverse
metric g® in the dual basis B*, i.e. the 4 x 4 real symmetric matrices (gap) and (gab) are the
inverse of one another. In the abstract index formalism, the basis vectors ey, a = 0,1, 2, 3, are
denoted e,® or g,®. In a coordinate basis, the basis vectors e, are coordinate vector fields and
will also be denoted by 04 or C{% ; the dual basis covectors e? are coordinate 1-forms and will
be denoted by dz?.

We adopt Einstein’s convention for the same index appearing twice, once up, once down, in
the same term. For concrete indices, the sum is taken over all the values of the index. In the
case of abstract indices, this signifies the contraction of the index, i.e. f,V® denotes the action
of the 1-form f, on the vector field V. The indexed 1-form dz® € T*M @ $4 @ S4° and the
indexed vector 9, € TM ® Sy ® Sy (see subsection 2.2 for the meaning of the notations S4,
SA S, and S ) are used to suppress form and vector abstract indices : dz® maps the 1-form
we as an indexed quantity to the same 1-form w = w,dz® with its index suppressed, d, maps
the vector field V' to the same vector field V = V9, with its index suppressed.

For a manifold Y we denote by C;°(Y') the set of all C* functions on Y, that are bounded
together with all their derivatives. We denote by C(Y) the set of all continuous functions
tending to zero at infinity.

2 The Kerr metric and Dirac’s equation

2.1 The Kerr metric

Kerr’s space-time is described in terms of Boyer-Lindquist coordinates as the manifold M =
R; x R, x S2 equipped with the lorentzian metric

2M 4aMrsin® 0 2 2
g= (1 - p;) dt? + % dtdip — Fodr? — pd6% - % sin?0dg?,  (2.1)

0’ =r?>4a%cos’0, A=r*—2Mr+ad?,



o2 = (r2 + a2) 0+ 2Mra®sin® 0 = (r2 + a2)2 — Ad?sin? 0,

where M is the mass of the black hole and a its angular momentum per unit mass. If |a]
is not too large, (M,g) is an asymptotically flat universe containing nothing but an eternal,
uncharged, rotating black hole. For no value of r is the sphere {r} x 5’37«; reduced to a point,
which justifies the extension of the variable r to the whole real axis. The expression (2.1) of
the Kerr metric has two types of singularities. The set of points {p? = 0} (the equatorial ring
{r =0, 0 = w/2} of the {r = 0} sphere) is a true curvature singularity. The spheres where
A vanishes, called horizons, are mere coordinate singularities. Using appropriate coordinate
systems, they are understood as regular null hypersurfaces that can be crossed one way but
would require speeds greater than that of light to be crossed the other way, hence their name :
event horizons. The black hole is the part of our space-time lying beyond an event horizon.
There are three types of Kerr space-times according to the number of horizons (which depends
on the respective importance of M and a).

e Slow Kerr space-time for 0 < |a] < M. A has two real roots
re =M+ VM?—a?, (2.2)

so there are two horizons, the spheres {r =r_} and {r = 4}, on either side of {r = M}.
The case a = 0 reduces to Schwarzschild’s space-time.

e Extreme Kerr space-time for |a| = M. M is then the double root of A and the sphere
{r = M} is the only horizon.

e Fast Kerr space-time for |a| > M. A has no real root and the space-time has no horizon.
There is no black hole in this case ; the ring singularity is a naked singularity.

We only work with slow Kerr metrics ; they are usually considered as the generic description
of a space-time containing simply a rotating uncharged black hole, since the extreme case is
believed to be unstable. The two horizons separate M into three connected components called
Boyer-Lindquist blocks : block I, denoted here By, is the exterior of the black hole {r > r;} ;
block II, {r_ < r < r4}, is a dynamic region situated beyond the outer horizon and where the
inertial frames are dragged towards the inner horizon ; block III, {r < r_}, is the part of space-
time located beyond the inner horizon, it contains the ring singularity and a time machine called
Carter’s time machine. No Boyer-Lindquist block is stationary, that is to say there exists no
globally defined timelike Killing vector field on any given block. In particular, block I contains
a toroidal region, called the ergosphere, surrounding the horizon,

8:{(t,r,6,g0); ry<r<M+ M2—a2(:os?9} ,

where the vector 0/0t is spacelike.

An important feature of Kerr’s space-time is that it has Petrov type D (see translation of
Petrov’s original paper [51], or standard general relativity textbooks, or [48]). This means that
the Weyl tensor has two double roots at each point. These roots, referred to as the principal
null directions of the Weyl tensor, are given by the two vector fields

2, 2
r+a°) 0 0 0
A ot  0r Adyp
Since VT and V'~ are (twice) repeated null directions of the Weyl tensor, by the Goldberg-Sachs
theorem (see for example [48]) their integral curves define geodesic shear-free null congruences.



We shall refer to the integral curves of V™ (resp. V™) as the outgoing (resp. incoming) principal
null geodesics.

Since the quantities p?> and o2 are positive on block I (in fact p? is positive on the whole
space-time, but ¢? is negative in the time machine in block III), we denote p = \/ﬁ and
o =Vo?

Our purpose in this paper is to describe the scattering of linear massless Dirac fields by a
slow Kerr black hole from the point of view of an observer static at infinity. For such observers,
the exterior of the black hole is the only visible part of space-time. Besides, their perception of
time is well described by the time function ¢ of the Boyer-Lindquist coordinates. The horizon
will therefore appear to them as a singularity of the metric (for more details on the nature of this
singularity, see for example [46] or [47]). One may tend to think that ¢ is simply a bad choice
of time coordinate since it makes a regular part of space-time appear as singular. However,
our choice of observer is natural in that it is a good description of a distant observer (typically,
a telescope on earth aimed in the direction of a black hole) and the choice of time coordinate
describes the experience of such observers. Hence, we work on B; = Ry x]r;., +00[x Sg, o equipped
with the metric (2.1) and we shall consider Dirac’s equation as an evolution equation with respect
to t. We denote X the generic spacelike slice : ¥ =]ry, —l—oo[xS’gM and ¥, = {t} x X.

2.2 Dirac’s and Weyl’s equations in the Newman-Penrose formalism

The function t of Boyer-Lindquist coordinates is a globally defined time function on block I, i.e.
its gradient V¢,
Vo = gVt , Vatdz® = dt,

is a smooth, timelike, non vanishing vector field on block I (in spite of the fact that in Boyer-
Lindquist coordinates 9/0t is not everywhere timelike). The time orientation of block I is defined
by t, i.e. a timelike or null vector field is said to be future oriented if ¢ is increasing along its
integral lines. The foliation {X;}cr by the level hypersurfaces 3; = {t} x ¥ of the function ¢,
is a foliation of block I by Cauchy hypersurfaces. Block I is therefore globally hyperbolic. In
dimension 4, this entails the existence of a spin-structure (see R.P. Geroch [27, 28, 29] and E.
Stiefel [54]). We denote by S (or S# in the abstract index formalism) the spin bundle over B;
and S (or SA/) the same bundle with the complex structure replaced by its opposite. The dual
bundles S* and S* will be denoted respectively Sy and S4/. The complexified tangent bundle to
By is recovered as the tensor product of S and S, i.e.

TB;@C=S®S or T*B; ®C =S4 @ 4

and similarly
T*BroC=S*"®@S* or T,B8,@C=S4®Su .

An abstract tensor index a is thus understood as an unprimed spinor index A and a primed
spinor index A’ clumped together : a = AA’.

The spin bundle S is equipped with a canonical symplectic form, e4p, referred to as the
Levi-Civita symbol. It is used to raise and lower spinor indices, but due to its skew-symmetry,
the order is important :

€ABEB = RA y I<LA€AB = KB.
The complex conjugate €45 = £a/p/, simply denoted € 4/p/, plays a similar role on S. These
symplectic structures are compatible with the metric, more precisely

Gab = EABEA'B’ -



The Dirac equation finds its simplest expression in terms of two-component spinors (sections
of the bundles S#, S4, S*" or Sy/) :

m (2.4)

where m > 0 is the mass of the field. In the massless case, equation (2.4) reduces to the Weyl
anti-neutrino equation

VAY g, =0, (2.5)

since the equation on y (the Weyl neutrino equation),
VAA/XA/ = Oa

is the complex conjugate of the anti-neutrino equation

VAA/)Z A=0.
Equation (2.5) is the object of this paper ; we shall refer to it as the Weyl equation.

The full Dirac equation (2.4) possesses a conserved current (see for example [46]) on general
curved space-times, defined by the future oriented non-spacelike vector field, sum of two future
oriented null vector fields :

Ve — A 4 yAA
This implies that the total charge outside the black hole

C(t)= [ V,T%dVol = / (padar + Xaxa) TA4 dVol, (2.6)
Et Et
is constant throughout time, where 7' is the future oriented normal vector field to ¥;, normalized
for convenience so that T, 7% = 2, and dVol is the volume form induced on ¥; by the Kerr metric,
i.e.
22
dVol = % drdw. (2.7)

The quantity C(t) defines a norm for (¢4,x4/) on ¥; (in fact the natural L? norm, see for
example [46]). This will be explained in more details in section 2.5.

Remark 2.1. Thanks to this charge conservation, the non-stationarity of space-time is not seen
as a difficulty for the scattering theory of classical Dirac fields. The effects, however, do appear
at the level of the physical interpretation. Let us consider the so-called Klein paradoz as a toy
model to explain how they can be seen :

i0p = (aDy + fm+ V),

with
Vel R), lim V(r)=0, lim V(r)=U>0.

T——00 r—+00

If U > 2m, then a particle whose energy is between m and —m + U will propagate near —oo as
an electron and near +00 as a positron.

It is therefore natural to ask whether there is creation of particles in this situation, i.e.
whether eternal rotating black holes create particles. Most physicists claim that there is in
fact creation of particles (see for example [13]), but the mathematical proof is still missing. It



1s clear that such a mathematical proof can only be given in a second quantized, many particle
framework, and it would require the use of the classical scattering results proved in this paper. The
Klein paradox has been studied from a mathematical point of view by Bongaarts and Ruijsenaars
[9, 10] ; they show that the classical scattering matrixz cannot be implemented as a unitary
operator in the Fock space of the free fields.

Using the Newman-Penrose formalism, equation (2.4) can be expressed as a system of partial
differential equations with respect to a coordinate basis. This formalism is based on the choice
of a null tetrad, i.e. a set of four vector fields {*, n%, m® and m%, the first two being real and
future oriented, m® being the complex conjugate of m®, such that all four vector fields are null
and m® is orthogonal to [* and n%, that is to say

1 =nn*=mem® =1lym* =n,m*=0. (2.8)
The tetrad is said to be normalized if in addition
,n*=1, mgym*=—1. (2.9)

Such a null tetrad defines at each point a basis of the complexified tangent space to our
manifold, in other words, the tetrad is a global section of the complexified principal bundle.
The vectors I and n® describe “dynamic” or scattering directions, i.e. directions along which
light rays may escape towards infinity (or more generally asymptotic regions corresponding to
scattering channels). The vector m® tends to have, at least spatially, bounded integral curves,
typically m® and m® generate rotations.

The principle of the Newman-Penrose formalism is to decompose the covariant derivative
into directional covariant derivatives along the frame vectors. To each directional derivative
corresponds a standard symbol :

D=1°V,, D'=n"V,, 6§ =m°V,, § =m"V,.

The connection coefficients (first order derivatives of the metric) can be organized into combi-
nations involving only derivatives of frame vectors along frame vectors. These combinations are
referred to as spin coefficients. For a normalized tetrad, there are twelve spin coefficients defined
as follows (see R. Penrose & W. Rindler [50], Vol 1, p. 226-228)

k=m%Dly, p=m*ly,, 6d =m%l,, T=m*D'l,, (2.10)

e = 5 (n®Dly + m*Ding) , a = 3 (n'ly + m*d'mg) (2.11)

B =L (nl, + moding) , 7 = & (D', + m®Dling) , (2.12)

™ =—m*Dn®, A= -m%'n®, p=—-mn®, v=—-—m*D'n®, (2.13)

where we have denoted by p and & the spin coefficients usually denoted p and o, in order to
avoid confusion with the functions p = \/pi2 and 0 = V02 appearing in the expression (2.1)
of the Kerr metric. The spin coefficients can also be expressed in terms of the Ricci rotation
coefficients v(,)()(c) (see for example S. Chandrasekhar [12]). For this definition, the frame
vectors are denoted by

" =em?®, n"=e@p)®, m"=e@E", m"=ey",
the dual 1-forms by

1 2 =
la:e()ay na:e()aa mg = € )a7 Mg =€ "q,
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and the components of tensors with respect to this frame and co-frame are denoted by light-face
latin indices within brackets, e.g. :

a a a b c d
R 0)@) = Rea € a ey’ €0 e(a)” -

The Ricci rotation coefficients are defined by

1
NB)©) = 5 M@0 T A@®) ~ AB)()@)] -
2

A :ie'—a.e-eiej
(a)(®)(c) i (i T 50| “(a) “(e)

and the expression of the spin-coefficients in terms of the y(q)) () is

E=930m0) 0 £ =730 = 3 (oo +7eWwe) (2.14)
T=73)1)@E3) H=Y@)@)E), Y= % (7(2)(1)(2) +3 ) ) (2.15)
A=Y@, T= 7(3)(1)(2) ;o= 3 (W@ T 1B @W@) - (2.16)
1
2 )3)) - (2.17)

1%

—

TR@W@) > T =YW B Y2))E) + 7(3

We can now express equation (2.4) as a system of partial differential equations, involving partial
derivatives along the frame vectors ; this system acts on the components of ¢4 and x4 in a
unitary spin-frame (04,:4), defined uniquely up to an overall sign factor by the requirements
that

/ / ’ /
oo =17, AT =nt, oMY =m®, AN =m®, ot =1. (2.18)

We denote by ¢p and ¢; the components of ¢4 in (oA, LA), and yo and xy1/ the components of
xar in (64,74 :

A A A A
G0 = Pa0" , P1=0¢a" , Xo=Xxa0" , X1 =Xl

Dirac’s equation then takes the form (see for example [12])
n%0a po — M0 1 + (1 — ) do + (17 — B)1 = %Xl/a
1200 ¢1 — M?0a o + (v = T)o + (€ — p)o1 = — o X0

20a xor — M*0a x1 + (B — ) xo + (F = B)x1 = %le ;

120a X1 — m*a X0 + (@ = T)X0 + (€ = p)x1 = — 5o
and the Weyl equation is simply :
n?0a po — M*0a d1 + (1 — 7)o + (T — B)p1 =0,

(2.19)
[20a 1 — Mm*0a g0 + (. — 7)o + (¢ — p)p1 = 0.

11



2.3 A choice of null tetrad and the calculation of the spin coefficients

The description of Kerr’s space-time in the framework of the Newman-Penrose formalism has
been used before by S.A. Teukolski [56] and W.G. Unruh [57] to calculate the expression of the
massless Dirac equation in Boyer-Lindquist coordinates (note that Unruh, although his calcu-
lations used the Newman-Penrose formalism, described his results in terms of Dirac matrices),
and subsequently by S. Chandrasekhar for the full Dirac equation (see [11] for the original work,
but also [12]). The tetrad used in all these references is due to Kinnersley [36]. It is naturally
inherited from the type D structure. The two real null vectors are chosen along the principal
null directions V™ and V'~ :

aa_ + aa_ -
l%—)\v ,naxa—,uv,

the normalization condition [,n® = 1 then gives
Apg (VI VT) =1,

whence, after calculation,
a2y
K N
Kinnersley’s choice was simply to take A = 1. Once the directions of [* and n® are chosen, the
complex vector fields are uniquely determined, modulo a phase factor e, by (2.8) and (2.9).
This gives Kinnersley’s tetrad, which we denote L*, N% m®, m® :

La@i“ = % |:(’I“2 + a2) % + A% + aai] , (2.20)
Naaia _ 21p2 [(ﬂ 1 a?) % _ A% + aai] , (2.21)
me aia - pj@ [m sin@% + % + si:leai;] : (2.22)
maaia _ pl2 [—msme; + 889 _ siieai] , (2.23)

where
p=r+iacosf.

In this tetrad, the real null vectors L® and N® have very different behaviours near the horizon
because 1/A blows up there while 1/(2p?) remains bounded. The consequence will be that the
two components ¢g and ¢; of the spinor ¢, solution to the massless Dirac equation, will not be
on an equal footing near the horizon. This would break the time symmetry of our scattering
construction (the components would need to be rescaled near the horizon in different manners
for future and past scattering data). We prefer to modify this tetrad so that the real vectors
behave similarly at the horizon. We define a normalized Newman-Penrose tetrad [%, n®, m®, m?®
by a simple modification of Kinnersley’s tetrad : we choose

0 0
° =NV, n'—=puV_, A=
81'0‘ ? n 8.%‘“ :u‘ Y /"L
and the vectors m® and m® remain unchanged. This gives us
0 1 0 0 0
- (rP+ad®) =+ A +ar (2.24)

ot or oo |’

ox® 1/2Ap2

12



0 1

0 0 0
a _ 2 2y ¥ e
[Car 2Ap2 [(r +a%) 5% 2%, +a&p} ; (2.25)
L0 o o i 0
mee e = p\f [msm@ + 20 sin@@gp] (2.26)
L0 o i 0
919 32 [ fasinba, + 5 sm@@g@] ' (2:27)

The dual tetrad of 1-forms is

A 2

lodz® = | = 2 [dt N dr — asin 9dcp] (2.28)
A 2

ngdz® = 2,2 [dt + = A dr — asin? Hd@} , (2.29)

medx® = [iasin 6 dt — p*do — (7’2 + a2) sinfde| , (2.30)

pf

medaz® = —iasin@dt — p*dd +i (r* + a®) sinf dy] . (2.31)

zﬁ\/i |
To the tetrad (2.24)-(2.27), we associate a spin-frame (0?,:4) satisfying (2.18). The calculation
of the spin-coefficients gives

k=0=A=v=0, (2.32)
_ 1 /A iasin 0 iasinf (r—M)p? —rA
—p=-L A o fasnl o desinf . (@3
P\ 2 V2 p? V2 p? 202/ 2007 (239
o iasin@i cot 0 +a%in@cos@ 5 cotd Jrc1251r19(:050 (2.34)
V2R V25 202v2p T T 2v2p 2p2V2p '
Y= (r—M)pQ—rA_ Aiacos@l (2.35)

202/ 20 p? 207 p?
2.4 Calculation and first simplifications of Weyl’s equation

Replacing in equation (2.19) the expressions of the frame vectors and of the spin-coefficients
gives us the following explicit expression of the Weyl equation on the Kerr metric in terms of
Boyer-Lindquist coordinates :

r2 + a2 msm@

/72 2 5 9 7‘¢0+ %A 5 Sp(ﬁ[) p\/i (;5

1 7
— ——0pp1 — ———0
p\@ b1 p\/isinﬁ o1

(r—M)p* +rA (cotﬁ iasin a2sin6?cosﬁ>
- _ N n —0 2.36
2p2+/2Ap? ¢ 2pV2  V/2p? 2p2v/2p ¢ (2:36)
r? + a? A ia sm@ i
—01 + 87' + — 8 ——=0gpo + —=——0.
OV i P1 ¢1 \/7 Op01 + 1P — pf Do Vasing %0
—cotf a’sinfcosd (r—M)p?> +rA  iaAcos@
+ + + + =0. 2.37
( 2p\/2 2p2\/2p > %0 ( 2p%/2Ap? P> 2Ap2> ” (237

13



Multiplying the spinor by the measure density associated with an adequate radial variable will get
rid of some long-range potentials (the same technique was used in [44] for the Dirac equation on
the Schwarzschild metric). Other long-range potentials do remain in the equation. The method
used to eliminate them is described in subsection 2.5.1.

We introduce the “good” radial variable for time-dependent scattering : a variable r, (already
used in [12] and more recently [32]) such that the principal null geodesics have radial speed +1
with respect to this coordinate, i.e. such that

dr,  r?+4a?

= (2.38)

In the Schwarzschild case, r, is the Regge-Wheeler coordinate r + 2M Log(r — 2M). On the
exterior of a slow Kerr black hole, we have

re =1+ MLog (r* — 2M7r + a?) + — + Ry, (2.39)

2M?
——Log
I —a
where Ry € R is arbitrary.

The measure dVol has the following expression with respect to the coordinates r, # and ¢ :

A o2p?

dVol = W drydw, dw = sin6dfdy.
r“4+a
We define the “density spinor”
~ A o?p? 1/4
b= (arap) o (240

The only differences between the equation satisfied by ¢ and (2.36)-(2.37) come from the terms

Ao?p? \* 0 A o?p? 3 (r—M)p* +rA
(otap) o lotap) = " g
((r— M) (r* 4+ a*) — 2rA) a*sin? ¢
202 (r2 4 a?)

Ao?p? 0 Ao?p? 3 B a2sin9c089+AaQSin00089
(2 +a2)?) 90\ (r2 + a2)? N 2p? 202 ’

Hence, the vector ® = * (q;g , <$1> satisfies the following system of equations

S

i

=

Mt8t<I>+M8<I>+M9(69+fcot9)<I>+M 0,0+ PE =0, (2.41)
r24a? __tasiné A 1 0
o 2Ap2 pV2 - -
My = \iésinﬁ r24a? , My = ﬁ < 0 1 > ’
V2 \/2Ap?
0 asin @ —1i
V2802 V2
M9 - < 571 p\of ) M - 71’ P asinf )
V2 V2 \/2Ap?
_(T*M)(TQJFU‘ ) 2rA aZsin26 A __dasin® _ a®’sinfcosf _ Aa’sinfcosf
p— 202(r?+a?) 2p? V2p2 p%V2p 202pV/2
_ Aa?sinfcosf (rfM)(r2+a ) 2rA a2sin2 0 A ia Acos@
20-2\/513 202(r2+a2) /2p
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2.5 Further simplifications of the equation

Multipling equation (2.41) by the matrix ]\Jt_l7 we obtain the evolution system :

O ® + My "M, 0,® + M; Mg i Dgo® + \/2171\4’[13@&’ + M;'PO =0,
~% 0 0 dp + & cot§ + 120
Mg = | P o ,i]Z)2=< . , 2 smes0>7
0 ﬁw S 89"‘5(30‘]0—@6@ 0

where the angular terms have been decomposed into the Dirac operator J)g» on the 2-sphere and
a remainder involving only derivatives with respect to . A first advantage of this decomposition
is that the operators g2 and 0, are regular on the whole 2-sphere ; the singularities appearing
in cot 6 and ﬁ@w are thus understood as coordinate singularities. The other advantage is that
the Dirac operator g2 is spherically symmetric. Hence the lack of spherical symmetry (that is
to say, the effects of rotation) is materialized first by the term in d, and second by the lack of
symmetry in the matrix M; ' Mg.. We see that the matrix M, ' Mg2 behaves as 7! near infinity,

a -1 —92 .
whereas WMt falls off as r=. Thus, the term in d, can be understood as a long-range

perturbation of the “principal” part involving Do :
a
V20 p?

This however is of no matter since the term in 0, will be treated as a potential (falling off as
r~2 and therefore short-range) using the cylindrical symmetry. The real problem comes from
the matrix Mt_lMsQ : we have

(7"24'“2) V Ap? __iaA s2in 0
o

1
Mo, = -0 (M; " Mg2ig2) asr — +oo.

. —
M 'Mg = po — | @ —1Idg as r = 400
¢ iaA sin 0 (r2+a2) Ap? r
o2 B po?

and there exists no “spherically symmetric” matrix My (meaning that the coefficients of M
depend solely on r), falling off as ! at infinity, such that Mt_lM g2 — My = O (r‘2_€) as
r — +o00. This is obvious when we consider the fact that iaAsin®/o? is zero on the axis and
falls off as r=2 at infinity on the equator ; no spherically symmetric matrix can make up for
such a behaviour. This shows that M{lM 521Dg2 is a long-range perturbation of Mylg. for any
spherically symmetric matrix My falling-off as »—! at infinity.

Remark 2.2. This problem is caused by the rotation of Kerr’s space-time. The natural way of
minimizing the effects of rotation in the expression of an equation is to choose means of describ-
ing the geometry that are as closely tied in with this rotation as possible. We have essentially
two possibilities :

e Change coordinates to follow locally non rotating observers ; this induces time-dependent
expressions for the metric and the equation, and therefore entails even more serious ana-
lytic difficulties.

o Find a new Newman-Penrose tetrad in some sense associated with locally non-rotating
observers. The next paragraph is devoted to the construction of such a tetrad.

The upshot will be that Kinnersley’s tetrad, although it is systematically used in detailed studies
of the Kerr geometry, including Chandrasekhar’s stationary scattering theories, is not adapted
to the point of view of time-dependent scattering.

Note that we have not quite used Kinnersley’s tetrad, but a rescaled version of it. Using the
exact Kinnersley tetrad would produce similar long-range terms at infinity.
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2.5.1 A new Newman-Penrose tetrad adapted to the foliation

Given a Newman-Penrose tetrad [*, n®, m®, m®, the vector field [*4+n® is timelike future-oriented
as the sum of two future-oriented null vectors. Hence, to any Newman-Penrose tetrad, we can
associate a preferred timelike future-pointing vector field (or observer), given by the sum of the
two real frame vectors. Besides, the norm of such a vector field must always be v/2 since

(lo +na) (I +n%) =2.

Locally non-rotating observers are described by the future-oriented normal to the hypersur-
faces X¢. We consider T the future-oriented vector field normal to the ¥; and normalized so
that T%T, = 2. It is given in Boyer-Lindquist coordinates by (see [46])

T“a _|20% é+2aMri
oxe \ Ap? \ ot o2 dp)

We are looking for a Newman-Penrose tetrad 1, n*, m®, m?, that follows the local rotation of
space-time. The first natural idea is to impose

1°+n% =T°. (2.42)

This is exactly the notion of a tetrad adapted to the foliation as it was defined in [46]. The way
we choose to construct such a tetrad is guided by our wish to minimize the apparent influence
of rotation in our equation. Requiring (2.42) is a first step in this direction, but there are many
possible choices of 1* and n® compatible with (2.42). We single out a pair of null vectors that
are not accelerated in the angular directions ; i.e. we choose 1* and n® in the plane spanned by
T® and 9,. Requiring that 1* should be outgoing, n® incoming, and a similar behaviour of the
two vectors near the horizon, we obtain

1¢ 0 — lTa 9 + Ag_ g g_{_Lerg + Aé (2.43)
dxe 27 Oxo 2020r  \J2Ap2 \ Ot o2 dp 202 0r’ ’

0 0 1., 0 Ad o 0 2aMr 0 A 0
Mowm = 2l o \22ar T Jang <at+az w) Vaar: @4

The choice of m?® is now imposed, except for the freedom of a complex factor of modulus 1.
The vector fields 70, 0,, 9 and 0, define an orthogonal frame everywhere (except on the axis
where Jy is singular) ; since m® is orthogonal to 1 and n® and since these two vectors span the
plane (7%, 0,), m® must be tangent to the 2-sphere. This gives (choosing the complex factor so
as to obtain the simplest expression)

.0 1 o p i 0
N Y (ae+asmeagp)’ (245)
R S A B B
W owm T o (ae‘asine&o>- (246)

We now recall some well-known facts about Newman-Penrose tetrads and spin-frames, then
we shall see how they can be significant to us.
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Properties. We consider a Newman-Penrose tetrad %, n®, m®, m® and a unitary spin-frame

(02, 1) related to the tetrad by (2.18). We also denote the frame spinors o and 1 by
=g, A=
and the dual dyad (—ta,04) by
—1a=¢4", oa=¢e4".

To any vector field X%, we can associate the matrix xAa of the components of its spinor form

XA More precisely
XAA’ _ ( XOO XOl >
- XlO’ Xll’ ’

and, writing for example the first component in details,
XOO/ = SAogA/O/XAA/ = LAZA/XAA/ =n,X*.
With similar calculations for the three other components, we obtain

XAA/ . NgX? —MmeX?
o\ —me X [, X° ’

Denoting X the matriz XAA the quadratic form on S associated with X% :

da > pada X
1s expressed in terms of X and the vector

b0 =0’ pa

®= ( ¢1:61A¢A>

Paga XM = 10Xd = (0, XO)

as follows
C? )

where < .,. >c2 denotes the standard scalar product on C?. In particular, we see that for the

vector
Z%:=("4+n"),

the matriz ZA7 is the identity and therefore

Gada ZN = |gol* + || . (2.47)

The conserved charge (2.6) outside the black hole involves the quadratic form ¢ ¢ A TAY
associated with the normal vector 7. In the Newman-Penrose tetrad 1%, n®, m®, m?, the vector
T“ is the sum of the two real frame vectors, whence the above quadratic form becomes simply
\¢0]2 + \¢1]2. It follows that, with respect to this new tetrad, the conserved charged is exactly

the L? norm of the vector ® representing the spinor in the associated spin-frame.

17



2.5.2 The new expressions of Weyl’s equation and the conserved quantity

Having found a Newman-Penrose tetrad meeting our requirements, we now wish to re-calculate
Weyl’s equation using this new tetrad. We have the possibility of computing the new values
of the spin-coefficients using (2.10)-(2.13) or (2.14)-(2.17). This is excessively long and tedious
and we prefer to follow a somewhat shorter path. Given any two normalized Newman-Penrose
tetrads, there is a unique Lorentz transformation changing the first into the second. To this
Lorentz transformation corresponds a unique (modulo sign) spin-transformation. All we have
to do here is to calculate the Lorentz transformation L2 which transforms the tetrad (2.24)-
(2.27) into (2.43)-(2.46), infer the spin transformation S% such that L% = S§SE' then modify
the components of the spinor ¢4 using this spin-transformation. The equation satisfied by the
modified components will be the form of Weyl’s equation corresponding to the tetrad (2.43)-
(2.46) where the unknown is the “density spinor” ¢4 defined by (2.40).

First, in order to obtain the expression of the Lorentz transformation LZ, we express the
frame-vectors (2.43)-(2.46) in terms of (2.24)-(2.27). We have

].a = Uila Mna—i_w(ipma—iﬁma)’
20 2004 20p
A 2 o3 20 Aasinf
n® = &ZG-FEHG—F@(WWZ“—@M&),
2004 20 20p
me = YA oy 00 PACSEG

20 20p 2004p

where o = o +r% + a?. The matrix of the Lorentz transformation in the basis (2.24)-(2.27) is
therefore

[ Aa?sin? vV Aasin GZ' __VAasin O,L- —
20 2004 20p D 20p p
Ada?sin? 6 o4 VAasinf ; _ VAasinf ; -~
p p
®) b ) 2004 20 20p 20p
— a —
L(a) = La e(a) ey = . (248)
_ VAasinf - +VAasinf po+ o pAa?sin? 0
11— 11— oy S
20 20 20p 2004p
-v/Aasin§ -v/Aasin @ pAa? sin? 0 POt
(3 1 — 5
20 20 2004 p 20p

The matrix S§ of the spin-transformation S% in the spin-frame (04, 14) is uniquely determined,
modulo sign, by L% = S B SAB,/ and det (S’E) = 1. The first condition can be expressed in terms
of components as

SO [SiP s9sy sisy
2 2 =1/ =0/
o | 18] ’”?1171, SiSy, SiSy (2.49)
(@) S98% SiSL S8SL ShsY,
950 Sigl §95L Sl
Identifying (2.48) and (2.49) and imposing det (S} ) = 1, we obtain
__Piasin VA
SE:(S[E Sé):,/p | V.Ufﬁ oV 2iu, (2.50)
Sl Sl 20’P ZaS\l}l%A %\/ﬁ

where the square root of p is calculated using any given determination of the square root on
the complex plane. The spin-transformation (2.50) transforms the spin-frame (04, 1) into a
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. / At
new spin-frame (04 = Sf4o”, 14 = S4.5) such that 1° = 0464, n® = 4474, m* = o047,

m = 1464". The components of the spinor d) 4 in this spin-frame are given by

Yo = ¢a0” = 9aS50" = Sida, Y1 = dar’ = 9aSp” = 5104,

= ()i ()-(F5) (). e

The equation satisfied by ¥ is

that is to say

Mt8t\IJ+M8\IJ+M9<89+fcot0>\I'+M 0, + PU =0, (2.52)
where
r24a? __tasin@
M, =UMU = [ V280 V2
1a sin O r24a2 ’
2p2 v/ 20 p2

_ 1 A _ r24a? __iasin0vVA
Mr = UMrU = Tp2 _iasinUG\/Z 702_,'_[;2 )

1 —iasin 0VA oo+Aa®sin?0
— -1 _ p po.
= UMGU - 0_\/§ oo +Aa?sin? g iasin;_\/z ’
PO+ P
asin 6 —1
~ - V2002 V2p
MSO = UMSOU b= Lp asin @ )
V2p \ 2Ap?
_ o o
P=UPU !+ UMy , U + UM, |—,U
06’ or
iasin 0vVA
-1 P VO+ Vot
U - % _giasin@x/z p o3 ’
P o+ +

and the commutators [0y, U], [0, U™!] are simply the partial derivatives of U~! with respect
to 6 and r. Left-multiplying equation (2.52) by

9A 9 r24a? ia sin 6
- —1 P v 2Ap2 \2/2 2
Mt = 0.2 —ia sirp19 T +Z2 ’
2p2 \/2Ap2
we get,
8t\I’+M8‘If+M9<89+fcot9>\I/+M 0, W + M PY =0, (2.53)
where
- - =A
M, = MM, < 6 A
g

)= (v 1),
=)

S

=

=,
Py
ﬂ



5 5 2Mrasin —ivAp?
M, = M; "M, = ?

a2 o
ivVAp? 2Mrasin 6

o2 o2
We then modify equation (2.53) by isolating the Dirac operator D2 on the 2-sphere S? from
the rest of the angular terms :

OV + A0,V + Ag2iPee VU + A0, ¥ + BY =0, (2.54)
Al =10 —VA
Ar:MT:o‘( 0 1 ) 5 ASQ:TIdQ’
2M2ra —ivVA (ﬁ _ 1)
_ o osinf \ o 215
o=\ iz (ﬁ_ ) 2Mra » B=M;"P.
osinf \ o o2

Remark 2.3. The matriz Ag> is now diagonal and furthermore Ag2IDgo is a short-range per-
turbation of AgQDSQ, where
—VA

0 _
Ay = 5~ 51ds.

Remark 2.4. As was remarked at the end of the previous subsection, the conserved quantity
takes a considerably simplified form with respect to the new tetrad, namely

o2 p2

/ T4 padpardVol = / TAY g A as drdw
Zt Zt

o2p

(r2 + az)2

= / TAA/ ¢~A5A/ dT* dw
p3

2

/ TAA,¢A(5A/ dr.dw
p

= /<\P,\I]>C2 dridw. (2.55)
pI

In the tetrad 1%, n® m®, m®, the explicit expression of the quantity TY ¢adar involves the

. . . . .
matriz T of TA4 in the associated spin-frame, given by
r24q2 iasin 64/ Ap2
T=UU = ~ Ve? pVo?
—iasin 04/ Ap? r24q2
pVo? Vo2

2.6 The main theorems for the Kerr framework

We start by re-expressing the form (2.54) of Weyl’s equation in a manner which makes explicit
the existence of two asymptotic regions : one corresponding to the horizon, the other to infinity.
This is done by using the Regge-Wheeler-type coordinate r,, defined in (2.38), instead of 7.
This coordinate r,, as was remarked earlier, is chosen so that the principal null geodesics have
radial speed +1. The consequence is that the horizon is now described as the asymptotic region
r« — —00, sometimes referred to as “negative infinity”. Equation (2.54) takes the new form

O = i, W, (2.56)
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where 1Dy, the Hamiltonian for the Weyl equation on the Kerr metric, is given by

+ ‘
Dy = (N S £17)52 A D, +iB,

1 0 10 10
- D, =-—,D .
" (0 —1>’ 4 0ry v i dp

This expression allows us to define asymptotic dynamics near the horizon and in the neigh-
bourhood of infinity, corresponding to approximations of 1D in these asymptotic regions. For
our first construction of wave operators, we make the simplest choice of asymptotic dynamics :
asymptotic profiles. In addition to being simple and intuitive, this has the major advantage of
allowing an almost immediate geometrical interpretation of the scattering theory, as providing
the solution to a non-trivial Goursat problem on the Penrose compactified block I. The details
of this interpretation' are given in section 8.
As r, — —o0, P approaches

2Mra a

Dy =~vD,, — W Dy, =~vD,, — m D,, (2.57)
whereas in the neighbourhood of infinity, 1), is close to
Do =Dy, (2.58)
The asymptotic Hamiltonians are both self-adjoint on
H=L"((RxS*; dr,dw) ; C?) (2.59)

and for U = (19, 91) € H
1/}0 (7’*+t, 97 ¢_7{ﬁt>
1/}1 (T*—t, 97 ¢_7{ﬁt>

. B wo(r*+ta9790)
(fftD \Il) (re, 0, ¢) = < br(re =1, 0, ¢) ) |

The dynamics generated by Dy operates a radial translation at speed 1 with respect to 74
(towards —oo for the first component of ¥ and towards +oo for the second) as well as a rotation
of fixed angular velocity a/(r% 4 a?), i.e. the rotation speed of the horizon as perceived by an
observer static at infinity. The operator D, induces the same radial translation as Dy without
the rotation. Both Hamiltonians have the same spaces of incoming (resp. outgoing) data :

T ={U = (¢o,¥1) € H; 1 =0} (resp. H™ = {¥ = (¢o,91) € H; ¢ =0}) .

(eitDH\I!) (re,0,9) =

Although the geometric interpretation is less relevant, it is also interesting to use Dirac-type
operators, involving the full IDg, in their angular part, as comparison dynamics. We introduce

Py =Dy, + e—m+|u|9o(r*)]z)§ ————=Dy,, D_=1D,, (2.60)

2
7°+—|—a

!The constructions of section 8 will indeed be based on asymptotic profiles, but they will be slightly different
from the ones used here, so as to make their geometric significance more obvious. The scattering results using
the profiles of section 8 and the ones described in this section are equivalent
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where k4, the surface gravity at the outer horizon, is given by

— M2 — o2
T (2.61)
2(T++a2) i +a

o,01 € C*(R), O is zero in the neighbourhood of 0 and 1 far from the origin, and ;(x) =
1g+(x)8p(z). The choice of Iy, is related to an adequate choice of constant Ry in the definition
(2.39) of r, (see remark 7.2). These two Hamiltonians are self-adjoint on #.

Our first theorem establishes the existence of asymptotic velocities for all Hamiltonians 1y,
Dy, Doo, Py and .. Then we give a first construction of wave operators using asymptotic
profiles as comparison dynamics in theorem 2 and another construction in theorem 3 using
Dy and 1D instead. We denote by the letters 20 and W the wave operators associated with
asymptotic profiles ; we use the letter {2, in accordance with the notations of section 6, for
the wave operators associated with 19, and I)._. All these wave operators are defined using
projections onto the positive and negative spectra of our asymptotic velocities.

Theorem 1 (Asymptotic velocities). 1. The three Hamiltonians Dy, 1., and Py are self-
adjoint on H and their spectra are purely absolutely continuous ; in particular, their point
spectra are empty.

2. There exist bounded self-adjoint operators P*, Pﬁ, PZ such that, for all J € Coo(R) :

J(PE) = s— tl}gloo e i J <Tt—*> e (2.62)

J(PE) = s— tl}rinoo e~ P g (%) P (2.63)

J(PE) = s— tl}rinoo e P g (%*) ePo (2.64)

J(Fy) = s— tl}rinoo e u g (%) i — 5 tl}gloo e D 7 (%*) e (2.65)
In addition, we have P~ = —P™T, Py = —P;Ir, P, =—-Pf,

o(PT)=0o(Py) =o0(Py) ={-1,1} .
Remark 2.5. Note that
Igs(—7) = Py=
where Py~ is the projector from H onto H*.

Theorem 2 (Asymptotic profiles). 1. The classical wave operators defined by the strong lim-

s
Wi = s— t_lirinoo e PretPrpy o (2.66)
Wt = s— tgimm e ke p, y (2.67)
WE = s— tl}gloo e~ eitPr 1, (P, (2.68)
WE = s— t_lirinoo e" Moo itPic 1 (PF), (2.69)

exist and satisfy
Wy = (W), WE = (WE)”,
WEWT, + WEWE = W7, + WEWE =1dy,
ker (W) = H*, ker (WL) =HT, ran (wg) — N7 ran (517;—2) ot
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2. The scattering can be described in a more synthetic manner by defining global wave oper-
ators involving both asymptotic dynamics :

Wt: H eHT —H,

((10,0), (0,%1)) —207; (1ho, 0) + WL, (0,41) , (2.70)

W= HTeH —H
((0,91), (Y0,0)) =2 (0,71) + W, (Yo, 0) - (2.71)
Wt " — H-eH, WU = (in;\lf, Qixjo\y) : (2.72)
W= H — HreH , W= (ain,;qf, ingoxp) . (2.73)

The operators W are isometries and satisfy
WIWT =1dy gy, W W™ =Idyiagy, WWT =W W™ =1dy.

The scattering operator S is the isometry defined by the commutative diagram :

HY O H H-OHT
N e

Theorem 3 (Dirac-type comparison dynamics). The classical wave operators defined by the
strong limits

QL = s— t_lgnoo e PrePr1y (P, (2.74)
0f = s— tiirinoo e ke 1, (PL), (2.75)
Qf = s-— tl}gloo e P ePr 15 (PF), (2.76)
Qf = s-— tl}rinoo e P oPrc 15 (PY), (2.77)

exist and satisfy

Q= ()" 0= (%)

oo T

OLOL + 020 = 0f0h + L0 =14y

Remark 2.6. Theorems 2 and 3 describe the scattering properties of the solutions of (2.56).
The scattering properties of the vector ® (describing the physical Weyl field ¢ 4 in the spin-frame
(024,14)), are obtained from the results of these theorems via the identifying operator

2 2 AUQPQ 1/
J : L?((3;dVol); C*) — H, JP := m Ud.

More precisely, to a given wave operator 20, W or §, for the solution U of (2.56), corresponds
the wave operator J 0T, T~ OT, or T 'W T, for the vector ®.
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Remark 2.7. The theorems above show that the solutions of equation (2.56) satisfy asymptot-
ically the same L? properties as the solutions propagated by the simpler comparison dynamics.
In particular, the L? norm in a compact set tends to zero as t — +00. Remark 2.6 entails that
these properties are also satisfied by the physical field ®.

The next four sections describe a complete scattering theory based on a Mourre estimate
for a general analytic framework. In section 7, the form (2.56) of Weyl’s equation outside a
slow Kerr black hole is understood as a special case of this general framework ; theorems 1,
2 and 3 are then deduced from the results of section 6. In section 8, we shall describe the
scattering properties of Dirac fields outside a Kerr black hole in a more geometrical manner. A
new form of theorem 2 will be derived, using the flows of outgoing and incoming principal null
geodesics as comparison dynamics. This form is the most natural geometrically and enables us
to interpret the scattering theory as the solution of a singular Goursat problem on the Penrose
compactification of block 1.

3 Abstract analytic framework

In this section, we describe generic Dirac-type operators on the manifold ¥ = R x S2, endowed
with the C*° density du = drdw. We use the notation r for the “radial” variable, for simplicity ;
it is to be understood as corresponding to the variable r,, and not r, in the Kerr case. We shall
often denote f’ the derivative of f with respect to r, even for functions depending also on w.
We define several operators : first the reference Dirac operator 1), then a perturbed and some
asymptotic Dirac operators. The perturbed operator is a generalization of the Hamiltonian of
equation (2.56). The choice of the others is guided by the wish to compare the full evolution
with both asymptotic profiles and the Dirac propagator on simplified Lorentzian manifolds.

3.1 Symbol classes
Let n > 0. We define the following symbol classes as subsets of C*°(X) :

O(<r>""9% r— +o0

2 a 0f ’

VaeN,8e N OO, f € { O(enn\r\) r — —00.
f e S™ iff

VaeN,BeN? 920°Pf e O(<r>m2).
Recall that for f € C*°(R), we have :

f e S™ iff
VaeN oOf € O(<r>""9).

We shall understand S™ as the subset of spherically symmetric elements of S™.

3.2 Technical results

We consider the operator
DT = 7Dr +p(7“)12)32 + 1
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with

1 0 ) 0 1 1 1 0 =
7_<0 _1)711352—(1 0>(69+200t9)+sm€<—1 0)8@70161[%

and p € C*°(R), not necessarily bounded. We consider D, as an operator acting on the Hilbert-
space H defined earlier in (2.59) :

H=1L" ((]Rx S2 . drdw) ; CQ) .

In order to describe the domain of 1P, we will introduce spin weighted harmonics Yl (for a
complete definition, see for example [45]). For each spinorial weight s, 2s € Z, the family
{vl =em™ul, ;1 —|s| €N, | —|n| € N} forms a Hilbert basis of L?(S2, dw) and we have the
following relations

du n—scosf ‘ 12 1
SN _ - _ _ 1
do sin 6 Usp ¢ [(l + 8)(l 5+ )] us—l,n )
dul n—scost _ 12 1
= = - 1)l — .
do sin 6 Ugp t [(l +s+ )(l 3)] ’U,SJan

We define ®» as the following operation between two vectors of C?
Vo = (v1,02), u = (ur,u2), v®2u= (urv1,usvs).
Since the families

{Y%lm;(nvl) EI}, {Yil (n7l) GI}, I:{(n7l)/l_% EN,Z—‘TL| GN}

57";
form a Hilbert basis of L?(S2,dw), we express H as a direct sum

H= @(n,l)eZHnlv Hu = L? ((R; dr) ;(C2) ®9 Yoi, Y = (Y_ll - lln)

27 27

We shall henceforth identify #,; and L? ((]R; dr) ;(C2) as well as ¥,; ®9 Yy and 1,;. We see that

Dy = @l with P :=~D, + p(r)r(l + %) +cp, T = ( _01 _01 > . (3.1)
In what follows, we put ¢ := [ + % and we assume :
IC >0, VreR [p'(r)] < Clp(r)|.
We put
D) = {ueHu; e Hul,
DWp) = {u= uu; wm € DWY), Y gl * + [P wna|* < o0}
nl nl

Our aim is to show that (12, D(ID;)) is selfadjoint. We will need several lemmata.

Lemma 3.1. (C§°(R))? is dense in D(ml) equipped with the graph norm.
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Proof.

For ¢ € C{°(R) and f = (f1, f2) € Hn we put ¢ f := (¢ * f1,¢ * f2), “«” denoting the
convolution. Let f € D(W}l). We use a standard approximation procedure. Let ¢ € C§°(R)
such that ¢ >0, [¢ = 1,¢5(x) := 6 '¢(%),x € C5{|z| < 1}, x = 1 in a neighbourhood of 0,
HX(O‘)H <1,a=0,1, xm(z) := x(;>). We put :

fé,m(x) = d)(s * (me)v fm = me-
We write
1BE S = B8 foml| < IDEF = B funl |+ 1D Fon = BF fiml
Let us first consider
mlf - ]Zg“lfm =(1- Xm)mlf + i'V(Xm)/f-
We obtain :
Ve > 0,3M;Ym > M || — D f|| < g

For given € > 0 we fix m > M. Note that f,,, € (HL . )? Indeed :

comp

mlfm =YDy fin + pTqfm
and Eﬁlfm,prqu € H,;. We have :
Hmlfm - mlfé,mH < |vDrfm — 'YDTfé,mH + HpTQfm _pTQf5,m||' (3.2)

It is well known that

|’7Drfm - 7Drf6,m” —0 ((5 — 0).

Let us consider the second term in (3.2).
We have suppf,, C B(0,m), suppgps C B(0,1). It follows

suppos * fm, C B(0,1) + B(0,m) =: K.
We estimate (/2 = [f1[? + | fol?) -

/ D(Fsm — f)2da

IA

sup [p()? /K Fom — fonl2dz

zeK

C/ | fs.m — fml*dz — 0 (5 — 0).
K

IN

This concludes the proof of the lemma. O

Lemma 3.2. We have:

Vue DBy)  [lyDeull < C(IBpul + |[ull). (3.3)
vue D) |lp(r)Psull < C(IBpul + [Jul)), (3.4)

Yue DY) |yDyull < COWul| + |lull), (3.5)
Vue DY) lp(r)rqull < C(IB}ul + [[ull)- (3.6)

This implies :
D(W) = (H'(R))* N D(p), where D(p) = {u € Hur;pu € Hut}-

26



Proof.

(3.5), (3.6) follow from (3.3), (3.4). In the sense of quadratic forms on D(Ip;) we have:

B = D} + p* ()P + 19/ (1) Ds2 > D2+p P52)
which proves the lemma.
Corollary 3.1. We have :
(i) D(W) C (H'(R))?,
(ii) If f = (fij) and fij, 9 € Cxo(R), then f(r)g(][ﬂ}l) is compact.
Lemma 3.3. (0 DY) is selfadjoint.
Proof.

By a classical result due to Thaller? ([55, theorem 4.3]), we know that (W}l, (C§°(R))?) is
essentially selfadjoint. Let us denote by DT(WZ) the domain of its selfadjoint extension. We

have to show that Dy () = D(IHY).

If u belongs to DT(]Z#Z) then, by definition, there exists a sequence u,, € (C§°(R))? such
that w,, — u, ]Zf}lum — v = ]Zf}lu in H,,;. Besides %ﬁlum — mlu in the sense of distributions

and we find that D@lu, defined in the sense of distributions, belongs to H,,, i.e. u € D(W}l).

Let now u € D(],Zﬁnl). As (C§°(R))? is dense in D(lZi}l) by lemma 3.1, there exists a sequence

€ (C5°(R))? s.t. U — u in Hyy, W}lum — w}lu in Hpy, ie. u€ DT(W}l).
Lemma 3.4. (C§°(X))? is dense in D(,) equipped with the graph norm.

Proof.
Recall that

D(]Z)T) = {u = Zunl € H; uy € ,quqlv Z H%ﬂluanZ < OO}
nl nl
Let u=>),,uy € D(IP;). For e > 0 we choose N > 0 s.t.

l €
Z ”]Zifl‘unl|’2+”unl||2<§'

|(n,D|=N

(C§°(R))? being dense in D(IY) we can choose ¢ € (C5°(R))? s.t.

€
V(DI < N B (ung — G0 + 1] (s — $0)17 < INT-
We put :
Z ¢nl 6 )) .
|(nDISN
We have :
1Dp(u— o)+ llu—onl® = D 110 (= DI + [ (s — 20)I1?
[(n,D)|<N
+ > I P + il < e O
[(n,D)[>N
We find :

2Thaller’s result is proved in dimension 3 but the proof is independent of the dimension.
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Lemma 3.5. The operator D, with domain

DPy) ={ueH; PrucH}={u=> up; € D), D |[Wunl* < oo},
nl

nl
1s selfadjoint.

Proof.
Let us first show that

D) ={ueM; Prue M} ={u=> un; up € D), > ||[Dunl® < oo}. (3.7)
nl

nl

Let u=>3,,uny € H. As D, : H — D' is continuous, it follows that
Dru = Z D
nl

in the sense of distributions. The equality (3.7) then follows from the fact that

Z]nglunl e H < Vn,l %‘lunl € Hui, Z lejll"lunlyﬁ < 0.
nl

nl

We now have to show:

1. by, D(IDy)) is closed,
2. ran(ID, £1i) = H.
We will start with 1. Let up,, € D(IDp), tm = v Dpuy — v. We must show that v € D(ID,)

and Ppu = v. Let
Um = § uzllvu: § Unl, UV = § Unl-
nl

Clearly ullt — upy, ],Zi}luz} — . As (w}l, D(ml)) is closed, u,,; € D(lﬂ}l) and ]Z)f}lunl = v,. We
have :

Dru = Z]ZI}ZUM = Zvnl = 0.

But v € H, i.e.

D AP il = lvwl* < coandu € D(y).
nl

Let us now show 2. Let v = Y v, € H. We have to find v € D(ID) s.t. (Pp £i)u = v. As
(],ZY}Z,D(WZ)) is selfadjoint, for each n,l we find u,; € D(ml) st. (Dp £ 9)up = vy We put
u =Y Uy and check

]DTU:ZD?lunl::Fiu—i-veH, ie.ue DI, .

nl

This concludes the proof of the lemma. O

Remark 3.1. If we suppose that p is bounded our results follow immediately from the Kato-
Rellich theorem.

For technical reasons, we shall need to consider the case p(r) = cpe™ for some constant
co > 0. We put

D, =vDy + coe" Pg2 + c1 .
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3.3 The reference Dirac operator

We consider on (C§°(X))? the operator

Dy = Dy +g(r)Pse + f(r), frg€ C°(R), g>0.

We assume g € S™L1, f/ € S73, the existence of some constants ¢y > 0 and ¢; € R such that

(g(r) —_ COQWT)(i) =0 (6(77—’_8)7,) asr — —oo, € > 0, 1= 07 17 (38)
fr)y—ceO(<r >*2), r — —00, (3.9)

1\ @ .
(g(r) — r> €0 (< r >_1_Z_€) asr — +oo, e>0,i=0,1, (3.10)
fryeo(<r >*2), 7 — 00. (3.11)

Remark 3.2. Properties (3.8) and (3.10) imply the existence of Ry > 0 and ca > 0 such that
Vr > Ro, g(r) > 2 and vr < —Rgp, g(r) > cee™. (3.12)
r

Remark 3.3. Note that the reference Dirac operator has the same principal terms as the Dirac
operator associated with the Riemannian metric

go = dr® + g72(r)dw?

on R, x S2. The Riemannian manifold (R, x S?,go) has two asymptotic ends : the end corre-
sponding to r — 400 is asymptotically flat and that corresponding to r — —oo is asymptotically
hyperbolic, in other words exponentially large (the size of the 2-sphere grows exponentially as
r— —00).

We have :
Do = Sper® . W =D, + g(r)ar + f(r).

Z[Zyoll is selfadjoint with domain D(%ﬂ) = (HY(R))?. By lemma 3.5 I, is selfadjoint with domain :

D(DO) = {‘IJ = Z Ynt; Y € D(W()Ll) Z ||%lwnl|‘%L2(R))z < OO}

(n,l)eZ (n,)eT

3.4 The perturbed Dirac operator

We consider on C§°(X) a Dirac-type operator of the form :
D=hh+V;V =(Vi),h>0. (3.13)

We suppose that V;;, h € C;°(X) are some real functions satisfying the following conditions :

J<a<l |A2-1|<a, (3.14)
du.h €872, (3.15)
h—1e872, (3.16)
Vi; €S72. (3.17)

We define I, := 1P — 1),.
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3.5 Asymptotic dynamics

We have two asymptotic regions (r — £o00) and to each we associate an asymptotic operator.
Let 6y € Cp°(R) s.t. 6y = 0 in a neighbourhood of 0 and for all x| > 1, fg(xz) = 1 and
01(x) := 1p+(x)0p(z). We first consider negative infinity. We put

D :=~D,+ ce*”GO(T)M]Z)Sz +ec (¢>0)

and we define ', D(P™) = (H'(R))? in the same way as for I, Clearly (", D(IM")) is
selfadjoint and ID_ is selfadjoint with domain

D) ={ =D tns; b € DI), D [[W i[> < 00}
nl nl

For positive infinity, we put

1
Eies

]Zﬁl, D(W_ﬁ) are defined as for I); and I_, (]Zﬁl, D(Dﬁ_l)) is selfadjoint and 1), is selfadjoint with

domain

]Z)+ = PYDT‘ +91(7“)

(]Z)Jr = {w anlv (NS D +l)7 Z HmllbanQ < OO}
nl

The constant ¢ in I)_ will be taken equal to 0 for a comparison with asymptotic profiles and to
¢p for a Dirac-type asymptotic operator (see introduction to this section). We denote in what
follows :

B0 ()| 1
N :={0,%}, go:=g, g :=ce Ol g () := mem, for=1f, fr:=0, f-:=

4 Some fundamental properties of our Dirac-type Hamiltonians

This section is mostly devoted to the proof of technical results that will be important later on.
Many results stated here concern functions of selfadjoint operators. Their proof requires to use
the Helffer-Sjostrand formula (see e.g. [15]). Let x € C§°(R), H a selfadjoint operator, there
exists an almost analytic extension x of x s.t.

0
e =X |55(2)] < Climz|™, vN €N,

X(H) = Lo[ox

—_— —_— p— —1 >~
57 32(2)(2 H) " 'dzNdz.

4.1 Description of the domains

Let us first note that the operator ) is selfadjoint with the same domain as ), :

Lemma 4.1.

(b, D(y)) s selfadjoint.
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Proof.
As h: D(1py) — D(1D,), (1, D(1D,)) is well-defined and symmetric. We have

D=rP,+V (4.1)

with V' = (Vj;), Vij € S72. The selfadjointness of (I, D())) follows from (3.14) and the Kato-
Rellich theorem. O

We put D(ID) := D(Ip,)). By (3.13), (3.14) it can easily be checked that for u € #, the
properties IDu € H and I),u € H are equivalent. So we obtain :

D) ={u € H; Pu e H}.

We denote in what follows H! := D()) = D(1,), HL, := D ]D"l R))? ®3 Y. Recall from
lemma 3.4 that (C§°(X))? is dense in D(I),) = D(). Let ||ul|y = HuH + ||Iyul| be the graph
norm of 1, and V! the closure of (C§°(X))? in this norm.

Lemma 4.2.
H =V
Proof.

e Let us first show that V! € H'. Let u € V! uy € (CO(X))2 sty — u. Pyup, is a
Cauchy sequence, so Pyu, — v € H. Besides, I)ju,, — Jyu in the sense of distributions,
soPu=veH,ie ueH.

e We now show H!' C V. Let u € H!. By lemma 3.4 there exists a sequence u,, € (C§°(X))?
st |Jum — ullzn — 0, it follows u € VL. O

We consider the quadratic forms associated to ]Z)ZO and
H := D} + g*(r)l%s

which we denote by Qo and Qp, for example Qo(u,u) D(Z)u u) + ||ul|?. We also denote
H™ := D? + ¢%(r)¢®. Let D(Q;), i € {0, H}, be the closure of (C§°(X))? in the norm Q;(u,u).

Lemma 4.3. The norms Qo(u,u) and Qg (u,u) are equivalent.

Proof.
Let us first note :

3C >0 VreR |¢(r)] < Cg(r).

In the sense of quadratic forms on (C§°(X))? we have :

B} = D} + g*(r)Wia + 19 (r)Bse + 7D, f(r) + f(r)yD +2£(r)g(r)Psz
whence,
D2 + g2 (N Pee) — C < < 2D} + ¢*(r)Pee) + C
This establishes the equlvalence of the norms Qg and Qp. O
Corollary 4.1.

D(Qo) € (Hyoe(%))-
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Proof.

D(Qo) = D(Qu) by the previous lemma. But D(Qy) C (HL,
of the operator H.

Corollary 4.1 and lemma 4.2 together give the

Lemma 4.4.
WY C (HL(2)
Corollary 4.2. If fij,9 € Cxo(R), f(r) = (fij(r))ij, then f(r)g(]D) is compact on H.

Proof.
It is sufficient to suppose f,g € C°(R). So

Fr)g(p) : H — (H'(Q))* = H

(2))? by the local ellipticity

O]

where € is some bounded set and the above embedding is compact by the Rellich theorem. [

Lemma 4.5. Let x € Cg°(R). Then the operator x(1) — x(1,) is compact.
Proof. Using the Helffer-Sjostrand formula it is sufficient to show :
1(z = o)~ (P~ Pp) (= = W)7]| < ClTmz| 2,
(z=1y) M~y (z — D)~ is compact for all z € C\ (¢(1D,) U o()).

(4.2) is clear, let us show (4.3). We have :

D=1y =(h—1)Ph+P(h—-1)+ V.
It follows :
=B D-BE-D) 7 = (B (h - DR D)

+ (z=D) Py -z -
+ (=) VE-p
%

(4.3) now follows from the fact that h : D(Ip)
We will also need the following

Lemma 4.6.

Proof.
We have :
D = hph+V,
¥ = hhV + VA, + A h*Ph + V2,
D(]Z)?)) = {u€ D(y); Pyu € D(Iy)},
D) = {ue D®); Pue D)},
D®) = D).

32

D(1), (3.16), (3.17) and corollary 4.2.

(4.4)



Let u € D(D(Z)). We have to show that IPu € . This follows from (4.4) and the fact that
h,V : D(1p,) — D(lZ)O),D(]Z)(Q)) — D(]Dg). The proof for D(]Dg) C D(IF) is analogous using the
fact that h is non vanishing (see (3.14)). The following estimates give D(H) = D(]Z)ZO):

y
[HulP < |IPgul® + || (1) Pgaul

< CUIBull? + [ful®),
g
[P5ull® < C(IHul[® + |5 (1 Ps2ul )
< C([Hull? + [lulP?). O

We shall henceforth denote H? := D(I*) = D(]Dg) = D(H).

4.2 Resolvent estimates
Lemma 4.7. We have for all u € D(1))) :
g (r)Psul| < C([[Pyul] + [|ull), (4.5)
v Drul] < C(|[Byul| + |ul])- (4.6)

Proof.
The lemma follows from the equivalence of the norms Qg and g and the fact that

l9(r)Pseul|* + WDyl = (Hu,w). O
Lemma 4.8. For u € D(I))) we have :

| < >2Pyull < CURyull + lull), (4.7)
| <r>D <r>ul| < C(Byull + llul)), (4.8)
1Pru <7 > ] < C(Ryull + [full)- (4.9)

Proof.
We will only show (4.7), the proof for the other estimates is analogous. We have, using
(3.14)-(3.17) :

D=0 -1y +V withV = (Vy), Vi; € S72.
which gives (4.7). O

4.3 Absence of eigenvalues for ), v € N

The following lemma is analogous to [6, lemma VI.1].
Lemma 4.9. I, has no eigenvalues for all v € N. Similarly, D, has no eigenvalues.

Proof.
We prove the lemma only for 1), the other cases are analogous. It is sufficient to show that

]Z)gl —¢1 =D, + g(r)Tq + f(r) — ¢1 has no eigenvalues. We put V(r) = g(r)rq + f(r) — c;. If
u € (L?(R))? is an eigenvector of ]Dgl — ¢1 with eigenvalue A, then w(r) = e " u(r) satisfies :

w' (1) — ine” 2V (r)eM w(r) = 0. (4.10)
Each solution of (4.10) is in H' and therefore lim,_, o, w(r) = 0. As

0
/ |V|dr < oo,

—00

we conclude by Gronwall’s lemma that w = 0. O
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5 The Mourre estimate

5.1 Preliminary remarks

The Mourre estimate is a positive commutator estimate between the Hamiltonian and another
selfadjoint operator, called the conjugate operator. The conjugate operator thus represents an
observable that increases along the evolution. For Schrodinger or Dirac equations in flat space-
time, the situation has been thoroughly studied and we can take the generator of dilations as
conjugate operator.

In our case we have two asymptotic regions. The space-time is asymptotically flat at positive
infinity and we can use the generator of dilations as conjugate operator there. Near the black-hole
horizon the problem is much more complicated. Let us consider a toy model of this situation :

D=D, + " Pg> on R_ x S2.

The Dirac operators that we consider are short range perturbations of an operator of this kind.
For such a Hamiltonian, if we try to use the generator of dilations
1

A = 5 (TDT + DTT)

as conjugate operator, we find :

[iD, Al = vDy — nre™ Pgs .

For x € C3°(R), x(I) [i]D, A] x(ID) generically has no sign. Moreover, this commutator is not
controlled by I.
In this spherically symmetric setting, we can use spin weighted harmonics and write :

WLZ =D, +e"1q.

The angular part is replaced by e""7q (¢ = [+ 1/2), a mere potential. Therefore, after diagonal-
ization, we can use the generator of dilations. If the metric is not spherically symmetric, we can-
not procede in this manner. We consider instead the unitary transformation U = e 'iDrn|Pga|,
We obtain :

D= U*PU =~D, + e Psz
|Ds2 |

On each spherical harmonics ]2) reduces to the operator

A~

Dn =~D, 4+ e

If now we use the generator of dilations as conjugate operator, all the necessary estimates are

uniform in ¢ simply because no term involves ¢ ! In particular, e"TTx(lAZ)nl) and nre”’"Tx(ﬁ)nl)
will be compact and thus small if the support of y is sufficiently small. This “smallness-result”
is uniform in q. If we apply our unitary transformation to the generator of dilations, we find
an operator similar to the one introduced by Froese and Hislop (see [24]). The argument is
however different. In the case of the Laplacian we can show that the commutator between the
angular part of the Laplacian and the Froese-Hislop conjugate operator is positive. In our case
we cannot find such a conjugate operator because the angular part has no sign. One might think
better to use ]Z)2 rather than ) to get a Mourre estimate and then apply known results about
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the Mourre estimate for the square root of an operator (see [14], [32]). Let us first remark that
the angular part of ]Z)2 also has no sign :

W = D} + " P + €7 L g

Note also that the connection term " 71D, is not a perturbation (not even a long range one) of
the Laplacian. This is typical for exponentially large ends. It is however reasonable to expect
that the connection term is a perturbation of the Laplacian for a large class of asymptotic ends.
For manifolds with such ends, a Mourre theory for the Laplacian implies directly a Mourre
theory for the Dirac operator.

5.2 The abstract setting of Mourre theory

In this section we recall the technical hypotheses for the Mourre estimate. We consider the
commutator [H,iA| between the Hamiltonian H and another selfadjoint operator A, called the
conjugate operator. We say that the pair (H, A) satisfies a Mourre estimate on some energy
interval A, if

1A (H)[iH, A|1a(H) > §1a(H); § > 0.

As both operators H and A are unbounded we have to be careful to define correctly the com-
mutator. We say that the pair (H, A) satisfies the Mourre conditions (see [42]) iff

(M1’) D(A) N D(H) is dense in D(H),

(M2’) e%4 preserves D(H), SUp|s|<1 ||He"*4u|| < 0o, VYu € D(H),

(M3’) [iH, A] which is defined as a quadratic form on D(H)N D(A) is semibounded, closable
and can be extended to a bounded operator from D(H) to H :

|[iH, A]l(u,v)| < C||Hul|||v]|, Yu,v e D(H)N D(A).

It has been remarked in [25] that the Virial theorem remains valid under the following
conditions :

(M1) €4 preserves D(H),

(M2) [¢H, A] defined as a quadratic form on D(H) N D(A) can be extended to a bounded
operator from D(H) to H :

|[iH, Al(u,v)| < C||Hul|||v||, Vu,v € D(H)N D(A).

(M17)4+(M2’) is even equivalent to (M1) (see [1] proposition 3.2.5). Note also that even in
Mourre’s original work [42], the assumption that [iH, A] is semi-bounded is not necessary.
In our opinion the simplest and most useful condition for the Mourre estimate is the following

(see [1]) :
A bounded operator C' is of class C*(A; H) iff

R > s e®4Ce ™4 s CF for the strong topology of B(H).

H € CF(A) if there exists z € C \ o(H) such that (z — H)™' € C*(A;H). (M1)-(M2) implies
H € C'(A) and the Virial theorem is valid under the only condition H € C'(A) (see [1]).

The condition H € C*(A) has been caracterized in [1, theorem 6.2.10] by the following
property of the commutator [H,iA] :

Proposition 5.1. The operator H is of class C1(A) iff the following two conditions are satisfied :
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(i) There ezists C' < oo s.t.

(Au, Hu) — (Hu, Au)| < C||(H + i)ul|?, Vu € D(H) N D(A),

(ii) There exists z € C\ o(H) s.t.
{fue D(A) | (z—H) 'ue D(A),(z— H) 'uec D(A)}
is a core for A.

In general it is not easy to check the conditions (i), (i7) if the domains of H and A are not
explicitly known. In such a case, a possibility for checking the condition H € C''(A) consists in
searching first a common core for H and A. This is described in [26]. We start with an extension
of the Nelson theorem (see [26, lemma 1.2.5]) :

Lemma 5.1. Let H be a Hilbert space, N > 1 a selfadjoint operator on H, A a symmetric
operator on H such that D(N) C D(A) and

(i) [[Aul| < C[|Nul|, wu€ D(N),
(i)) |(Au, Nu) — (Nu, Au)| < C||N2u|]?, ue D(N).

Then A is essentially selfadjoint on D(N). If u € D(A), then (1 + ieN)~lu converges to u in
the graph topology of D(A) when ¢ — 0.

The operator N is called a comparison operator. In this situation, it is sufficient to calculate
the commutator on D(NN), more precisely, we have the following lemma (see [26, lemma 3.2.2]) :

Lemma 5.2. Let H, Hy, N be selfadjoint operators on a Hilbert space H such that N > 1,
D(H) = D(Hy) as Banach spaces, and (z — H)~! sends D(N) into itself. Let A be a symmetric
operator with domain D(N). Suppose that Hy and A satisfy the assumptions of lemma 5.1
with comparison operator N and denote still A the unique selfadjoint extension of A. Suppose
furthermore :

|(Au, Hu) — (Hu, Au)| < C(||Hul|* +[[ul[*), Yu € D(N).

Then :
(1) D(N) is dense in D(A) N D(H) equipped with the norm ||Hul|| + ||Aul| + ||u],
(73) the quadratic form [H,iA] on D(A)ND(H) is the unique extension of [H,iA] on D(N),
(iii) H is of class C1(A).

We will also use the following lemma (see [25, lemma 2]) :

Lemma 5.3. Let H € C'(A) and suppose that the commutator [iH, A] can be extended to a
bounded operator from D(H) to H. Then ¢4 preserves D(H).

5.3 Technical results

We now define the comparison operator by

N = H+r*+1 (actingonH),
N = H" 49241 (acting onH,y).
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We put :

D(N™) = {u€Huy; N"Mue Myl
D(N) := {ue€Mt; NueH},
= {u= Zunl;unl € D(N”l),z [N, ||? < 00}
nl

We recall (a slightly weaker version for the first one) [32, lemmata 4.1.1 and 5.1.1] :
Lemma 5.4. (C§°(R))? is dense in D(N™) and (C§°(X))? is dense in D(N).
Lemma 5.5. We have for allu € D(N) :

[INul? + [|ul?,
[INul[? + [Jul .

[[r2ull

<
| Hul? <

Therefore we can caracterize the domains of N™ and N in the following way :
D(N™) = D(H")ND(r*) = D((B")*) N D(r),
D(N) = D(H)ND(r*) = D) N D(r?
= {u= Zunl € H;uy € D(N™), Z [ H™ |12 + |72 um]? < oo},

nl

where we have used lemma 4.6.

Lemma 5.6. Letn € N and z € C\ o(]p), we have :

D)l D(<r>") = D(<r>"),
D)~ D(N)— D(N).

z —
A

Proof.
We have clearly (z — )~' : D(P*) — D(P*) and (ii) follows from (i) because D(N) =
D) N D(< r >2). Let us first show that (z — D)~ : D(r) — D(r). This is equivalent to

isr 1
sup || (z =)'l < 00, Vue D(r). (5.1)
[s|<1
We have :
eisr -1 (Z B 12))*1 _ eisr(z D)—le—isr (Z o D)—l N ezsr(z o D)—l(l o e—isr)
s s s
Clearly : '
) 1 — et
sup || (z — P) 1S u|| < 00, Vue D(r).
[s|<1
Moreover ] ( ]D) L ( 12)) . DD
eZS’f‘ z — e*ZST z — — _ ) . -~
=(z-Dp)" (z—p)~"
s s
with

DS — eisrlz)efisr, Ds . D: —S’)/hQ.
Using (z — ID,) 7t = €™"(z — ) "te " this gives (5.1).
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Let us now suppose :
(z—D)7' :D(<r>") = D(<r>")
and show that
(z—D)' :D(<r>") = D(<r>". (5.2)
If ue D(<r >"") then <7 >wu € D(<r>") and
<r>"M P l=<r>"(<r>Z-D t<r>Y<r>u.
In order to prove (5.2), it is therefore sufficient to show :
<r>@-Dt<r>" :D(<r>") = D(<r>").

Wehave <7 > (z—D) ' <r>l=G-<r>D<r>YH1land<r>DP<r>""can be
treated in exactly the same way as ). It follows

(z—<r>D<r>YH"1 :D<r>") 5 D<r>". O
Lemma 5.7. We have D€ C(< r >) and the commutator [il), < r >] is bounded.

Proof.
We use proposition 5.1. By lemma 5.6 we have for all z € C\ (D)

(z—W)':D(<r>) = D(<r>).

Furthermore [il), < 7 >] = hy <7 >~! rh and this is a bounded operator. O

5.4 Conjugate operator for

Let F € C*(R) with F(z) =0 for z > 1 and F(z) =1 for < . Let > 0 be the constant of
section 3.1. We define

nr +1n\]l)sz\)

S .
Note that Fg is well defined because 0 ¢ o(IDg2). Let j+ € C*®(R), j+ > 0 with j_(z) =
z<0,j(x)=0forz>1, jy(z) =1forz > 1, jy(x) =0 for x <0 and j2 + j2 = 1. Let
ji,R(~) = ji(ﬁ) We put :

Fg :=F(

Ks = (pr+Wn|Pg|)F3, D(Kg)={ucH,KsuecH},
X_(r,Dg) = j2g(r)Ks,
X+(T’) = Tj—Qk,R<T)7
Z = X_+X..

We obtain from [32, corollary 5.2.2] :
Lemma 5.8.

1. | X_(r,q)| < C <r > uniformly in q, R for all S,
|X(_i)(7'7 q)| < C uniformly in q, R, for all i > 1 and for all S,
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2. jE,RKS is bounded from D(N) to D(D,)
jgyRDT is bounded from D(N) to D(Kg)

We put:

(X (7, Dg2) Dy + he) + ery X (7, Dg2),

(X+(T).Dr + hC), A = A_ + A+.

N | =N =

Remark 5.1. In [39], a term of type cinrF (%) v was introduced to treat an electromagnetic
scalar potential, constant on the horizon of the Reissner-Nordstrom black hole. Near the horizon,
the effects of rotation in the case of Dirac’s equation outside a slow Kerr black hole are similar
to the effects of charge on a Reissner-Nordstrom background. We therefore use the same extra-
term as in [39], but conjugated by the unitary transformation introduced in section 5.1. After a
cut-off near the horizon, this gives the term cyyX_(r,Dg2) in A_.

By lemma 5.8 the operators A1, A are well defined on D(N).

Remark 5.2. From now on we will consider systematically all commutators between two of the
operators Iy, A+, A, N as quadratic forms on D(N). All these operators preserve Hy;, hence it is
sufficient to calculate the commutators on D(N™) ; in fact we can even do these calculations on
(C§°(R))? using the density of (CS°(R))? in D(N™). This justifies in particular the application
of the Leibniz rule. In order to extend the commutators on larger spaces, we need to obtain
estimates that are uniform in n,l.

Lemma 5.9. The pairs (Dy, N) and (A, N) satisfy the hypotheses of lemma 5.1.

Proof.
Let us start with (1§, N) :

D(N) < D) € D(Ry),
1Byull® < C(IWull + [[ull®) < ClINul?, Yu € D(N).

For u € D(N), we have :
(iR, Nl(u, )] < [(2yru, w)l + 2|(f'(r)u, Dru)| + 2|(g'(r)Pgou, Dyw)| < C(Nu, u).

The proof for (A, N) is similar to the proof of [32, lemme 5.2.4]. We have one extra term which
is

(17 X" Dy + he)(u,u) < C(Nu,u).
We omit the details. O

Lemma 5.10. We have D € CY(A) and the commutator [il, A] can be extended to a bounded
operator from D(ID) to H, that we denote [i]D, Alp.

Proof.
We use lemma 5.2. We will show

Yu € D(N) | (Au,Pu) — (Pu, Au)| < C(|[Dull[[ul] + [Jul[*). (53)
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15t step : We will estimate |[il),, 4] (u, u)|.
1.1 Let us first estimate |[i3,, A_](u, u)|. We have as a quadratic form on D(N™):
(', A™) = 7 XD, — X_(¢'(r)7q + ['(r)) + 1 XL + [ig(r)7q, 17X ]
ie.

[i%ll7 AEZ](unla unl) = (IYXI—DTunb unl) - (X* (g'(?“)Tq + f,(r))unb unl)
+(017X/—unl) unl) + [Zg(T)TQa Cl’yX*] (unla unl) .

As X' is uniformly bounded in n,! the first term can be estimated by

(VX" Dy, ) < C B wa || + i),

where we have also used lemma 4.7. The second term is in fact bounded:

C|X_6m'+lnq| <C,
c

| X_g'(r)rq]
| X_f'(r)]

where we have used g € S™1~!, f/ € S73 and lemma 5.8. The third term is bounded
by lemma 5.8 again and the last is bounded uniformly in ¢ :

<
<

lg(r)gX_ci1| < C ’X,em’“nq <C.

1.2 Let us now estimate |[il}), A4](u,u)|. As a quadratic form on D(N™) we find :

WL AY] = X\ Dy — Xy (g (r)ra+ £(r)).

We obtain the estimate for the first term using the fact that X', is bounded. In order
to estimate the second term we use lemma 4.7 and

[ X1g' (N < Clg(r)l,  1X3f' (] < C.

ond step : We have now to estimate [:]), A]. We have

(i, A] = h[By, AJh+ BBy [h, A] + b, ARy + [V, AL
We have [V, A] = —ZV'| [h, A] = —Z}h'. The estimate now follows from the fact that
h,ZW . ZV': D) — D(,). O
Using lemma 5.3 we get:

Corollary 5.1. The pair (), A) satisfies the Mourre conditions (M1), (M2).

We obtain from [32, lemme A.2.1 and lemme A.2.2] :

Lemma 5.11. We have |ZWZ®)| < C and |Z(i)X(_k)\ < C uniformly in q if i +k > 2.
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Lemma 5.12. Let ¢,5,k € N. We have uniformly in q :
gexP < e, (xBgex <.
If in addition, 3 > i > 1 and i + k > 2, then we have uniformly in q
90X | < Cgr)g,  1XYgDgx | < Cylr)g,
xVg0ex™ <o, [xPg0ex™| < .

Lemma 5.13. The double commutator [[iID, Ao, A] defined as a quadratic form on D(N) can
be extended to a bounded operator from H' to H.

Proof.
Recall from the proof of lemma 5.10 that

i, A™) = 4Z'D, — Z(g (r)rq + f'(r)) + e XL + lig(r)Tq,c17X_] .
So we get:

[, A™,iA™) = (22D, —4ZZ"D, + 1 Z' X" + Z(Z(g (r)rq + f'(r)))
(Z (¢ (r)Tg + f'(r)) iy X-] — 1 Z2X”
— Z([ig(r)Tq,c1vX_])" + [[ig(r)Tq, c1y X _] ,icry X _]

and the lemma follows with 1D replaced by ), using lemmata 4.7, 5.8, 5.11 and 5.12. Recall now
that D= hl))h + V. So we have (see the proof of lemma 5.10) :

(DAl = —hh'Z — b ZPyh + h[il,, AJh — ZV",
[iD, Al iA] = WZDWZ+h (W Z)Z + (W Z) ZDyh + b Z b Z
— B[y, AW Z — W Z[iDy, AJh — I Z[i),, Alh — h[il,, AJW Z
+ R[[iDy, A],iAlh+ (2V') Z.

Using h' € S72,V;; € S™2 we observe that
WZ,(WZ)Z,(ZV')'Z : D(b,) — D(1,),
so the double commutator is bounded from H! — H. O

5.5 The Mourre estimate for D

Let us start with some technical lemmata.

Lemma 5.14. Let x € C°(R). Then

J-r(X(By) = x(.)) is compact.

Proof.
Using the Helffer-Sjostrand formula, it is sufficient to show :

J-r(z— 12)0)*1(]2)0 —1.)(z—1,)"! is compact for allz € C\ (c(y)Ue(.)), (5.4)
li—r(z = Po) " (B = R)(z = )M < C|Imz| 2 (5.5)
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(5.5) is clear, let us show (5.4). We have:
Jor(z=P) T By - R -R) T =~ (- ]Z)o)_l’le—,R(Z ) B - RIG-D)
+ (2 =) - r(9(r) = coe™)Pga(z = B,)

Both terms are compact by (3.8), corollary 3.1 and lemma 3.2. O
Let us put 7" = In(q) D,., D(T™) = H},. (T™, D(T™)) is clearly selfadjoint and the operator
T :=In|Pg2|D, is selfadjoint with domain :

D(T) ={u=Y tp; tp € DT™), > (T™ + i)un|* < o0}

nl nl

Lemma 5.15. Let f,x € Cs(R). Then

f(npr+1n q)x(lZ)gl) is compact onHy;.

Proof.
It is sufficient to show that

_1,; 1
e n P p(pe 4 In q)x(]ZYgl)enzD’“ "= f(pr)x(yDr + c1 + coe™ T)

is compact and this follows from corollary 3.1. O

Lemma 5.16. Let f € C(R),\ € R.

Ve>0,30>0 [[f(nr+InPe:1p-sarrs) (R < e

Proof.
We have:

[f(nr +In D2 )1 p—s a0 (D) = \|€7Tf(?77“+hlHZ)SQ’)1[,\75,A+6](12)e)65TH

= |(lf(m) a5 245 (Y Dr + coe™ Ps: +c1)|
P |

and it is sufficient to show:
f ()1 p_sare)(YDr + coe™ T + 1) <€,
uniformly in q. The operator
Fr)1p—sats)(YDr + coe™ T + c1)
is compact by corollary 3.1. So for any given € > 0, we can find § > 0 s.t.
I[f ()L n—s 28] (YDr + coe™ T+ c1)|| < .

This concludes the proof of lemma 5.16. O
The following corollary estimates a remainder term in the Mourre estimate.

Corollary 5.2. For all SR >0, € > 0, A € R, there exists 6 > 0 such that :

| 1pa—s7r0) (D) (—779(7")]2)52F§j3,3 + jz,R(W + In|Pg2|) (FS) vDr — X—g' (r)Ps2
17 g O+ 1 Pgal) (F2)' + ig(r)Ps X ver — iver X-g(r)Bsz ) 1p- s (By)|| < e
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Proof.
Let us treat

Lin—s.a40)Po)n9 (1) P2 FE52 g1 a5 a0 (Dy)-
Using that
Ip—sasa) (D) (9(r) — coe™Pg F3j2 gand (1pp_sxi5(By) — Lpnosars) (D))52 &
are compact and that " g, Fg is bounded, it is sufficient to treat
1psat5)(P)coe™ Do F 5

and this term can be estimated using lemma 5.16. The estimation of the remaining terms is
analogous. 0

Lemma 5.17. We have
(i) ji.r preserves D(IF) = D(IZ)%), its norm in L (D(IZ)Q)> is bounded uniformly in R,

(ii) Fs preserves D(I) = D(]Z)g), its norm in L (D(]DQ)> is bounded uniformly in S,

(iii) W := j_ r(1—Fs) preserves D(I) = D(Dg), its norm in L(D(P?)) is bounded uniformly
mn R,S.

We have an analogous statement if we replace I (resp. ]Z%) by I (resp. 1)).

Proof.
We have :

(e~ B i) = (2 = B QI+ S D+ Do)z~ B
which gives
(z =%)"Y, je.r] € O(R™Y)|Imz|2forz € K cc C. (5.6)
In the same manner we calculate :
(== 15) ", Fs] = (= = )~ '[5, Fsl(= — 1)) "

Therefore,
(== B0)~", Fs] € O(S™)[Imz| 2 (5.7)
and Fg preserves D(]Z)(Q)). Finally (5.6) and (5.7) give (%ii). O

Lemma 5.18. If suppx CJ0, 00|, then

lim ||x(1))W|| = 0 uniformly in R large.
S—ro0
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Proof.
Let x € C§°(]0, 0o[) with xx = x. As suppx CJ0, oo,

x(By) = R(Py)x(By)) JX(B)
where x(z) = x(v/z). We have on supp j_g (R sufficiently large) :
By = D} +g*(r)P + 1/ lz>52 +yDf(r) + Fr)7Dy + £2(r) + 2£(r) g (r) Pz
> g ()% — Cg(r )|D52| -
> C1e*M P — Coe™ |Pga| — Cg. (5.8)

On supp(1 — Fg)jzﬂ we have :

T S T
(e Bel) 2 5, e D] > 52
Using (5.8) we get for S large enough :
W > Ce? e, VM >1, 3Sy; VS > Sy, WIEW > MW? (5.9)

in the sense of quadratic forms on D(I),;). Using (5.9), we get :

_ _ _ 1 _ _ _
(=B WG < - P)TWRW(E - )
1
= W BTG - )W O, 57 mel
for z € K cC C. This follows from (5.6) and (5.7). We have:
~) (-}t <|mz| %z K cc C.
It follows :
(=))W -1~
I =B Wi < (e~ 4 O(R™ 57 me|3) 2 € K.
VM

Using the Helffer-Sjostrand formula we obtain:

IN

C 1
M|Imz\_2 + MO(R_I, S™H[Imz| 73,

WHWI| < . ©

Lemma 5.19. We have for R,S large enough: for all Ag > 0, there exists an interval I,
neighbourhood of Ay, and > 0 s.t. :

1P AL (D) > 11 (D) + K, K compact.

For \y < 0, we take —A instead of A and obtain a similar estimate.

Proof.
We work with A\g > 0, the case A\g < 0 is proved similarly.
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15t step : We first calculate the commutator [i1Dy, A]. We have :

[P, A =X Dy = X_(g'(r)7q + ['(r) + a1 X"+ [ig(r)ra, iy X] .
We have for x € C§°(]0,00[), 0 < x < 1:

XYY X Dox (B = nx(BE))j— rFsyDrFsj— rx(B) + O(R™Y, 574 + T + K71,

uniformly in n, [, where

Tt = x5 g O + Inq)(F3)yDex (W),
K= XN (G2 ) (r + nq) F3vDex (1) -

T1 = @Tlnl 5 Kl = @Kiﬂl
n,l n,l
The operator K is compact by lemma 5.8 and corollary 4.2. Using lemma 5.17, we obtain:
X(P) [Py, A-]x(By) = nx(Py)ii— rFs Py Fsj—,rx () +O(R™. 8™ + K1+ R+ T, (5.10)
with

Ry = —x(y) (X_f'(r) — c1(5% g(nr + 0| Pg2])) F§ + mj— rFsf(r)Fsj— r) x(By) »
T = —x(By) (X-g'(r)Ps2 +nj— rFsg(r)Ps2Fsj— r

—c1j2 g (g +1n D) (F2) — ig(r)Dgec1y X + icwag(T)Dy) x(By) + T,

We put

as an identity between quadratic forms on D(1),). We first estimate R;. We have :
X(Po)ni2 rFSF(r)x(PBy) = mx (o) (F = 1)52 pf (r)x(By) + mx(B)52 g f (r)x(Py)
and limg_e0 || x (1) (F2 — 1)j37Rf(r)X(12)0)|| = 0 using lemma 5.18. We put

Ry := Ry 4+ nx(Dy)(F§ — 152 o f (r)x(Dy)-
Let us now consider the term x(13,)c1 UE,R(W + In [Dg2|)) F2x(1,). We have
X(By)er (72 gl + I De) Fax (D) = x(By)er (72.)" (7 + InPga ) F3x(Py)
+x(By)eri? gnFix () - (5.11)
We use lemma 5.18 to obtain
gggo Ix(By)eri? g (FZ —1) x(By)|| = 0.

We put . .
Ky =Ry — x(D))erj® g (F5— 1) x(Iy) -

Let us show that K is compact. We first note that the first term in (5.11) is compact by
corollary 4.2 and lemma 5.8. Furthermore, (n(c; — f(T))jE,R)l[Afé,AM}(]Do) is compact by
(3.9) and corollary 4.2. Besides,

X_ ' (r)p_sata (D)
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is compact by corollary 4.2 and lemma 5.8. We introduce the compact operator

K Z:kl—l-f(l.

Let us now treat the first term in (5.10). We have :

(Do)j REsD Fsj— rx(1,)
X(Pg)d— . rPyd- rx(Dy) + x(Py)i— rPoi- r(Fs — 1)x (1)
+ x(My)j-.r(Fs — 1)yj— rFsx (1) - (5.12)

We know by lemma 5.17 that ||x(13,)j— r1D,|| is bounded uniformly in R and
i-r(Fs = 1)x(By)|| = 0 as § — oo.

This estimates the second term in (5.12). The last term can be treated in the same manner.
We obtain :

XDo) [Py, A-Ix(By) = nx(Py)i— rPyi— X (By) — ex*(By) + T + Ki
if R, S large enough.

Let us now estimate [i])), A1]. We obtain :

X(]Z)o)[ilz)m A+]X(Do)
= XP)i+.YDrit,ex(Py) — X)X (9" (1) g2 + f'(r))x (D) + &

where k is a compact operator. We now use the fact that the operator

X (g (r)Ps2 + f/(r)x () + (9(r)Ps2 + f(1))53 rx(By)
(X1g'(r) + 43 rg(r)Pgz + (X f'(r) + 5% pF (1)) x(By)
= (Frlrg' (r) + g(r)Bs> + 53 p(rf'(r) + f(1))) x(By)

is compact, by (3.10), (3.11) and corollary 4.2, to obtain :

X(Po) [Py, AIx(By) = x(Py)div. 2 Pod+ rx(By) + K2

with some compact operator Ks. Putting everything together, we find for R, S large
enough :

X () [y, Alx (1)
> UX(Do)jf,RD()J?,RX(Do) + X(]/Z)O)j+,R]/z)(]j+,RX(]/Z)O) - €X2(]Z)o) +T+ K+ Ks.

Using the compactness of x(I))j g, we obtain :

XD [y, Alx(By) > fix*(P,) + K + T with a compact operator K and ji > 0.

We fix now R, S large enough. We can apply corollary 5.2 to obtain:

X (Do) [y, Alx (1) = MX2(1Z)0) , >0,

if the support of x is sufficiently small.

46



ond step : We now estimate [i]D,, A]. The operator x(I)[iID,, A]x(IP) is in fact compact. Let
us write :

x(D)P, Ax (1)
= (XM@y+i) <r>Hx((Dy+0) " <r>P <r><r>""Ax(D))
+ XDy +4) <r > @, +i) Dy, < 7 >]
x (g + DD < ><r > Ax(D).

The first factor of each term is compact, the others are bounded. This concludes the proof
of the lemma using that x (1)) — x(13,) is compact. O

Using [42] we obtain the following consequence of the limiting absorption principle :

Theorem 4. For all x € C§° (R\ ({0} Ua,py(D)) , > 1, ¢ € H, we have

/0 | < A >+ Py Dy Pdt < O]

The operator 1D has no singular continuous spectrum and the pure point spectrum is locally finite

in R\ {0}.

5.6 The Mourre estimate for P, v € N.

Let us first remark that we cannot apply directly the results of the previous sections to D, .
The situation for I),, v € N is however much simpler as we can restrict our attention to the
subspaces of spherical harmonics. So we shall work in what follows with the spaces H,,; and the

operators 127;[. We will drop the indices n,l. We define :

. c1 if v=—,
B, = ~(rDy+Dyr)+~cr, & ={ 152 ifv=0,
2 0 ifv=-+.

Let N := D2 +7r2+1, D(N) = {¢ € H, Ny € H}. N is selfadjoint with this domain and we
have also :

D(N) = (H*(R))>n D(r?).

All commutators in this subsection are defined as quadratic forms on D(N). As (C§°(R))? is
dense in D(N), it is sufficient to calculate them on (C§°(R))?.

Lemma 5.20. The pairs (B,,N) and (D,,N), v € N satisfy the hypotheses of lemma 5.1.

Proof.
The proof for (B,, N) is contained in the proof of [39, lemma 4.5]. Let us treat (ID,, N) :

D(N) c D) = (H*R))?and

1Bull> < CUIBull + [[ull?)
< C||Nul|?, Yu € D(N).

We calculate :
i, N1 = 2yr + Dyg'tq + g'tqD; + Dy f,, + f, D: .
This implies:
i, N](u,u)| < C(Nu,u). O
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Lemma 5.21. We have:
YveN,VzeC\a(®,) (z—1,)"" : D(N)— D(N).
The argument for the proof is the same as in the proof of lemma 5.6, we omit the details.

Lemma 5.22. We have D, € CY(B,) for all v € N and the commutator [il),, B,] can be
extended to a bounded operator from D(ID,) to H, that we denote by [i]D,, B,lo.

Proof.
We use lemma 5.2. We show :
|(Byu, B,u) — (B,u, Byu)| < C(I[B,ulll|ul| + ||ul?). (5.13)
We have

i, B)] = Dy — rg,mq —rf, + (c{r)' + ligyTq, yeir] .
This gives the desired estimate by lemma 4.7 and (3.8)-(3.11). O
Using lemma 5.3 we obtain :

Corollary 5.3. The pair (D,, B,) satisfies the Mourre conditions (M1), (M2) for allv € N.

Lemma 5.23. For all v € N the double commutator [iB,, [i]),, B)]o], defined as a quadratic
form on D(N), can be extended to a bounded operator from D(ID,) to H.

Proof.
We have :

i, Bu],iB)] = yDr+r(rg,)tq+r(rfy) —r(cir)”
= (ligvTa, yeir])" + (c{r)' + [liguTq, yeir], iveir]
and the estimate for the double commutator follows in the same way as for the commutator. [
Lemma 5.24. Let v € N. For all Ay > 0 there exists a neighbourhood I of \g and p > 0 s.t.
L), BJ1r(D,) = p1r(P,) + kv

where k, is a compact operator. For Ay < 0, taking —B, instead of B,, we obtain a similar
estimate.

Proof.
We work in the case Ag > 0, the proof is similar for Ay < 0. By the proof of lemma 5.22 we
have :

[iD,,B] =B, + ({r) — fu =1 f, —rg,7q — gy7q + [igyTq, veir].
Using corollary 3.1 and (3.8)-(3.11), we see that for x € C5°(]0, +00]),
xW®)(rf), +rgyma+gora — (cir) + fu — [iguTq, veir])x(B,)
is compact. Putting everything together we find :

XU, Box(B,) > mx*(B,) + ku

where k,, is compact. ]
Using [42] we obtain the following consequence of the limiting absorption principle :

Theorem 5. For allv € N, x € CP(R\{0}), > 3 and ¢ € H, we have

/0 | < B, >~ &Py (1, )| dt < O[] 2.

The operators 1D, have no singular continuous spectrum.
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6 Asymptotic completeness
Let j+ € Cp°(R) be a partition of unity as follows : there exists R > 0 such that

j—(r)=0vr>R, j_(r)=1Vr < —R,

6.1 Technical results

Lemma 6.1. Let x € C°(R). Then the operator < A > x(1D) < r >~! is bounded.

Proof.
We first show that [< A >, x(]D)] is bounded. Using the Helffer-Sjostrand formula, it is
sufficient to show that (z — D) ~![< A >, 1|(z — ) 7! is bounded and that

Iz =)< A> Pz =)~ < Clime| 2.

This follows from the commutator and double commutator estimates and from [15, lemma C.3.2].
It remains to show that x(I)) < A >< r >~ is bounded. This follows from lemma 5.8. O

Lemma 6.2. Let x € C5°(R). Then the operator < A > x(D)(IP— Py)x (D) < A > is bounded.

Proof.
Let x € C§°(R) with xx = x. We have :

<A>x(DBD—Py)x(Py) < A>
= <A>x(D) <r>"'<r>xMM-P)xA) <r ><r>"'x1h) <A>

and it is sufficient to show that

<r>xM@D-D,)x1Y,) < r > is bounded.

By lemma 5.7 [< r >, ¥(ID)] is bounded from #H to H?, so it remains to show that

X)) <r>H—-1,) <r>x(,)is bounded,

which is a consequence of lemma 4.8. 0

6.2 Comparison with the intermediate dynamics

Theorem 6. The limits

s — lim e~ PP (6.1)
t—o0
s — lim e""PeP1e(1p) (6.2)
t—o00

exist (1°(1D) is the projector onto the continuous subspace of ). If we denote (6.1) by QF, then
(6.2) equals (2)* and we have

(Q+)*Q+ — 1’ Q+(Q+)* — 1C(D) )
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Proof.
By a density argument and using that opp(I)) has no accumulation point except possibly 0,
as well as the fact that I, does not have any eigenvalue, it is sufficient to show the existence of

s — lim e~ P2 (), (6.3)
s — lim e~ ey 2 (p) (6.4)

with x, x € C§°(R) and suppy C R\ ({0} U opp(1)), suppx € R\ {0}. We have :

TP = e P (x(B) — x(By))e X (D) + e Pox (1)’ Px (). (6.5)

By lemma 4.5, x(I,) — x(1) is compact. As suppy N opp(D) = 0 and o5 (P) = 0, e™Px (D) — 0
weakly, so (x(1y) — x(1)e™Px (1) — 0 strongly, and the first term in (6.5) tends strongly to
zero. We have :

EXy)e PP (D) = x(Pye (D ) P (D)

Let x € Cg°(R\ ({0} U opp(1D)) with xx = x. Then :

XDy PPy (p)
= (X)) < A>T A > KMYID-BIUD) < A >)(< A > (D)),

The second operator is bounded by lemma 6.2. The first and third operators, using theorem 4
and a duality argument, give the integrability of the whole expression. This shows the existence
of (6.2). The proof of the existence of (6.1) is analogous. O

6.3 Technical results concerning the separable problem

In this subsection we drop the indices n,l. Recall that D(I),) = (H*(R))?, Vv € N.

Lemma 6.3. Let ¢ € C3°(R) s.t. ¢ € C°(R), x € C§°(R). Then 1, x(1D,)] is compact.

Proof.
By the Helffer-Sjostrand formula it is sufficient to show :
vze C\o(®,) (= B,) '[¥, (= = B,)"" is compact, (6.6)
1z =) . B)(z = B,) | < Clmz| 2. 6.7
(6.7) is clear and (6.6) follows from corollary 3.1 because [iID,, )] = vy O

Lemma 6.4.

The operator j+(x(IDy) — x(1D,)) is compact.

Proof.
Using the Helffer-Sjostrand formula it is sufficient to show :

1722 = Do) ™ (1B — D) (2 = o) M| < Clmz| 2, (6.8)
Vz € C\ (0(By) Uo(Dy)) jx(z = By) " By — Py) (2 — B,) ™" is compact . 6.9
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(6.8) is clear, let us show (6.9). We have :

Ge(z =) By — Pz = By)
= (=) =DlE-P) By - D)z - Py
+ (=) e - Pz - D) (6.10)

The first term is compact by lemma 6.3. We have

J£ My = Py) = jx(go(r) — g+ (r))7q + j=(f(r) — f2).

Both terms are functions which tend to zero as |r| — oo, so the last term in (6.10) is compact
by corollary 3.1. O

Lemma 6.5. For all x € C3°(R)

< By, > x(1y)BDyi+ — j+D)x(Dy) < By, > is bounded.

Proof.
Let x € C§°(R) with xx = x. We have :

< By > x(By) Byix — i+ Py )x(Py) < By >
= <B,>x(W) <r>"'<r> M) Myjz — D)D) <r><r>"'x(Dy) < B, >

We first show that
< B, >x(D,) <r>""is bounded for allv € \. (6.11)

By [15, lemma C.3.2], the Helffer-Sjostrand formula and the commutator estimates included in
the proofs of lemmata 5.22 and 5.23, [< B, >, x(ID,)] is bounded. As x(),) < B, ><r >"!is
also bounded, (6.11) follows. It remains to show that

<r > X(Dy)Dyi+ — j+)x(Dy) < 7 > is bounded. (6.12)

Clearly, the commutator [< r >,1) | is bounded and by the Helffer-Sjostrand formula, we find :
[<r>,x(1,)]is bounded for all v from H to H!. (6.13)

It remains to show that :

X)) <> Pyjr — j+y) <r > x(1D,)is bounded. (6.14)

We have ]
Pojae = P = < iy + je(9(r) = g (r)7a + j(f(r) = fo(r)).
It follows that
<r> (Dyjx —jxBy) <r>
is a uniformly bounded function thanks to (3.8)-(3.11). O

51



6.4 Comparison with the asymptotic dynamics

Theorem 7. The limits

s — Jim e Pje P, (6.15)
s — tlgcr)lo e s P (6.16)

exist. If we denote (6.15) by Q(T,if then (6.16) equals (Q(J)fi)* and we have
Q0 4(20 )"+ 90 ()" = ()" 1 + ()" =1
Q(T,iv (Qafi)* are independent of the choice of the partition of unity.

Proof.
We start by proving the existence of () +. It is sufficient to show for all n,! the existence
of :

. 1 . 1
5 — tgngo B_Zt]'z)g jieztm X2 (ml)
for x € C3°(R \ {0}). From now on we omit the indices n,l. We have :
e M (Py) = e P (x(Be) — x(By))e P x(y)
+ e olin, x ()P x (D)
+ e Pox(By)jrePex (D). (6.17)

Using that [j+, x(ID,)] is compact by lemma 6.3 and that ji+ (x(10.) —x(10,)) is compact by lemma
6.4, it is sufficient to show that the last term in (6.17) has a limit. Let x € C§°(R \ {0}) s.t.
xx = x- We have :

d ity - i
x(Pye Do, ePey (D)

= —ie Moy (D)) (Dyjx — jePy)e™Pex ()
= —i(e7™x(,) < B, >7Y)
X(< By > X(B) Pyjiz — 52 PL)R(Py) < By >)(< By >~ x(By)e™s).

We conclude as in the proof of theorem 6 using theorem 5 and lemma 6.5. The proof of the
existence of (6.16) is analogous. In order to prove the last statement, it is sufficient to show that

s — lim e*it]piweitmo =0
t—o00
for all 1p € C§°(R). This will follow from
i ity it]) _
s — lim ™ e bx () = 0

for all x € Cg°(R \ {0}), which is true because ¢x(Ij,) is compact. O
Theorem 8. The limits

s — tliglo e Pyt (6.18)
s — tlg(r)lo e s P11 (6.19)
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exist. If we denote (6.18) by QL, then (6.19) equals (L)* and we have :
Qi@ +af@hH) =14p), @H*Qf+@H)af=1.
QL (Q)* are independent of the choice of the partition of unity.

Proof.
This follows from theorems 6, 7 and the chain rule. O

7 Proof of the theorems of section 2.6

7.1 Absence of point spectrum

The separability of Weyl’s equation in Boyer-Lindquist coordinates was proved independently
by W.G. Unruh [57] and S.A. Teukolski [56] ; S. Chandrasekhar then extended the result to the
full Dirac equation (see [11] and [12]). All these proofs rely on the Newman-Penrose formalism
and adopt Kinnersley’s null tetrad (for its definition, see equations (2.20)-(2.23) or Kinnersley’s
original work [36]). The absence of stationary solutions to the charged massive Dirac equation
outside a non extreme Kerr-Newman black-hole is the object of a work by F. Finster, N. Kamran,
J. Smoller and S.-T. Yau [22] ; the class of solutions considered there is specified by means of
so-called matching conditions across the horizon. In fact, if we simply impose the physical
requirement that solutions should have finite total charge, the absence of stationary solutions
becomes an immediate consequence of the separability of the equations. We prove this for the
massless Dirac equation on the Kerr metric. The same technique should be valid on Kerr-
Newman backgrounds for charged and massive fields. In the extreme case however, the method
fails because of the lack of integrability at the horizon.

Proposition 7.1. There are no stationary finite charge Weyl fields outside a Kerr black hole,
i.e. there are mo non-zero solutions

¢4 €C(Re; L*((Z; dVol) 5 Sa))

of (2.5), of the form 4
o(t,r,0,9) = e x(r,0,0), a €R.
In other words, the Hamiltonian D, has empty point spectrum on H.

Proof.
Let us consider
a€Rand x4 € L?((X; dVol) ; Sy)

such that ¢A(t,7,0,p) = e ¥y A(r, 0, @) satisfies (2.5). We denote fy and f; the components of
XA in the spin-frame (OA, I A) associated with Kinnersley’s null tetrad L%, N%, m®, m?, i.e.

L* = 040", N* = I*TY |, m® = 0T, m® = 10,
fo=xa0%, fr =xal®.
A simple calculation shows that x4 € L2 ((¥; dVol) ; Su) if and only if
foe L?(2; Adr.dw) , fi € L? (; der*dw) . (7.1)

We know from [11] and [56] that for s = £1/2 and for each value of «, there exist orthonormal
bases {Y}i’f‘(@, p) = Sif(&)em@}l of L? (S%; dw), such that fo (resp. fi) can be decomposed

)
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into a series, convergent in L?(¥; Adr.dw) (resp. in L?(X; p?dr.dw)) of functions of the
form? :

n in n 1 in
f(l)’ (t,r,0,0) = e"¥ Ry 5(r)S1/2(0), f{’ (t,r,0,0) = 56 PR_1/2(r)S-1/2(0)

(where we omit in R and S the indices [, n and « for simplicity of notation), the functions
e S41/2(0) are smooth functions on the sphere and R, /o satisfy :

r?+a? 0 1K
(A o, * A> Forp =My,

0
(('r2 +a?) 5, U+ (r— M)) Ryjp =2\R_y/5,

K = (r* +d*)a +an,

A being a separation constant depending on the discrete parameters [ and n. The condition
(7.1) is equivalent to (since |p|* = p?)

Ryjp € L*(R; Adr,) , R_yjp € L*(R; dry) . (7.2)

Putting
U= R,1/2, V= \/ZRl/Q )

we obtain

<a +ZK>U:)\\/EV,

or., r2+a?

ory  12+a?

K
( 0 Z) V =2\AU .
We can multiply U and V' by phase factors in order to get rid of the terms involving ¢ K :
~ T 1K
U = ——————ds | U =: pU
o ([ Gaprats)v =

~ L 1K _
V = exp <—/0 (T(S))st) V= IBV,

where s — r(s) is the reciprocal function of 7 — 7. Now U and V satisfy the differential system

U = \3*VAV,
V! = 2\B*VAU ,

(0 -o(8) (ke %5%) on

and (7.2) is equivalent to

ie.

U, VelL?R; dr,).
The factor A\3*V/A falls off exponentially fast as 7, — —oc and is therefore integrable at —oo.
Hence, there exists a solution (U, V) of (7.3) that tends to !(c;,c2) at —oo for any ¢1,co € C.

The space of solutions of (7.3) being of complex dimension 2, it follows that non zero solutions
of (7.3) do not belong to L2(R;dr). O

3Note that Chandrasekhar’s unknowns F) and Fs are the components of ¢, and not ¢4, with respect to the
spin-frame (OA, IA) : the correspondence with our unknowns is therefore fo = —e' ' Fy, f1 = "' Fy.
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7.2 Compatibility of the general analytic framework

With the notations of section 3 we put

VA 2Mran 72 + a2
g(re) = 21 a2’ (rs) := _mv h(r.) == 5

!
VA 2 2 2 2 2
proam YA Ty (0] +iB+i\/r LI \/T ra
osinf " o -1 0 o o

n iA3/2a2sinfcosf [ 0 1 n 2Mran 1 B l
203 10 o r2+a2 o)’
By = Dy, +9(ra)Ps + f(rn, P :=hPjh+ V"
We have :
r? 4+ g2 VA 2Mran iA3/2¢2sinfcosh [ 0 1
P =npgh+V s TPt Ps2 o(r? + a?) 203 < 10 )

/
r2+a21 r2 4 g2
\/ b v —
+ o i,y< o + P

where I is obtained from 1), by fixing D, = n without changing Dgs.

Remark 7.1. The operators 1" and 1) are operators acting on H. They coincide with the
restrictions of ID and 1 to the subspace of functions whose dependence in ¢ is given by €%,
For such restrictions, the operator Dgs is not “simplified” ; it is better to keep the whole Dg> which
1 a reqular operator acting on this subspace, than to use an explicit expression with coordinate
stngularities.

Let us recall from section 3 that (7 = k4 defined in (2.61)) :

O(<re >M ) 1y — 400,

_— o o
f € S iff Vo,B €N 6”89]“6{ O(emlrl) Ty = —00,

f e S™ iff Va,peN 8&85f60(<r*>m*a) |7s| — o0.

We check :
Sman Sm’,n’ C Sm—l—m’,n-l—n’, (74)
YaeN, 9% :§mn  gm-an, (7.5)
VBEN, ) :8m" 5 §mn, (7.6)

For a function depending on r and 6 we define :

O(<r>""% r—o

f(r,0) eTI™ iff Va,B €N, af‘c‘)gfe{ o) e

We have (see [32, lemme 9.7.1]) :
Lemma 7.1. (i) If f(r) € II™, then we have for alla € N D¢ f(r(r.)) € Sm—a,—2

('L'L) [f f(r*> € S™" and g(r) S Hk, then f(?”*)g(r(r*)) c Sm+k,n'
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Examples

1) ei(r,0) = A € 8272,

2) ex(r,0) = VA € SH71

3) es(r,0) = 5 € 720

4) eq(r,0) = 0p(L) € S72p+1)—2

Lemma 7.2. The functions g, f, h,V satisfy the hypotheses of section 3.5.

Proof.
We start with g(r,) = TQ‘EZQ € S~1~1 according to example 2) and (7.4). We put
3G+
co 1= (TJr _2717)2 e+
ri + a?

r

We have A = (r(ry) — r_)ﬁHeQ”("*_T("*)) and therefore :
g(r) — coe™ = g(ry)e’™

with Lo
DR -1 Coraie 0 s
g(ry) = (r 7"_)2 e c co=0(r—ry)=0 (GQUT*) as 1, — —00.
2 +a

Therefore g(r) satisfies condition (3.8). We have

1 VA 1 1 1

- —=——"—_ -4
9(r) re T24a? 7“+7“ T

The term

VA 1
r24+a?2 r
is O(< r. >72) while the remainder, due to the logarithmic terms in r, is O(< r, >727¢) for
any € > 0. The condition on the derivative of ¢ is checked in the same manner. Therefore g(r,)
satisfies condition (3.10).

Let us now check the condition on f(r,). Recall that f(r,) = —(35\1{%. We have
- 2Mran
= e
and f' € ST 72 by lemma 7.1. We put ¢; := —(r2 + a?)~! and we obtain :
2M(r —ry) 2M7"+(r3 —7'2)(7“14—7”2 + 2a?) 9
x) — = - € O(eM , Ty — —OQ.
f(r ) Cl < (7“2 + a2)2 (T2 + (L2)2(T‘_2’_ + CL2)2 (e ) T (0. ¢]
Clearly f(r4) € O(< ry >72), r. — +00. This proves that (3.9), (3.11) are fulfilled.
Let us now check the conditions on h. Recall that h(r,) = % We have :
Rt —1 (r? +a®? —0? Ad?sin?0 _ a?
0<h?—1="—5—<h*—1= = <—<a<l
- h2+1 "~ o o2 == ’
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where we have used that r > ry > 1M (0 < a < 1) if M > |al.

We have :
V12 + a2Aa?sin 6 cos 6 o
Oph = S=272
which shows that (3.15) is fulfilled. We have :
hZ—1 B ht—1 Aa? sin? 6

= eSS 272

h=l=917 = (h+1)(h2+1)  o2(h+1)(h2+1)

We have now to check the conditions on (V;;). We put :

!
ivA p? 0 1 1%+ a? 2 + a?
Vl = . (& - ]') ) ‘/2 = Z\/ Y \/ ’
osinf " o -1 0 o o

iA3/2a2sinfcosf [ 0 1
‘/:3 = )
203 10
2Mran 1 1
Vi = - = Vs :=1B.
4 o <7‘2 + a? O') s !

Let us first treat V4. We have

VA(P? —0a)  (p* = )VA  (a*sinfp? +2Mra®sin0)vVA

= == e s>,
osinf (p?2 + o)osinb (p?2+o0)o
An explicit calculation gives :
Vs — 1’7(7“2 +a?)(r — M)a?sin® 0 — 2ra®?Asin®?6 A cg3-2
2 o3 r2 + a?
We have V3 € 7373 and
Vi— _2MrnAa3 sin? 6 g2

o204 (r? 4+ a?)

To treat Vs let us first remark that M; = (M;;) with M;; € S%' and M; ! = (Ml;) with
Mz; € S%~1. We have V5 = M, 'P and it is therefore sufficient to show that P € S~%0. We
have

P=UPU ' + UMy[0p, U} + UM, [d,, U].

We first claim that the components of UMjy[dy, U] are in S~2C. Indeed we have U~} =: (U;;)
with Up,, Uy, € 7071 9yU;; € S0, My = (M) with M7 € S~ and U = (Uj;) with
U;; € S%. Using (7.4) we get the desired fall-off. We now claim that the components of
UM, [0,,U™1] are in S™20. Note that the derivative is with respect to r but the symbol class is
defined in reference to r,.. It is sufficient to show that 8rUi_j € 8§29 for all 4, j. This is obvious
for 0,U;, and 0,U,;. Let us consider 0,U7;. We have

_q_ a?cos? 0 _ tacost . r? +a? —14+00Y.

op p(r + p) p op

Consequently,

1
o, Uy, = ﬁx—l/%x S
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The proof is similar for 9,U,, using in addition that p/p = 1+ O(r~!). We now have to show
that UPU™! belongs to S™2C. This is equivalent to P € S729 which follows from the explicit
form of P. O

Remark 7.2. We can choose the arbitrary constant Ry (see (2.39)) so that e ™ /Ao — 1 as
T« — —00, i.e. the constant cy then becomes 1.

7.3 Proof of theorems 1, 2 and 3

We start by a proof of the scattering theories of theorems 2 and 3 using cut-off functions. Then
we use these results to construct the asymptotic velocity. This in turn gives us the more elegant
definitions of the wave operators given in the theorems.

7.3.1 Scattering theory in terms of cut-off functions

We first note that, by lemma 3.5, ID,; and ) are self-adjoint on H and, by lemma 4.8, their
point spectra are empty. Moreover I is selfadjoint on H by lemma 4.1 (the conservation of the
total charge guarantees that D is symmetric). The absence of point spectrum for 1D, is shown
in section 7.1.

Proof of the scattering theory of theorem 3.

We consider cut-off functions j+ € Cp°(R) satisfying : there exists R > 0 such that

j+=0on|—o00,—R], j- =1on [R,+o0], (7.7)
j-=1lon]|—o00,—R], j- =0on [R,+o0[, (7.8)
j2 +j2=1onR. (7.9)

We prove the existence of the following direct and inverse wave operators, defined by the strong
limits :

OFf :=s— lim e ™Pxj_ePn OFf =s5— lim e Prj P
H t—+oo J 7T t—+o0 J+ ’

OF =s5— lim e ™uj ™k QFf (=5 lim e ™Pwj, Pk
H t—+oo J ’ o0 t—+oo J+

They are denoted by the same notations as in theorem 3. It will in fact become apparent at the
end of the proof that they are the same operators.
Let us decompose H into the direct sum of the spaces

H" = {u = e™v, v e LR x [0,7],drsinfdb)}.

The dynamics ¢®Px | ¢®Pu  ¢Ps as well as the cut-off functions ji preserve the spaces H™. We
have furthermore

P |3n = P |gyn, €Pr|gyn = Wt |30, ePoo|pyn = €Poo |yyn,

where the operator with index n is obtained from the operator without index by replacing D,
by n without changing Dg., e.g.

r? + a? VA
Py = pu YDy, +

]Z)SQ — Awn + ’LB

g
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Using the absence of pure point spectrum for I, it is thus sufficient to show the existence of
the limits (on H") :

QL™ =5 — lim e Wkj_e™Ph | ete...
H t—=Fo0 ’
These limits exist on H D H" by theorem 8 and lemma 7.2 and have the required properties.
They are moreover independent of the choice of the cut-off function. O
Proof of the scattering theory of theorem 2.
Theorem 8 also gives the existence of limits :
s— lim e_itDKj,eitDH , §— lim e_itDHj,eitDK,
t—+oo t—=o0
with the correct properties. From [44, lemmata 6.1 and 6.2], we also infer the existence of the
limits
s— lim e PeeP= s lim e #PeoeiPs
t—=o0 ’ t—=o0

The existence of the direct and inverse wave operators

+ . —itPy ; itD + . —itDy ; _itD
W, :=s5— lim e Kj_e"™H 90T :=s— lim e K g, etre
H t—+oo J ’ o0 t—+oo J+ ’

Wit . : —itDy it Wit . : —itDoo ; it

200, .—s—tlglooe iWhn ;s W .—s—tlgglooe ¢ ]+e’DK,
then follows from the chain rule. These operators are independent of the choice of the cut-off
functions. O

7.3.2 Asymptotic velocity (proof of theorem 1)

We first establish results for the asymptotic profiles.

Lemma 7.3. For each J € Cx(R), we have :

ds— t£+m e Do g (%) e = J(—x), (7.10)
Y —itDy 7 (T*\ ithy B
3s tilerooe J< ; ) e = J(—). (7.11)

Proof.
We only prove (7.10), the proof of (7.11) is analogous. Recall that for ¥ = *(3g,%);) in

(L*(R x S%; dr*dw))Q, the action of e!P> on W is given by :

()= (5005)

We establish the following properties, fundamental for the proof. Consider ¥ € (C{)’O(R x S 2))2
and J € Co(R). We have :

1. if J =0 in a neighbourhood of 1, then

lim J(T—*) ¢itDo ( 0 > = 0;
t—+o0 t U
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2. if J =0 in a neighbourhood of —1, then

lim J( *)eitD‘x’ ( Wo > =0.
t——+o00 t 0

We establish the first limit. Let € > 0 such that J =01in [1 —¢,1 + €],

|7y ( i )

(1—e) 00
< C{/ |11 (7 w)]zdr*dw+/(+ |91 (7 —t,w)|2dr*dw}

—o0 1+e)t

2

which is zero for ¢ large enough. The proof of the second limit is similar. It follows that :

1. if J =0 in a neighbourhood of {—1,1}, then

. _ "" .
s— lim e P g (f) e —

t—4o00

2. if J =1 in a neighbourhood of 1 and J = 0 in a neighbourhood of —1, then

lim e—itP J (L*) Do — Jim e~ P J (E) (itDos ( 0 ) _ ( 0 )
t—+o0 t t—+oo t U 1

since J — 1 =0 in a neighbourhood of 1,

3. if J =1 in a neighbourhood of —1 and J = 0 in a neighbourhood of 1, then

lim e_itD"OJ(T—*) ¢ — lim e ZtDOOJ( *)ez‘tmw do \ _ [ %o
t—+o00 t t—+oo t 0 0

since J — 1 = 0 in a neighbourhood of —1.

Hence the result. 0
We now introduce the following wave operators, whose existence is a trivial consequence of
our previous results :
+ — s — i ztDOO itDoo -+ — s — 1 —itDoo it]Z)oo — +\ *
V=35 ,m e e Vo i=s ,m e e (VL)
Vii=s— lim e “Pueiln V+ =s— lim e PuitPu = (V+)*
H* t—+o0 t—+o00 H
The asymptotic velocity constructed for Dy, and Dy in lemma 7.3, together with these operators
give us asymptotic velocities for ), and 1D :

Corollary 7.1. For all J € Co(R),

Y —it]) T\ ithy  _ o+ 7/ N+

s tlgrnooe " J ( ; ) Ho= ViJ(=y)V,, (7.12)

35— lim e ey (%) = Vi)V, (7.13)
. — Ty i o o

35— lim e “DKJ(Y) W = J (=)0 + W J(—y) W (7.14)
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Proof.
We only establish (7.14) ; the proof of (7.12) and (7.13) is trivial. We consider j4, jo € C;°(R)
such that

. . , 11, .
supp j+ CJ0, +oo, supp j— C] — 00,0[, supp jo C}—Q,Q[, P +is+it=1.

We have clearly
s— lim e Pxjo(r,)J (%) Jo(r)ePx =0

t——+o0

Now we have the following strong convergence as ¢t — +o0 :

—itDy ; T\ it
e K]+(T*)J(t>3+(7"*)€ K

. . . r . . . ~
_ e—zt]Z)Kj+ (T*)eztID)ooe—ztID)ooJ <7*) eltDOQC_ltDoon’_ (T‘*)GZt]'Z)K N m; J(—’Y)w;

and we have an analogous result for j_. O
Using [15, proposition B.2.1], we obtain the existence of self-adjoint operators PT, P;Ir and
P} such that, for all J € Cx,

J(PY)=s— lim e~ Pi ] (%“) eitll)K, J(PI-}-) — s tl}_n‘_l e~ tPy 7 (%) eitDH,

t—-+o0

. —it, T\ it
) =5t 0 ()

They are referred to as the asymptotic velocities associated with D, ID;; and ). By lemma
7.3, —v is the asymptotic velocity associated with Dy and Do,. We next calculate the spectra
of P, P[‘{F and P, describing for each Hamiltonian the allowed radial propagation speeds.

Lemma 7.4.
o(PT)=a(Py) =0o(Pg)={-1,1} .

Proof.
The result for P and P is clear. Using

ranfﬂ}} =H~ and ran20L = HT,
we find 3 )
J(PY) = J(1)WLWw + J(—-1)Ww,w), .

Clearly, if J(1) = J(=1) = 0, we have J(P*) = 0. In the case where J(—1) # 0, we choose
U eH ™, V+#0and we put & := 2, V. We have ® # 0 since |}, V| = || ¥||. Applying J(PT)
to @, we find

J(PH® = J(-1)WLWLe = J(-1)® #0,

since ran20}; C ker 20%. A similar construction can be done for J(1) # 0. O
Remark 7.3. As a trivial consequence of the previous lemma, we have :
Pt =00 (=)W + WL (—) WL,
Py =Vi(=)Vi . Ph=VE()VL
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7.3.3 Proof of theorems 2 and 3

Let 0 < e < 1, J € C;°(R), suppJ C] — 00,0[, such that J = 1 on | — oo, —¢[. Let j+, jo a
partition of unity as in the proof of corollary 7.1. We show that

s— lim e ®PuJ (%) e™x — 5 — lim e_it]Z)Hj%(T*)eiﬂz)K.

t—+o0 t——+o0

We clearly have

s— lim e Puj2(r)J (Tt—*) ¢Pr = s — lim e_it]DHji(r*)J (%) ePr = 0.

t—-+o0 t——+o0

Now, for ¥ € H,
—it],, 2 T\ ith
e Hj,(r*)J<t>e K
o~ itVy oitD ,~itDpr 7 (%*) it o=itDr 12 (1 )i
s VEJ(—)WHY = VWY = QLT ast — +oo,

since J(—7) = Py and H~ = ran20};. The proof is similar for the other limits. O

8 Geometric interpretation

All the constructions of this section are based on the skeleton of the conformal geometry of block
I : the two congruences of principal null geodesics. We start by giving a new version of theorem
2, using the flow of principal null geodesics as comparison dynamics. The new wave operators
are denoted as in theorem 2 but with an additional index pn for “principal null”. Then, we
interpret geometrically this scattering theory as providing the solution to a Goursat problem on
a singular null hypersurface on the Penrose compactification of block I.

e The first step is to interpret the inverse wave operators iﬁﬁpn as representations of trace
operators on the future (resp. past) horizon. We describe the standard choices of coor-
dinates used to understand the horizon as the union of two smooth null hypersurfaces at
the boundary of block I. This provides an explicit diffeomorphism between the {¢ = 0}
hypersurface and the future (resp. past) horizon. Next, we construct a spin-frame that is
regular in the neighbourhood of the horizon, and we describe its relation with (04, :4) de-
fined in section 2. This, together with standard regularity results for hyperbolic equations
(essentially Leray’s theorem), enables us to define traces on the future and past horizons
for the vector ¥. We then understand the operators Qi]ipn as the pull-back of the trace
operators by the explicit diffeomorphisms.

e The next step is a similar interpretation of the wave operators ‘jﬂfo’pn as trace operators

on future and past null infinities ; this is based on the Penrose compactification of the
exterior of the black hole.

Each of the global inverse wave operators Wpin is then understood as a trace operator, on the
union of two of the previous null hypersurfaces : the future (resp. past) horizon and future
(resp. past) null infinity. This larger null hypersurface is singular at the junction of the two
smooth surfaces (more precisely, the conformal metric is singular there). The direct operators
W;,i therefore solve the corresponding Goursat problems on these singular null hypersurfaces.
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8.1 Theorem 2 in terms of principal null geodesics

We introduce the vector fields v*, generating the outgoing and incoming principal null geodesics,
normalized so that their flows preserve the foliation {¥;}; :

A 0 A0 a 0 0 0 a 0
:t::i i:—:l: —_— 7:—:l:7 —_—
r2+a2v ot r2+a28r+r2+a28g0 ot 8r*+r2+a28g0

We introduce the spatial part w® of v* :
0 a 0
+
=t— 4+ ———.
v O + r2 + a2 dp
The flow of the vector field w®, acting on ¥, is the dynamics generated by the Hamiltonian P]j&
(P for principal null), defined by

a

+
PN=:FDr*—m o

We denote by F,+(t) the flow of w® on ¥ and F,=(t) the flow of v on R x ¥. They are related
as follows :
Fy=(t)(to, 70, b0, o) = (t + to, Fyu=(t)(ro, 0o, ¢0))

and the group associated with Pﬁ is expressed in terms of F + as

(eitp§g> (70,00, 90) = g (Fu (—1) (o, 00, 90)) -

We introduce the comparison operator

_( Py O - a
Its action on H is described in terms of the flows of w™ :

PN (90 (Fyy-(=t)(ro, 0o, v0)) (9
(€6 (o, 0) = (40 ) = () en

The operator Py is self-adjoint on H and its spaces of incoming and outgoing data are H~ and
HT. Moreover, the results of theorem 2 are still valid if, instead of Dy and Dy, we use Pn as
comparison dynamics in the neighbourhoods of both the horizon and infinity. This can also be
expressed as follows :

Theorem 9. The following strong limits

mﬁ,pn = s— t_l}rinoo e Pr PNy o (8.1)
?lﬁfqpn = 5— t_ljrinoo e PrPNp, | (8.2)
Qﬁlj_},pn = 5— tiigloo e PN 1, (PF) (8.3)
Qiloio’pn = s— tiigloo e PN L (PF). (8.4)
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exist and satisfy the same properties as the wave operators of theorem 2. The corresponding
global wave operators are :

W;;: H dHT —H,

((w()v 0) ) (07 77[)1)) Hw}},pn (Qva 0) + w;ro,pn (07 ¢1) ) (85)

Wo: HYeH —H
((07 ¢1) ) (¢07 0)) '—>wl_{,pn (O’ wl) + §zBoio,pn (1/}07 O) . (86)
Wih: H — H eH', Who= (ingpn\p, in;w) , (8.7)
Wo: H — HreH ™, W, ¥ = (~ HonY ingo’pnxlf) . (8.8)

Proof. It is a straightforward consequence of theorem 2 and of the fact that Py is a short-
range perturbation of Dy as r, — —oo, of Dy as r, — “+o00 and that all three Hamiltonians
P, Dy and Dy satisfy Huygens’s principle. This, by Cook’s method and the chain rule, allows
us to prove existence of direct and inverse wave operators. ]

Remark 8.1. The wave operators in the above theorem can also be defined in terms of cut-off
functions ji+ as in the proof of theorem 2 ; the two definitions are equivalent. We have for
example

e T —itDy L itPN
pn =S t_l}+mooe j—e .

+

Wy

8.2 Inverse wave operators at the horizon as trace operators
8.2.1 Kerr-star and star-Kerr coordinates

A full account of these two coordinate systems can be found in [48]. The Kerr-star coordinate
system (t*,r, 6, ¢*) is based on incoming principal null geodesics, parametrized as the integral
lines of the vector V'~ (defined in (2.3)). The new coordinates t* and ¢* are of the form

t=t+T(r), " =9+ Ar),
where the functions T" and A are required to satisfy

dT_7“2—|—a2 dA_ a

dr = A dr A

(8.9)

The incoming principal null geodesics now appear as the r coordinate curves parametrized by
§=—r:

: .. dar . A
f=—1,60=0, t*:t+i—f“:0, ¢*=¢+d—f~:0.
T

dr
Remark 8.2. In other words, in Kerr-star coordinates, the vector V— takes the form
0
Vi=——.
or

It will be useful in what follows* to express the Boyer-Lindquist coordinate vector fields in terms
of the Kerr-star coordinate vector fields. In order to avoid confusion, we denote respectively

4When studying the behaviour of the Newman-Penrose tetrad I, n®, m®, m® at null infinity.
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(0/0r) gy, and (0/0r) ., the r coordinate vector fields in Boyer-Lindquist and Kerr-star coordi-
nates respectively ; we do the same for the 6 vector fields. We have :

o _ o @10
), - ().
0‘1 — ai (8.12)

2 2
@) - CEH @)t e

Kerr-star coordinates are defined globally on block I°. The Kerr metric in Kerr-star coordi-
nates takes the form

g = gudt*® + 2g1,dt*de™ + ngdgo*2 + gopdf? — 2dt*dr + 2asin? 0 de*dr, (8.14)

where gy, 2010, 9o and gy, are the coefficients of dt?, dtde, d6? and dy? in the expression (2.1)
of g in Boyer-Lindquist coordinates :
2Mr 2aMrsin? 0 o?

gtt:1—77 gthTa 999:—P27 gwtp:_?SiHQQ.

The expression (8.14) shows that g can be extended smoothly across the horizon {r = r;}.
Besides, it does not degenerate there since its determinant is given by

det(g) = —p*sin? 6

and does not vanish for r = r,. Thus, we can add the horizon to block I as a smooth boundary.
It is important at this point to understand the nature of the boundary we have just glued to
block I. The hypersurface

At =Ry x {r=ry} x Sgﬁo*

is reached along incoming null geodesics ; it is the horizon that is reached as t — 400 by light
rays or material bodies falling into the black hole and not the horizon seen as Ry x {ry}, x 592790
in Boyer-Lindquist coordinates. We refer to it as the future horizon. It is a smooth hypersurface
in the space-time (By U$™, g). We can easily show that it is a null hypersurface. The metric
induced by g on hypersurfaces of constant r,

gr = gudt™® + 2g1,dt*de™ + g<wd<,0*2 — p?de?,
has determinant
det(gr) = _p2 (gttgwp - (gtcp)2> = p2A sin? 6

and thus degenerates for A = 0, i.e. at . Since g does not degenerate, it follows that one of
the generators of §T is null (i.e. $HT is a null hypersurface).

Star-Kerr coordinates (*t,r, 0, *p) are constructed using the outgoing principal null geodesics
parametrized as the integral lines of V. We have

*t:t_T(T)’ *@:SD_A(T)ﬂ

with the same functions T and A as for Kerr-star coordinates. Consequently the outgoing
principal null geodesics appear as the r coordinate curves parametrized by r.

SWith the exception of the axis (0 =0 and 6 = ) ; this coordinate singularity, similar to that of spherical
coordinates on R3, can be dealt with simply (see [48] lemma 2.2.2), we shall systematically ignore it.
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Remark 8.3. [t is equivalent to say that in star-Kerr coordinates, we have

0
+_
vVt = -

As we did for Kerr-star coordinates, we express the Boyer-Lindquist coordinate vector fields in
terms of the star-Kerr coordinate vector fields :

% _ %, (8.15)
@, - (o).
8890 _ 3?90’ (8.17)

2 2
O - Eee@), e

This coordinate system allows us to add the past horizon
H = R*t X {T = ’I"+}T, X S@Q’ﬂp

as a smooth null boundary to block I. This is a white hole horizon from whence light rays (and
in particular outgoing principal null geodesics) emerge. White holes are natural features of the
maximal extension of space-times containing eternal black holes (for a description of maximal
Kerr space-time, see [8] or [48], or [46] for a shorter account).

The future and past horizons, that we have understood as smooth null boundaries to block I,
are both reached for infinite values of ¢, they do not contain any point of the horizon described
in Boyer-Lindquist coordinates as Ry x {ry} x Sgy o~ In the next subsection, we describe a
coordinate system that gives us a global description of the horizon, encompassing the future and
past horizons as well as the Boyer-Lindquist horizon. It will be useful to know the behaviour of
t* and * on both H1 and H~ :

Properties. We have constructed H* (resp. $ ) using a coordinate system (t*,r,0,¢*) (resp.
(*t,r,0,%p)) that is regular across the horizon along incoming (resp. outgoing) principal null
geodesics. The Kerr-star variable t*, defined by

di_r2+a2
dr A

=t T(r),

is constant on incoming principal null geodesics. Along outgoing principal null geodesics, its
behaviour is best described in terms of star-Kerr coordinates :

£ ="+ 2T(r) .

Hence, on an outgoing principal null geodesic, t* tends to 400 as r — 400 and to —oo as
r — ry. Consequently, t* is reqular on $HV, takes all real values on HT, and tends to —oo on
$7. Similarly, * is reqular on $H~, takes all real values on $H~, and tends to +oo on HT.

8.2.2 Kruskal-Boyer-Lindquist coordinates

This coordinate system, discovered in 1967 by R.H. Boyer and R.W. Lindquist [8], is made of
a combination of the two Kerr coordinate systems, modified in such a way that it is regular on
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both the future and the past horizons. We describe briefly its definition and properties ; for
details, see [8] or [48]. The time and radial variables are replaced by

U=e "t V=e+!" (8.19)

where k4 is the surface gravity at the outer horizon, given by (2.61). The coordinate 6 is
conserved since it is regular on all three blocks (except on the axes, but as remarked above, this
singularity is no more serious than that of standard spherical coordinates and we ignore it). The
longitude function is defined by

a

G e ) = - st
2 r2 + a? r2 + a?

+

(8.20)

It is chosen so that the principal null geodesics in the future and past horizons are coordinate

curves. The functions (U, V, 0, ©*) form an analytic coordinate system on By UHUH™ — (azes).
In this coordinate system, we have

B :]0, +OO[U><]0, JrOO[VXSe2

9T = {0}y x [0, +oo[y xS}

R

9~ =10, +oo[yx{0}v x S}

it ph

simply because t* (resp. *t) is regular at H1 (resp. $7), takes all real values on H* (resp. H7),
and tends to —oo (resp. +o0c) at H~ (resp. $H'). In these new coordinates, the Kerr metric
takes the form

G2 a2sin26 (r—r 2 2
g = +CL281I21 (r—r )(T2+7“+) [QP -+ 2p+ 2] (Ude2+V2dU2)
Aip?  (r24a?) (r} +a?) [P +a? 1l ta
Gi(r—r- ! }
B +(7“2 ;") P+ lavav
2K3 p (r?+a?)”  (r2 +a?)
_ Giasin’f [P2(r—r_) + (2 +a2) (r+74)] (UAV — VAU) dg
e () U +
2192 £)°
2467 — g, (dgp ) 7 (8.21)
where r—rp
pi =12 +a*cos’, G = UVJr = eI = |7

The functions r and G are analytic and non-vanishing on [0, +oo[yx[0, +oo[y. The ex-
pression (8.21) shows that g is smooth on By U $H" U $H~ and can be extended smoothly on
[0, +oo[U><[0,+oo[V><S€2Wﬁ. The 2-sphere {U = V = 0}, where the future and past horizons
meet, is called the crossing sphere ; we denote it by S2. It is a regular surface in the extended
space-time

(B?BL := [0, +o00[rx[0, +oo[v><Sg7<P,j : g)

and it represents the whole horizon as described in Boyer-Lindquist coordinates (i.e. Ry X
{ry}r % 5’927@). Hence, the Kruskal-Boyer-Lindquist coordinates give us a global description of
the horizon

§ =5 USEUNt = ([0, +oolyx {0}y x 874 ) U ({0} x [0, +ooly xS3 )
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Figure 1: The extended space-time B"" in Kruskal-Boyer-Lindquist coordinates.

as a union of two smooth null boundaries H* U S2 and S? U~ (see figure 1 for a picture of the
extended space-time B}P"). This allows us to construct a spin-frame that behaves smoothly at
the horizon. As we shall see below, such a spin-frame will be fundamental for the interpretation of
QUE pn @8 trace operators on the horizon. We define the new spin-frame by choosing a Newman-
Penrose tetrad that is regular at the horizon. We start with the Kinnersley-type tetrad %, n%,
m®, m® defined by (2.24)-(2.27). We express its vectors in the Kruskal-Boyer-Lindquist ba51s
and rescale the frame vectors when necessary, so that they neither vanish nor blow up at the
horizon.

The relation between the coordinate vector fields of Kruskal-Boyer-Lindquist coordinates
and of Boyer-Lindquist coordinates is given by

0 0 0 a 0 0 r? +a? 0 0
== A=+ V—= |-, == U—+V
ot ( Uar * av) 2 raod’ o T A ( ou + av>

0 _90 90 _ 9

00 007 Op  Opt’
This yields the expression of the null vectors (2.24)-(2.27) in terms of Kruskal-Boyer-Lindquist
coordinates :

. 0 1 5 o a(r’-ri) 9

l Oz = 7@ <2KZ+ (T‘ +a ) VW - 4713 T a2 agoﬁ 9
. 0 1 5 0 a(r’-ri) 9

n Dt = 7@ (—2I€+ (7" +a ) U% 4713 T ) 8g0ﬁ 5

« 0 1 (asmo (-0 v 2y 0 L9
Tope T o2 M au T v ) T 90 T singagt)
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Lemma 8.1. The rescaled Newman-Penrose tetrad I*, n®, m®, m®, defined by

U v

@ — eH+T (T - T‘_)M/r"' la’ nd — e RAT (7“ - r_)M/T+ ne ’

VA VA

is smooth on $ — (axes). The spin-frame (02, i*) associated to 1*, n
reqular (off axis) on $ and is given by

¢ m®, m®, is therefore

U 1/2 1% 1/2
0l — (\/Ze—m—?“ (r— T_)M/“r) oA, 4= (\/Ze_“” (r— r_)M/”> A (8.22)

Proof. The vector m® is clearly regular off axis on Bf"®". For [*, we have
(@ 8a = e (p —p_)M/T+ 264 (r? + a?) uv o a(ri —r)U iﬁ
Ox 202 AV (r2 +a2) (/2020 0p

ey )M/r+ 24 (12 + a?) 1 9 a(r+ry)U 0
B 2p? (r—r_)G4 oV (ri + a2) (r—r_)/2p? it

and [* is therefore regular on Bf"®" — (azes). A similar calculation can be done for n®. It is also
easy to check, using the definition and properties of G, that the tetrad satisfies

[0 =1=—-—mym®, [;m*=n,m"=0.

8.2.3 Interpretation of the traces on the horizon

Let us consider on ¥, some smooth compactly supported initial data xa € C§° (X9; Sa) for
the Weyl equation (2.5). Then (2.5) admits a unique solution ¢4 € C* (R¢; C5° (X; Sa)) such
that ¢4|s, = xa. This solution can be extended uniquely as a smooth spinor-valued function on
BfP", still denoted ¢ 4. This is proved by first applying standard regularity results for symmetric
hyperbolic systems, then extending the space-time (Bf"", g) beyond the horizon (a natural way
is to construct the maximal analytic extension of Kerr space-time) and finally applying once
more the standard theorems for symmetric hyperbolic systems (for details, see [46]). It follows
that for smooth solutions of (2.5), we can naturally define the trace of ¢4 on ™ and $~. This
trace, projected onto the spin-frame (8.22) can easily be compared with the limit of the vector
® (of the components of ¢4 in the spin-frame (04, :4)) along principal null geodesics as r — 7.
This is expressed by the following proposition.

Proposition 8.1. Given ¢4 € C* (Bf®") a smooth solution of (2.5), we denote by | the vector

f= ( fo := ¢.a0% >
fi := pait
The trace of f on $* is related to the limit of ® in the future along incoming principal null
geodesics as follows :

1/2
j0(0.V,0.6%) = lim (e““‘(r—r—)M/’"*) o0 (o (r))

1/2
fl (07 V? 97 Qpﬁ) = lim <\/K€—n+r (T - r_)M/r+> ¢1 (7\;79,@1 (T)> ’



where v, , o (r) is the incoming radial null geodesic, parametrized by v, that encounters H' at

the point of Kruskal-Boyer-Lindquist coordinates (0,V, 0, cpﬁ) ; the description of this geodesic in
Kerr-star coordinates is

1

— _ * = * _ f *

Tt (1) = (t = log(V),7,0,¢" = ¢ Jr/\(7“+)+7r?F o ( T(?‘+))) ,

T and A being the functions defining the Kerr-star and star-Kerr coordinate systems, satisfying
(8.9). Similarly, the trace of f on $H~ is related to the limit of ® in the past along outgoing
principal null geodesics as follows :

U 1/2
fO(Uv 07 97 Soﬁ) = lim <\/Ze—/i+7“ (T - T—)M/TJF) (Z)O (’Y[—ze#pﬁ (’I”)) )

1% 1/2
fl(Uu 07 07 Saﬁ) = hm <\/Zel€+7" (T - T—)M/r+> d)l (7(_']_»9789’1 (T)> )

where ’y;]rg 4 () is the outgoing radial null geodesic, parametrized by r, that encounters = a

the point of Kruskal-Boyer-Lindquist coordinates (U, 0 ,0,0%) ; the description of this geodeszc
in star-Kerr coordinates is

= = _41 a
0 t log(U),,0,%p = of — A _ Y o mr .
7U797¢”(T) ( Ky og(U), 10, = ¢ (ry) rZ a2( +T(ry))

Proof. It is an immediate consequence of (8.22), the definition of Kruskal-Boyer-Lindquist
coordinates and the fact that in Kerr-star coordinates (resp. star-Kerr coordinates), the incom-
ing (resp. outgoing) principal null geodesics are the r coordinate lines. O

The trace of f on $T can then be related to the limit of the vector ¥ (defined in (2.51)),
solution of equation (2.56), along incoming and outgoing principal null geodesics.

Corollary 8.1. The wvector field ¥ extends as a smooth vector field on Bf®" and its trace on
9T is naturally defined as the limit of U as r — ry along incoming or outgoing principal null
geodesics. The trace of ¥ on HT is given in terms of the trace of f on $H by

Yoy, (0,V,0, of) = rl_ifg Yo (7;,9 ot )
= ((r4 —72) Ger )" VPV 0(0,V,0, 6%, (8.23)
VL (OV0.65) = Tim W (1, () =0, (8.24)

and the trace of ¥ on $~ is given in terms of the trace of f on H~ b

Vo, (U.0,0.6%) = lim ¥y (fygw(r)) —0, (8.25)
\I’l|j.), (U) 07 97 ‘Pﬁ) = Tl_igi \Ijl (’Y&g}d (T))
= ((re — ) G (r ) V/RU §1(U, 0,0, (8.26)

with
(ry —r_)Gy(ry) =2/ M2 — a2 e 2r+7+
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Proof. The relation between ¥ and f is given by, using the two expressions of G :

v - of N )i N 0 :
2
(r? +a?) 0 \/@e“” (r—r_) M+
VoV (=) G 0
r2+a?
= U ’ op 1/4 f-
O T2+a2U((T_T—) G““)

The matrix

L YV ((r—r_)Gy)A 0

r2+a?

U
0 U ((r =) Gy

is smooth on Bj"", hence ¥ extends as a smooth vector field on Bf"". Besides, on the horizon,
U reduces to
r4+iacos 6 0
\/% 0 A /ri—i—aQ cos? 0
0 D 0 74 —ia cos 6
L A\ /r3_+a2 cos2 6
and for r = r,, we have 0 = r? + a2, These identities and the facts that U = 0 on $* and
V =0 on $H~ imply (8.23)-(8.26). O
Definition 8.1. We define the trace operators :
Tg‘ D C(Xo; C) — C=(HT; C)
Usy > Yo, ’
Ty : CP(30; C*) — C®(H; C)
\I’Eo — ,¢1‘:)— ’

Yo >
U —
(o
is the solution of (2.56) in C*° (BY®") associated with Vs, .

We are now in position, for any initial data for equation (2.56) in H, to prove the existence

of a trace on H* of the corresponding solution of (2.56) and to relate this trace to the image of

the initial data by the inverse wave operator Qﬁﬁ o

(8.27)

(8.28)

where

Theorem 10. We consider the C* diffeomorphisms S;)t from $H onto X defined by identifying
points along incoming (resp. outgoing) principal null geodesics. Their expressions in terms
of Kruskal-Boyer-Lindquist coordinates on $* and Boyer-Lindquist coordinates on Yq are as
follows : first for S}g, we have

+ ' U A
P(E0ve) = T (o). (529
9 (gg(o,v,e, goﬂ)) ~ 9, (8.30)
+ ) — b ¢ + fy) —
90(35(07‘/79790)) = ¥ Ti+a2 (T <3ﬁ(0,‘/,9780)> T—i—)
2Ma r (3:%_(07 ‘/a 07 gpﬁ)) -+
_ri g Log < p— , (8.31)
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T~ being the inverse of the function T defined in (8.9) ; and for S, we have similar formulae

r (SE,(U,O,H, soﬁ)> = 7! (;Log(U)) ; (8.32)

0(550.0.6.69) = 0, (8.33)
o (850.0.0.69) = &= (r(5500.0.69) - 1)
2Ma (35U, 0,0,0%) —ry

o Log < p— : (8.34)

The trace operators 7}?[ (defined in (8.27)-(8.28)) extend in a unique manner as bounded op-
erators® from H to L? (ﬁi;dVOh:):t), where the measure dVolg+ on $T is the pull-back of the
volume measure dr.dw on Xy by the diffeomorphism 3}5 They are related to the inverse wave

operators iﬁi — the diffeomorphisms Sjﬁt as follows :

~ -1
(5,0, ) (r0.0) = (T, ) ((35) 7 (16,9)) (8.35)
that is to say, 7}% 1s the pull-back (S%t)*iﬂﬁpn of the inverse wave operator iﬂipn by the

diffeomorphism Sf.; .

Proof. We first establish the expressions of the diffeomorphisms %’}Jt We start with Sg
Given V. > 0 and (9+,<pﬁ+) € 5%, we denote by (tg = 0,79, 00, o) the Boyer-Lindquist coor-
dinates of g;g(o, Vi, 04, cpi) and we calculate them in terms of V0., goi. Along an incoming
principal null geodesic, t*, § and ¢* are constant. This already gives us (8.30). Using the defini-
tions of ¢* and of V', we have, on the incoming principal null geodesic going from (tg, ro, 6o, ©0)
to (07V+a9+790a) : 1

tt = K—Log(‘@) = t() + T(T’o) = T(T’o)
+

which entails (8.29). In order to calculate ¢p, we express the vector V'~ in terms of Kruskal-
Boyer-Lindquist coordinates (using the expression of n® in these coordinates) :

_ rP+a? 9 a(r?-r1) 9

This shows that along an incoming principal null geodesic,

-ﬁ__a(TQ—rgr) _ a r+ry
LA A(r2 +a?) (12 4a)r—r_’

Consequently, we must have

T4
ﬁ_ﬁtrg = — a / T+r+d’l“
@ — ¢*(to, 0, b0, 0) (2 +a?) )y T
a 2Ma To — T—
= ——(ro—ry)+ Lo :
(ri—i—aQ)(O +) (r? +a?) g<r+—r_>

5These operators can also be understood as trace operators acting on solutions of (2.56) in C (R¢; H), instead

of on their initial data.
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Moreover, the definition (8.20) of (f shows that this coordinate function coincides with the
Boyer-Lindquist function ¢ on g, which gives (8.31). The verification of (8.32)-(8.34) is done
in the same manner, working with outgoing null geodesics and star-Kerr coordinates instead.

We now justify the existence of trace operators for minimum regularity solutions and their
relation to the inverse wave operators. We consider some initial data ¥s, € C§°(2p) and ¥ the
associated solution of (2.56). As observed in remark 8.1, we have

s— lim e PNl (PY)=s— lim e "PNj_¢Px
t—+o00 t—+o00

where j_ € C*°(R), suppj— C R~ and j_ =1 on | — 00, —¢[, € > 0 and small. We denote by
U(t) € C3°(X) the restriction to ¥; (~ X) of the solution W. As remarked above, we have for
(r0,00, ¥0) given in X,

i, ey 0 ( Gto®) (Fu (970, 60, 20)
(7P, ) (0. B0 ) ((y (1) (F, (t)(T’oﬁo,(Po)))

_ ( j—(ro + t)o(t) (Fu-(t)(ro, 0o, ¢0)) >
—(ro — )1 (t) (Fy+ (t)(ro, 0o, ¥0))
_ < o(t) (Fy

o(t

1(t

- (t)(ro, 00, %0))

; 0, Y0, o )
B ( Yo (Fy-()(0,70, 00, ¢0)) >

0

for t large enough. The line
{F”Uf (t)(o') T0, 907 ()00) ) te R}
is exactly the principal null geodesic v

(3;)71(7"0,907@0)
>0, parametrized by t instead of r. This change of parameter is analytic and given by :

t <”<s;>1<m,eo,m(”> = (1) +7a(r0)

going through the point (0, rg, 8, o) of

in other words

Fo- (t)(()? ro, 0o, 900) = 7(_3+)—1(T0 90,0) (T(_t + 7’*(7’0))) .
Jj b b

As t tends to 400 along this line, r tends to 7y, hence, we find

llmr~>7‘+ 7,/)0 <7(S.J6r)l (ro,00,%0) (T)>

0

lim <e*itPNj_€itDK‘Ifzo> (r0, 60, p0) =

t—+00

This shows that QBJI} on

Uy, and 7};r (Uy,) 0 (S;;)*l coincide for smooth compactly supported
data Uy,. Since Qﬁ+ Hopn extends by density to a bounded operator from H to H™, this entails
that 7.+ also extends to a bounded operator from H to L? ($§*; dVolg+). A similar construction

can be done for W7 and ’7};. O

H,pn

Remark 8.4. The equality T. = (Sﬁ) QBJI_} pn Can be explained in a more visual manner for
smooth compactly supported data. Ast — +oo, the hypersurfaces Xy accumulate on the horizon
and the limit of the quantity j_e™Px Uy, is simply the trace of the solution ¥ on H (see figure
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Figure 2: The hypersurfaces ¥; in (U, V, 8, ©*) coordinates and the effect of the function j_.
We have represented the hypersurface ¢ = 0 and three hypersurfaces of constant positive ¢ for
t3 > to > t1. The effect of the cut-off function j_ is to obliterate all that happens in the striped
region, corresponding to 7, > R.

2 for a description of the way the hypersurfaces accumulate on the horizon and of the effect of
the cut-off function j_ ). The operator e PN pulls back for a time interval t the first component
of ¥ along the incoming principal null congruence and its second component along the outgoing
null congruence. At the limitt — +o00, acting on the trace of ¥ on T, whose second component
18 zero, it simply pulls back the trace of ¥ onto g along the incoming null congruence.

8.3 Inverse wave operators at infinity as trace operators
8.3.1 Penrose compactification of Block I

The Penrose compactification of the exterior of a Kerr black hole is done using two independent
and symmetric constructions, one based on Kerr-star, the other on star-Kerr coordinates. We
describe explicitely only the first of these two constructions, following [46].

Past null infinity is defined as the set of limit points of incoming principal null geodesics as
r — +o00. This rather abstract definition of a 3-surface, describing the congruence of incoming
principal null geodesics, can be given a precise meaning using Kerr-star coordinates. We consider
the expression (8.14) of the Kerr metric in Kerr-star coordinates and replace the variable r by
w = 1/r. In these new variables, the exterior of the black hole is described as

1
BI:Rt*x]O,[ x S2 ..
4 Ly 0,0

The conformally rescaled metric
(8.36)



takes the form

. 9 2Mw? b0 AMaw?sin?60 |
g = (w———F——|dt ——————dt*dy
1+ a?2w? cos? 6 1+ a?w? cos? 6
2M a?w? sin? @
2,2 .9 2
‘(1” v +1+2wzw) sin“6 dy
-(1+ a?w? cos? 9) d6? + 2dt*dw — 2asin? 0 de*dw .

This expression shows that g can be extended smoothly on the domain

L 2
Ry x [0, ML) X S px -

The hypersurface
I = Ree x {w = 0} x 53,

can thus be added to the rescaled space-time as a smooth hypersurface, describing past null
infinity as defined above. This hypersurface is indeed null since

oy = —d6? — sin? 0 dp*?
is degenerate (recall that I~ is a 3-surface) and
det (9) = —w'p'sin® g = — (1 + aw? cos? 0) " sin” ¢

does not vanish for w = 0.
Similarly, using star-Kerr instead of Kerr-star coordinates, we describe future null infinity,
the set of limit points as r — 400 of outgoing principal null geodesics, as

J* =Ry x {w =0} x 5.,
The Penrose compactification of block I is then the space-time
(Br, §), Br=Brustuszun uituig,

g being defined by (8.36). In spite of the terminology used, the compactified space-time is not
compact. There are three “points” missing to the boundary : i,, or future timelike infinity,
defined as the limit point of uniformly timelike curves as t — +o00, i_, past timelike infinity,
symmetric of i1 in the distant past, and ig, spacelike infinity, the limit point of uniformly
spacelike curves as r — 4+00. These “points”, that can be described as 2-spheres, or even blown
up further, are singularities of the rescaled metric. See figure 3 for a representation of the
compactified block I. We conclude this paragraph with a useful result concerning the behaviour
at null infinity of the Newman-Penrose tetrad [*, n®, m®, m® :

Proposition 8.2. Fach vector field of the Newman-Penrose tetrad 1%, n®, m®, m® extends as
a smooth vector field over By UJT UJ~. All the frame vectors vanish on I~ (resp. IJ*) except
1% (resp. n®) which coincides there with the future oriented null generator up I~ (resp. IT).
Consequently, the spinor fields o and 1* extend as smooth spinor fields on By UIT UI~, o4
does not vanish on I~ but vanishes on It while 1* does not vanish on I* but vanishes on I~
The spin-frame (64,i4) = (Q 0%, 1) is a smooth non-degenerate normalized (relative to the
metric §) spin-frame over By U Jt. Symmetrically, the spin-frame (64,14) = (04, Q7 14) is a
smooth non-degenerate normalized spin-frame over By UJ™.
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\ Past timelifee

infinity
Figure 3: The Penrose compactification of block I, with two hypersurfaces 5 and ¥, t > s.

Remark 8.5. These properties are well-known for more general space-times admitting a reqular
null infinity (see [50], Vol. 2). We prove them here explicitely.

Proof.
We first express each of the frame vectors in Kerr-star coordinates, using (8.10)-(8.13) :

0

la
oz

1 2A3
v+2<
P

1 8 r 2442 0 0 a 0
= + +a=] += ,
\/E K p2 N or) . Adp*

. 0 1 — 1 g
" e T V2Ap2 V202 \Or

0 8

r

a9 L (; sin ¢
m = —— |iasin .
Ox® V2 ot* 09 sin 0 890
Going over to coordinates t*, w, 8, ©*, we obtain :
. 0 1—2A2<8> 2A<r2+a26 a8>
l = w” | 7 +4/— + — ,
Ox® 20 p? ow 0> A Ot Adp*
0 0 1 9 ( 0 )
n = w | =—
ox? A /2Ap2 ow Kx
i o 1 8 +£+L 0
oxe f 90 sinfdp* ) -

76



All three vector fields are smooth on By UJT UJ™ ; [* is the only one not to vanish on J~ and

0

[*—

ox®

0
_\@%7

w=0

i.e., on J7, % is the future oriented null generator up J~. A similar calculation can be done for
J* using star-Kerr coordinates and identities (8.15)-(8.18). We obtain in particular that

9
ox®

na

0
-2l

w=0

The properties of the spin-frame (64,74) = (0, Q7114) are easily proved by noticing that the
vectors 1%, Q72n%, QO 'm® and Q~'m?® are all smooth and non vanishing over =, and define
on By UJ~ a normalized Newman-Penrose tetrad for the metric §g. The same can be done for
(64,14) on IT. O

8.3.2 Interpretation of the traces on J*

The conformal invariance of the Dirac equation entails that a spinor field ¢4 € L2 _(Br; Sa)
satisfies equation (2.5) if and only if the rescaled spinor field (]BA = Oty € Ll20c (Br; Sa)
satisfies on By

VA% 4 =0, (8.37)

where V, is the covariant derivative associated with the rescaled metric g. We consider for
(2.5) initial data ¢4(0) € C5°(Xo) and ¢4 € C™ (R, C3°(X; Sa)) the associated solution. The
support of the spinor field qg 4 remains far from iy and therefore, by standard arguments’ of
regularity of the solution of Dirac’s (or Weyl’s) equation on a smooth space-time, QAS 4 extends as
a solution of (8.37) in C> (B;). Now, the vector field ¥, defined in relation to ¢4 by (2.51), is

related to ¢4 as follows :

B Ac?p? 1/4 04 - Ac?p? A OAQEA
=y ((r2+a2)2> ( Apa ) = e <(r2+a2)2> ( Ada ) .

The matrix U, defined in (2.50), as well as its inverse, can be extended smoothly over B;, and

the same is true of the quantity
Q< Ao p? )1/4
(r2 + a2)?

Moreover, by proposition 8.2, 04 and ¢4 extend as smooth spinor-fields on B; UJT UJ~. All this
entails that the vector field ¥ extends as a smooth vector field over B; (the regularity over $
was shown in the previous subsection).

Remark 8.6. Noting that U reduces to the identity matriz on I, proposition 8.2 entails that
the trace of U on JT is simply the second component of the trace of gZ;A on It in the spin-frame
(6‘4, ZA) that is reqular and non-degenerate on J*. Similarly, the trace of ¥ on J~ is the first
component of the trace of (;ASA on I~ in the spin-frame (62,14 that is reqular and non-degenerate
onJ™.

"These arguments are explained in details for a non-linear wave equation in [47]. Their application to the
Dirac case is identical.
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Arguments similar to the ones used for the horizon now allow us to interpret the inverse
wave operators at infinity as trace operators on J* -

Theorem 11. We denote by 3; (resp. §y ) the C*° diffeomorphism from It (resp. ) onto
Yo defined by identifying points along outgoing (resp. incoming) principal null geodesics in By.
They have the following explicit expressions (3; being defined in terms of star-Kerr coordinates
and §y in terms of Kerr-star coordinates) :

FrCt, w=0,0,%) = (t=0,r=T""(=%), 0, p="p+ AT ' (-*))) ,
Sy, w=0,0,¢) = (t=0,r=T7't"), 0, p=¢"—AT'(t")) .

We define, on I, volume measures dVolsx as the pull backs of the measure dr.dw on %o by
the diffeomorphisms S’ji The trace operators 7#, that to initial data ¥y, € C§°(Xo) for (2.56),
associate the smooth trace on J* of the associated solution U, extend as bounded operators from H

to L? (J%;dVolyx). They are related to the inverse wave operators QNUOiOJm via the diffeomorphisms
8

(WL s, ) (r.6,0) = (T50s,) ((57) 7" (r610)) (8.38)

In other words, 7?: = (S;t)* Ein:oto,pn‘

8.4 The Goursat problem

Putting together theorems 10 and 11, we obtain the interpretation of the scattering theory for
equation (2.56) as the solution of a singular Goursat problem on By :

Theorem 12. The global inverse wave operator WJZ (resp. Wp_n) is a representation of the
trace operator that, to initial data for (2.56), associates the trace of the solution W on the null
hypersurface in By, singular at its vertex, §T U I (resp. $~ UI~). The scattering theory of
theorem 9 states that these operators are isomorphisms (even isometries) from H onto H™ ®H™T
(resp. HT @ H™), i.e. that the solutions are completely and uniquely determined by their trace
on HT UITT (resp. H~ UJI~). This is exactly saying that the Goursat problem for (2.56) is
well posed on HT UITT (resp. $~ UIT~). The direct wave operator W, (resp. W, ) then
solves this Goursat problem by associating to the null data, the initial data on Xy of the unique
corresponding solution.
More precisely, we define the future trace operator

" — L*(HF;dVolgs) ® L2 (I+; dVolys ) =: Hp

\PEO — (7};{—\1}207 7?_\1/20) = ((3%—)*@41;4371\1/207 (g;)*ghio,pnquo> .

TF:

Tr is an isomorphism, i.e. for each ® € Hp there exists a unique ¥ € C(Ry;H) solution of
(2.56) such that ® = TpW(0). A similar formulation is valid for the past.

Remark 8.7. It is interesting to remember that the hypersurface $T UJIT (resp. H~UIT™) on
which the Goursat problem is solved, is singular at its vertex because the conformal metric is
singular there. This means that there is mo choice of conformal factor Q that would make the
corresponding rescaled metric regular and non degenerate at i4. In the time-dependent scattering
theory that we have constructed here, this singularity is not really seen ; we have two separate
asymptotic regions and iy are considered as points at infinity on I* and HT (similarly iy is
understood as a point at infinity on IJ*).
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