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1 Introduction

Spin 3/2 massless fields are of particular interest in two important domains of mathematical physics.
Firstly in supersymmetry, a theory of gravitation with spin 3/2 source which studies intensively
Einstein’s vacuum equations coupled to the Rarita-Schwinger system (a particular form of spin 3/2
field equations), secondly in twistor theory where twistors, in flat space-time, can be interpreted as
charges for such fields. This is due to the crucial role they seem to play in general relativity. Indeed,
if we consider the Dirac equation for the first potential of a spin 3/2 zero rest-mass field

VAA/U%/B/ =0, ohp = U(CA/B/)a (1)
the vanishing of the Ricci curvature is the consistency condition for such an equation in curved
space-time (see for example [2]). Such a close connection with Einstein’s vacuum equations is quite
remarquable. However, spin 3/2 fields have not to this day been studied from the point of view
of hyperbolic partial differential equations. It is the purpose of this paper to set up a technical
basis which will allow further analytic investigations in the future. We choose a particular Ricci-flat
space-time : the Schwarzschild black-hole, on which we solve the global Cauchy problem for equation
(1) for solutions with minimum regularity. This study is a first step towards the understanding of
more difficult questions like the development of a time-dependent scattering theory for spin 3/2
fields on black-hole space-times. Besides, as mentionned above, it is related to an important issue in
twistor theory : the interpretation of twistors as spin 3/2 charges. It is known (see [10]) that using
a topological construction in flat space-time, one can give an alternative definition of a twistor as a
charge for a spin 3/2 field. It is also known that such a construction in general Ricci-flat space-times
has to be impossible. But it is not clear where the obstruction should arise in the construction itself.
From [10], we know that this obstruction can be of two possible natures : either topological, no more
will be said about this aspect here, or analytic, in which case it would be some pathological behavior
of the propagator of the first potential modulo gauge. Solving the Cauchy problem for equation (1)
in Schwarzschild’s space-time will give us the beginning of an answer to this conundrum.

The article is divided as follows : in part 2, we give a general description of spin 3/2 field
equations in flat and Ricci-flat space-times. In the third part, we describe in the Schwarzschild
case the procedure given by the Newman-Penrose formalism for translating spinor equations into a
form more suitable to a PDE-type analysis; this description is done in the simple case of the Dirac
equation. Then, we apply this procedure to spin 3/2 equations. We obtain a system of coordinate-
dependent partial differential equations for which we solve the global L2-Cauchy problem in part 4.
In this last part, the method is similar to what can be found in [1] and [9].



2 Spin 3/2 zero rest-mass fields in flat and Ricci-flat space-
times

Wave equations with arbitrary spin were first introduced by P.A.M. Dirac [4] in 1936, using the
fundamental relativistic relation between energy and momentum for a free particle with rest-mass
m:
pi—pi—p,—pi-m*=0

where p; denotes the energy of the particle and p;, py, p. the three components of its momentum.
His main purpose, as in the case of the electron wave-equation, was to obtain first order systems
which make the application of Lorentz transformations straightforward. For a single particle of mass
m and spin s, he defined a finite sequence of spinors describing the field and its successive potentials.
He also proposed a method for taking into account the electromagnetic field. Following his work,
M. Fierz and W. Pauli [5] discovered that his method led to inconsistent equations as soon as the
spin was greater than 1. Keeping Dirac’s equations in the force-free case, they introduced in the
Lagrangian auxiliary tensors (for integral spin) or spinors (for half-integral spin) of lower rank and
derived their equations from a variation principle without having to introduce extra conditions. W.
Rarita and J. Schwinger [14] then found an alternative formalism for the description of particles
with half-integral spin and gave a detailed description of the spin 3/2 case. They introduced a new
Lagrangian, without auxiliary quantities, which anyway enabled them to take the electromagnetic
field into account. A particularly interesting feature of their work is the fact that they did not
describe spin 3/2 particles as fields but as the first potential of the field modulo gauge, which is
exactly what we have to do in curved space-times.

In 1965, R. Penrose [11] described Dirac’s equations for massless particles in the framework of
2-spinor formalism where they have a particularly synthetic expression. In the case of spin 3/2 zero
rest-mass particles in Minkowski space-time, Dirac’s equations can be expressed as follows : the field
is described by a valence-3 spinor v satisfying

Yapo =Vapcey, V¥ Yapco =0 (2)
Locally at least, there exists a potential Jg, p such that
c C AA _C
UA/B/:U(A/B/), V UA/B/:O (3)

and
¢A’B’C’ = VCC' US’B/ . (4)

The gauge freedom for the choice of 0§, 5, is given by
oGp g+ Vgmar, (5)
74+ being a solution of Weyl’s neutrino equation (helicity +1/2)
VAA/WA/ =0. (6)
Note that V&, 74/ is symmetrical in A’, B if and only if 74, satisfies the Weyl equation. Indeed,
V%?TA/ = V(CB/TFA/) + V[%,WA/] = V(CBMTA/) + Vcc/ﬂczeA/B/.

We can also find, locally, a second potential pﬁ,c satisfying

BC 4
pBE = oD, AN REC =0 (7)
and
oSp = Vi (8)



with the gauge freedom

pﬁ/c [— pﬁp + VE/WC - iEBCWA/, VBA/wB = 727:71',4/. (9)
The coefficients in the previous line are chosen so that, when one considers for the gauge quantities
w? and 74 the gauge transformations which leave the potentials unchanged, the new kind of gauge
quantities exhibited will satisfy the twistor equation. Eventually, there is a third potential x5,
which is a Hertz-type potential; it doesn’t satisfy a first order wave equation but is a solution of the
usual second order wave equation. Moreover, it is symmetric, thus

where )
O=Vaa Vi (11)
and also
pE/C = VAA/XABC. (12)
Note that the field and the first two potentials also satisfy
Dapc =0, 0o =0, Oph° =0. (13)

The Rarita-Schwinger description of spin 3/2 massless fields takes only into account the first potential
og, g and makes no assumption about its symmetry. In this paper, we consider only the force-free
case and we adopt the Dirac form.

The generalization of these equations to curved space-times requires caution. For zero rest-mass
fields with spin s > 1, one needs to take account of Buchdahl’s consistency conditions (see [2], [12])
which are algebraic conditions relating the solutions of the field equations to the conformal curvature
(Weyl spinor) of the manifold. The case s = 3/2 has this remarkable feature that the vanishing of
the Ricci curvature is the condition for a potential ag, 5 to be consistent in a curved space-time
and we see that the zero rest-mass equations for this value of s are tied up with Einstein’s vacuum
equations. However, the first order wave-equations satisfied in the Minkowski case by ¥4/ p/¢/ and
pﬁlc are now inconsistent. Even if we tried to define the field from its first potential by

Yaper =Veooiip,
we would find that the quantity thus obtained is not invariant under a gauge transformation of o
and therefore the definition is not satisfactory. It turns out the only description of the field we have
access to is an indirect one, as the first potential o modulo its gauge freedom, which coincides with
the field derived from o in flat space-time but replaces it on a curved Ricci-flat background. This is
a Rarita-Schwinger type description of the field. For more details, see for example [10].
In summing up, the system we mean to study is
AA' _C c c
V [y Ys:1 :O, TAr B :U(A/B/) (14)
together with the gauge freedom
oG — 0S5 + VST, VA 4 = 0. (15)

We also have the second potential pE¢ satisfying

BC
phe =9, 05 p = Vapph° (16)
with its gauge freedom
B pBY 4+ VEWC —ieP% 0, Vpaw®? = —2ima. (17)

pflc no longer satisfies a first order wave equation and therefore we also lose the Hertz-type potential.
Note that system (14) has 8 equations for only 6 independent unknowns, but one can reexpress two
equations as constraints which are conserved by the evolution.



Remark 2.1 It is not our purpose here to study the concept of first potential modulo gauge which is
really an element of a sheaf cohomology class. We are only interested in studying the propagation of
this somewhat strange quantity. The gauge being a simple Weyl neutrino field, it is known to have
a “well-behaved” propagator on Ricci-flat space-times. Therefore, it is the potential itself, its gauge
freedom left aside, on which we will focus our attention.

Notations : We use essentially the same notations as in [12], [13] : abstract spinor indices are
denoted by light-face sloping capital latin letters, numerical spinor indices are denoted by bold-face
upright capital latin letters and take their values in {0, 1}; abstract tensor labels are represented by
little light-face sloping latin letters and correspond to a pair of spinor indices, one unprimed the other
primed, clumped together. We use bold-face upright little latin letters for numerical tensor labels,
which are not composite indices and take their values in {0,1,2,3}. Numerical indices referring
to a null tetrad take their values in {1,2,3,4} and are labelled by little latin letters enclosed in
parentheses. Brackets on each side of a group of indices denote symmetrization and square brackets
correspond to skew-symmetrization.

Let (M,g) be a Riemannian manifold, C5°(M) denotes the set of C*° functions with compact
support in M, H*(M, g), k € IN is the Sobolev space, completion of C§°(M) for the norm

k
11y = VI f, VI f) dp,
o =3 [ (P4V)

where V7, du and <, > are respectively the covariant derivatives, the measure of volume and the
hermitian product associated with the metric g. We write L?(M, g) = H°(M, g).
The 2-dimensional euclidian sphere S2, w = (6, ), is endowed with its usual metric

dw® = d6? +sin®0dp? , 0< <7, 0< p < 2m.

3 Application of the Newman-Penrose formalism to the tran-
slation of spin 1/2 and 3/2 equations in the Schwarzschild
case

In the manifolds of general relativity, the translation of spinor field equations into a coordinate
dependent form relies essentially on the choice of a null tetrad. Associated with a spin-frame, such a
tetrad can be used to define the Infeld-Van der Waerden symbols; then, one can express the covariant
derivative of spinor fields V 44/ in terms of partial derivatives in the coordinate basis.

On the manifold R, x]0, +0o[, xS2, we introduce the coordinate basis go®. The relation to the
more usual geometrical notations is given by

9
ot ’

a

90

a

g1

0

— = = . 18
or y g2 90 , 33 830 ( )
The associated covariant dual basis is denoted by g,®. The Schwarzschild metric on our manifold

has the form
gapdz®dz® = Fdt* — F~'dr® — r? (d6? + sin® 0dy?) (19)

where F(r) =1 — 2M/r, M being the mass of the black-hole and 7o = 2M the radius of the black-
hole. We can, without loss of generality, assume 2M = 1 and F = 1 — 1/r. This can be obtained
simply by multiplying the metric by the conformal weight 1/(2M)? and replacing ¢ and r by t/(2M),



r/(2M). The tetrad defined by

is a null tetrad satisfying the orthonormality conditions
“ng =1, m%m, =—1. (24)

It is chosen so that the “extent” of all the vectors is the same, where we define the extent of a vector
as

IV = [gas| VAV (25)
The associated null covectors are
1
la = g lb _ (F1/2 aO _ F—1/2 a1> , 26
gk’ = 75 g g (26)
1

ng = gapn’ = = (F1/29a0 - F_l/zgal) 7 (27)

b_ T 2, s 3
Me = gapM’ = — (g + 18infg,”) , 28
Gab 7 (9 9a°) (28)

— —p _ T 2 3
Mg = Japt. = —= (ga° — isinfqg,”) . 29
Yab 7 (9 9a°) (29)

Using this null tetrad, we convert the Dirac-Weyl electron wave equation into a system of par-
tial differential equations and check that we find the standard form of the Dirac equation on the
Schwarzschild metric. To this purpose, we begin by calculating the Infeld-Van der Waerden symbols
and the spin coefficients.

Considering the null tetrad [*, n®, m®, m® as being associated with a spin-frame 564 =0t et =14,
ie.

1°=0%%" | no=N" ) me =00 me =0, (30)
the Infeld-Van der Waerden symbols are defined by
a _ s m? AA Na —Ma
gAA = ( me  n2 ) ) Ja - ( —Ma la ) (31)
Replacing the values of the components of the null vectors [*, m®, m®, n® in the previous expressions,
we get
F71/2 1 0 F1/2 1 0
0_ A==
1 0 1 1 0 =1
2 3
2 , B — (7 , 33
mat= (1 0) =g (G0) 33)
, FV2 0100 D e A
gOAA - ) glAA = o ) (34)
V2 0 1 V2 0 1
Aaa’_ T (01 AA’_ Tsind (0 —i



Then, we calculate the spin-coefficients of the Newman-Penrose formalism :
K =17311, p=7314, €= % (y211 + Y341),

O =313, [ =243, V=73 (V212 + V342),

(36)
A=Youa, T=rys12, =3 (y214 + Y344),
V=122, T=a1, B=73 1213+ 7343)-
The Ricci rotation-coefficients 7(;)(j)(x) are defined by
1
Ymw = 5 Qamw +AmnG = Anmo) (37)
where
b b
Ak = €@anb (€@ ew” = emem”) , (38)
e()® denoting the components of the elements of the null tetrad :
e =10*, e*=n*, es*=m? , e =m" (39)

The notation , corresponds to the derivation with respect to the a-th variable. Due to the anti-
symmetry of A¢j)k) in 7, k, we have 24 coefficients to evaluate instead of 64. Among these, the
non-zero coefficients are

FIE-1/2 F1/2
Aol = Ago1 = ——————, M32 = —Aou3 = —Mg31 = Adju3 = —— 40
211 221 22 432 243 431 143 2 (40)

cot 6
A4z = — A3z = ——. 41
443 433 2 (41)
Whence the values of the spin-coefficients :
k=oc=A=1=v=n1=0, (42)
F1/2 F'F-1/2 t 6

= B=-—a=—2" (43)

= = — s E = —_— .,
PERTTNR TR 22
We now use the previous calculations to rewrite in terms of partial derivatives the Dirac-Weyl
equation, for an electron of mass m :

-1
Viaida=pxa, p=(V2) m,

(44)
VA x4 = pga.

For the first equation, we have
VAga=eBVpada=pxa.
The components of eABV g4 ¢4 in the spin-frame 04, 1A are
Dpr=ea e PVpada = 2B Uspa,
U aga’ denoting the components of Vg a/¢4 in the spin-frame, i.e.

A'_ A__ B
VUaBA =€a’” €A EB VBA DA .



Using coordinate partial derivatives and the spin-coefficients, these components can be expressed in
the form (see [12])

Uasa = 9Ba "0A b — da,vBA A (45)

where the yga/a ™ are the spin-coefficients arranged in the following manner

D 0 1 0 1
C 0 0 1 1
AB’
’)/ABICD = 0 O/ € —KR ™ —& (46)
10 a —p A -
01 B | —o | u -
11 y —T v —

The two components ®5 and ®1, have the form
Qo = Yor100 — Yioor , P1v = Vo11r — Yaor
and we only have to evaluate the terms Wg19/, Y100/, Yo11- and ¥ypy/.

1
Vo100 = g10: 20,0 + G10r > b0, — PoV10'0° — P171070

1 10 i cote F1/2
_\/§{<7‘89 TSIHQ@(,O) ¢0 ¢0 ¢1}a

U100 = Goor"d1.¢ + goo ' P1. — ¢0’700'10 - Qf)l’Yooq1
1 F'F1/2
— S (Fg el o a8

V2 ot 4

Uo11r = g11 ot + 911 bo,r — Pov110° — 171170

1/2
N TR PR Ll

U101 = go1 21,0 + Go1°P1,6 — PoY011° — P17v011 "

1 (/10 i cote F1/2
_ﬂ{<r€)9+rsm9&p> o1+ ¢ ¢0}

Thus, we can now write equation

Viiba = pixa

in terms of partial derivatives, which gives us two partial differential equations

!
_F—l/z%l_pm(a +1+F)¢1+ (;Hcow)%

ot or 4F
rsme 890% B H\[XOI ’ 47
0 o 1 F o 1
—129  1)2 Y .z
F 8t¢0 F (6 + -+ >¢0 <69+200t9) o1
- % NG (18)
rsinf Oy 1= pvexy

As for the second equation
VA xa =BV apxa = uoa,



we put , , , ,
Dp =ca VA xa =catea?ep P A B Vapxa =2 B Uaarm
As before, Up a/g’ can be expressed in the form (see [12])

’

UaaB = gAB *XA%a — XA, TABA (49)

’

and the components of the spinor 7 4 5/, complex-conjugate of yga:c”, are given by

’

VAB/CID = Ba'cP. (50)

After the same type of calculations as before, we obtain the following partial differential form of
our second equation :

) g 1 F 170 1
F1/2mX1/F1/2(8T+ + )x1+ (89 cot9>><0/

4F
+7’sfn0 8(?,0 Xor = V200 (5D
F1/2;X0/F1/2(§+ ! +4FF:) i<§e+;cot9> X1/
+rsiin9%X1/ =20 o
If we introduce the basis of Dirac matrices
’yo:i(_go %0)’ 7a:i(£“ an> =123 (53)

0% a=0,1,2,3, denoting the Pauli spin-matrices

o (10 L (1 0 A s (0 —i
A=(o1)=(0 h)r=(T0)o=(0 ) e

ur = Xor, U2 =X1, ,u3=d1, U= —do, (55)

we see that the four-spinor

putting

U = t(ul,UQ,U3,U4) (56)

satisfies the usual massive Dirac equation (see [9])
-1 50 L o 1 F i o 1
i F2 A% — +iF2q -+ =)+ -7 = + s coth
{Z Vatﬂ ,y((’97*—’—7*4_4F>+7"’y (89+2CO

/ —M} (57)

rsva Op

for a particle of mass /2 and spin 1/2 on the Schwarzschild metric. The scaling of the mass is due
to the choice of extent for the vectors of the null tetrad. Multiplying each null vector by A~!, we
obtain the same equation with the right mass m.

We now apply the method described above to equation (14) and we evaluate its components in
terms of partial derivatives in a coordinate basis. Putting

AC _ VAA’O_C AD_A'D’'

Iy
B = A'B — 3 3 VDD/O.S'B’ = €ADEA D

Vphaps (58)



we have in a spin-frame o4, 14

’
B =eAPe AP 1N 0Y (59)

and VS, 4,5, can be expressed in the form

c d _C c c
Vppas =9pD'" 0apra+ 0 °A'B’ TDD'C

c = A{ c = B,
—0A;B’ 'DD'A” " ~0A'B; TDD'B’ - (60)
The 8 components of ¢3¢ are
00 _ _0D_A'D’ 0 01 _ 1 1
bo =€ Uppao = Yidovo — Yoo 5 ¢ = Yitoo — Yigro
00 _ 3y O 0 01 _ g 1 1
v = Yo =Yg 5 ¢ = Vg = Yo
10 _ 1D _A'D’ 0 11 _ g 1 1
b0 = Uppao = Yooro — Yoroo » %0 = Yeoro — Yoroo
10 _ g 0 0 11 _ g 1 1
= Yoo = Yoror > @1 = Yoo = Yoo

Evaluating the 16 required components of ¥ D%, g using the Infeld-Van der Waerden symbols
(32), (33), (34), (35) and the Spin—coefﬁcients (42), (43) (46), we eventually find the components of
\/iq’)g, The quantities ¢? and ¢? (resp. 9} and ¢}!) both involve the time derivative of the same
component of o, namely 08,1, (resp. ai1/). We keep

N=0, ¢0=0

as evolution equations and replace
00 _ 11 _
v = ) (U

by
D= =0, @i = =0. (61)

The two equations (61) do not involve time derivatives and are merely constraints on the solutions
of the six evolution equations. Hence, we can write (14) under the following form : putting

_t 0 0 0 1 1 1
U— (J()/()/ s Ogr17 5 01717 5 Ogrgr 5 Oqr1r 01/1/)7 (62)

we have
hUO/O/ + Ll 00/1/

(h+ F1/2

NE

) 081 = Fobo + Ls 051

m”j

’ 1/2
(h + )01,1, - gaé,l, + F 215 00,

oUu

ot 1
(h ) O + 00’1/ +E£ 2L2 T

Fy 1 F_0 F iy
(h + 7) 00/1/ + 70’1/1/ + L3 Ullll

_ha-llll + Ll 0011/

o F 1
h = F(a +4F+> (64)

where



Lk:8+<k 2)00‘594—28 , k=1,2,3, (65)

00 inf 0
— 0 3 i 0
Lk%+(k2>cot981new , k—1,2,37 (66)

together with the two constraints

2F F F F1/2 —
2h00/1/ + ( 9 > 08/1/ + Ué/o/ — T (L3 000/0/ - L2 0—?11/) = 0, (67)

2F F F F1/2 —
2h0—0/1/ + ( 9 > 0(1)/1/ + O—?lll - T (LQ O’é/o/ — L3 O'i/ll) =0. (68)

We can also check by translating the components of the gauge quantity Vg, mps into a coordinate
dependent form that its symmetry in A’, B’ is equivalent to

9 V(0 F 1 1[0 1 i

e gymo — I <a RVl ) (ae Cow) et e =0
) (0 F 1\ 18 1 i

Fz —myp Fz = - - ; — —
T e (5‘ * 4F * ) (89 * cot@) T sing 0

which is the partial differential form of (see equations (51) and (52)) :

!’
VAA A — 0.

4 Global Cauchy problem in the successive domains of H
We introduce the Hilbert space H defined by
H = {L*(]1,+oo, x S2; F~'dr® + r2dw2)}6 (69)
and the successive domains of H in ‘H, D(H°) being identified with H,
DH") ={UeMN; HUeH, 1<j<k}, keN" (70)

We also consider the spaces H. and D(H¥)., k € IN*, of the elements of H and D(H), k € IN*,
which satisfy the constraint equations (67), (68); i.e. if we write (67) in the following way

F'/? 2F F' FY?2_ F
AU =0, A:(— Ly, 2h 4+ — — — | Ly, —,0 0>, (71)
r 2 r
and in the same manner (68) becomes
F P2 2F  F FY2__
BU =0, B:(0,0,7— Ly, 2h+———, L3>7 (72)
r r r 2 T
then, we have simply
H.=KerA( |KerB (73)
where KerA is the kernel of A in H, and for k € IN*,
D(H")e = (KerA) p ) [ | (KerB) pivy = KerA[ | KerB( | D(H") (74)

10



where (KerA)p g is the kernel of A in D(H*). The spaces H, and D(H*). are the functional
spaces in which the solutions of (63), (67), (68) will live. Before we prove the existence and uniqueness
of such solutions, which will be done in theorem 4.1, it is interesting to note that spin 3/2 fields have
a natural conserved quantity given by integration of the Rarita-Schwinger 3-form on a space-like
hypersurface and that this conserved quantity is not positive definite. Therefore, there is no hope
of using it to define a norm on the space of solutions and the evolution will not be unitary. This
absence of natural self-adjointness framework will be the first problem to deal with if we wish to
develop a time-dependent scattering theory for spin 3/2 fields in the Schwarzschild space-time. The
conserved quantity is described in the following proposition

Proposition 4.1 The Rarita-Schwinger 3-form
B =ioacr Tpe dz® Ada® A dxt (75)

is divergence-free, o4, denoting the spinor, symmetric in B',C’', whose components satisfy (63),
(67) and (68). In other words, if we consider the sesqui-linear form (obtained by integration of the
3-form on a space-like hypersurface) defined for &,n € H by

<En>p = (58'0/»778/0/)L2 + (5%’1’777%’1/)L2 + (fé’lu 77(%'1')L2 + (58/1/,778'1')L2

+ (5?/1/#]3/1/%2 + (ﬁé/l/aﬁg’lf)p =+ (56'0/7778/1/)L2 + (58’1”776'0/)L2 (76)

where (, )r2 denotes the standard scalar product on L? (]1,+oo[r><,5'3),F’ldr2 +r2dw2), then for
any U,V € D(H),
< HU,V >3=— < U HV >4 (77)

and if U € C (Ry; He) is a solution of (63), the quantity < U,U > is conserved throughout time.

The proof of proposition 4.1 will use several notations which we shall introduce later for the proof
of our main theorem. Therefore we shall postpone it until the end of the paragraph, after the proof
of theorem 4.1 has been completed. Let us now state our main existence and uniqueness result

Theorem 4.1 For any initial data Uy € H, (resp. Uy € D(H")., k € N*), equation (63) admits a
unique solution U such that

UeC(RuH,) (resp. UeC(Ry; D(H"))) (78)

and
Ult=o = Up. (79)

Note that if Uy € D(H¥)., k € IN*, the solution U has the following additional reqularities which are
immediate consequences of (63)

Ue rk1 C7 (Ry; D(H*T),.). (80)
j=0

Proof of theorem 4.1 : The essential idea is to use the symmetry of the space-time in order to separate
the variables and reduce the problem to solving an evolution equation in one space dimension. This
is done by decomposing equations (63), (67) and (68) into spin-weighted spherical harmonics. We
prove global existence and uniqueness results on each sub-space of given angular dependence. Then,
theorem 4.1 follows from an energy estimate.

If we introduce a new variable r,, called the Regge-Wheeler or tortoise coordinate, defined by

re =7+ In(r—1) (81)

11



and satisfying

dr 1\ !
f_p =12 32
dr ( r) ’ (82)
if we define the isometry
g L? (J1,400[,xS2, F~tdr? + r?dw?) — L* (R,, x SZ;dr? + dw?) 83
f N TF1/4f, ( )
then we have
=0, J. (84)

Thus, we can use this isometry to simplify the expression of system (63). Multiplying each equation
by rEF'Y/4 and putting

V == t (4810/, 8/1/, Clo/l/,é-é/o/, C(l)ll/, C%lll) = 7"F1/4U (85)

we get the following system which is equivalent to (63)

1/2 —
8T*C8/0’ F L] Coll/
—8 CO/ T ECO/ T ECII ’ Fl/zL C/ /
T 5071 r 50’1 r 50’0 3 500
~0r. G = 5y = G + 5L
ov T« 5171/ 2 5171/ I3 o T 2 501/ N
’ 1/2 —
37~*<&/0/ + F?Col/o/ + 548/1/ + Fr L2 C(%’l’
1/2 —
67-*4(%/1/ + gé.&/l/ + gC?q/ + FT L3 C%’l’
1/2
_a',‘*Cll/l/ + FTL]_ C&ll/
and the constraints (67), (68) become
2F F' F1/2 —
267“*(8’1’ + (T - ) Coll/ CO’O’ - (Lg CO/O/ L2 C?’l’) == O7 (87)
2F F' F F1/2 —
267“*4-(%’1’ + (T - ) Coll/ r Clll/ - (LQ CO/O/ L3 C11/1,> == O7 (88)
which we write
. - F1/2 2F F' FY2_ F
AV =0, A:(— Ly, 20,, + — — — , Lg,,0,0), (89)
r T 2 T T
5 - F F'/? 2F F FY?__
BV =0, B:(0,0,, L2,28r*+ s L3). (90)
r r 2 T
The operator H on
H={L*(R,, x S2;dr? + dw?)}’ (91)

is isometric to H on H. Hence, it suffices to prove the theorem for the system (86), (87), (88)
associated with H. We define the successive domains of H in H

D(A*) = {VEHHJVEH1<]<k},ke]N*, (92)
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with the norm

k
V12 ey = SSIH'VIZ L ke N (93)
1=0
and in the same manner as previously
H,= KerA( KerB, (94)
D(H*). = KerA\ KerB (N D(H"). (95)
We will also need the Sobolev spaces
H* = {H* (R,.;dr?)}°, keN. (96)

Let us now separate the variables in equations (86), (87) and (88) by means of special functions
called spin-weighted spherical harmonics. Ordinary spherical harmonics, or spherical functions, arise
when considering the action of the three-dimensional rotation group Os on scalar functions defined
on the unit 2-sphere. For each [ € IN, there is a system of 2] 4+ 1 functions

{V}(0,p) € L*(S? (97)

)}719151 )
the spherical functions of order [, which is invariant under the group Os. The definition of these
functions, which merely expresses the invariance of the family under the infinitesimal generators of
the representation of O3 acting on L?(S?), is the following

z‘%Y,f =nY]!, (98)

{snllaaao <sin9§0> —Sizzeﬂ(zﬂ)}xi:o, (99)

¢iv (869 +ncot 9) Y = ‘ (;Zn\/(:l o +FDU+n) Yoy, n> L, (100)
" <689 B ncot9> yi— ’ (;z%/(:zl— n)(+n+1) Y, n<l, (101)

On the subspace of L?(S?) generated by the spherical harmonics of order I, the representation of O3
becomes irreducible. When [ varies in IN, we obtain a family of irreducible representations of O3 of all
integral orders. This family is in fact the decomposition into irreducible parts of the representation
of O3 acting on L?(S?). It follows that when normalized, the spherical harmonics

v (102

}leN,—lgngl
are a Hilbert basis of L?(S?).

If we study the action of O3 on more complex quantities like vector, tensor or spinor-valued
functions on S?, other representations will appear, characterized by a non-zero spin-weight. The
spin-weight describes the nature of the influence of a rotation around the direction of the North pole
on the value at the North pole of quantities on which the representation acts. More precisely, a
quantity with spin-weight m will, under such a rotation of angle ¢, be multiplied by ¢™¥. Let us
give a concrete example with a vector-valued function on S2. The value at the North-pole is simply
a vector in R® whose origin is at this point. Let us denote a,, ay and a, its components in spherical
coordinates and put

ay =ag+ia,, a_ =ag—ia,. (103)
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If we rotate this vector around the direction of the North pole by an angle 1, the components are
transformed in the following manner

Qr = Gp, Qg = A COSP| — Ay SN Y1, Gy = AgSiN Y1 + Gy, COS Y1
and therefore, a4 and a_ become

iy = ag +id, = elay,

a_ = ag —ia, = e “la_.

We see that a,, ay and a_ are transformed independently of each other. What we have done here
is to decompose the representation of O3 acting on vector-valued functions on the sphere into a sum
of three different representations. The representation acting on a, is identical to the one acting
on scalar functions (the radial part of the vector always remains orthogonal to the sphere when a
rotation acts, only the value of the component is modified), the corresponding spin-weight is 0. The
representation acting on a4 has spin-weight +1 since under a rotation of angle ¢; around the North
pole, a is multiplied by e™®1 and the spin-weight associated to a_ is —1. For a tensor field of
order k € IN on the sphere, we can in a similar way decompose the tensor into parts of spin-weights
—k, =k +1,..., 0,..., Kk — 1, k. Finally, the representation acting on 2-spinor fields of rank k € IN
on S? can be decomposed as the sum of simple or multiple representations with spin-weights —g

—g + L...,g -1, % Note that when k is odd, the spin-weights involved are half-integers and not
integers. In the case of spinor fields of even rank and tensor fields, the representations obtained are
single-valued, i.e. representations of O3 as such. However, for spinor fields of odd rank, we obtain
the double-valued representations which are representations of the universal (two-fold) covering of
O3: SUs.

For each spin-weight m, 2m € 7, for each [ such that [ — |m| € N, we have an irreducible
representation of order [ acting on weighted scalar fields on the 2-sphere with spin-weight m. The
invariant family of functions associated with it are called the spin-weighted spherical harmonics of
order [ and spin-weight m. They are defined in the same manner as ordinary spherical harmonics by

W (0,9) = ey, (0) € L2(S?), (104)
d?u! du! n? — 2mn cos 6 + m?
4 cot —2 + |1(14+1) — b =0 105
d92 + Cco do + |: ( + ) sin2 0 umn 9 ( )
dul,,, _ mfncosﬁul _| [(+n)(l—n+ 1)]1/2 ui,m_l, n > —lI, (106)
de sin 6 mn 0, n=—I,
dul,,, m—ncosQUl _| (L +n+1)(1—n)"? Uy i1, n <1, (107)
do sin mn 0, n=1
and we normalize them by
T 2 . 1
0 0do = —. 108
/0 |umn( )| sin 5 (108)
We also have the following recurrence relations which will be useful to us
dul,. n—mcosf )
et = i m) (= m e D], (109)
dul n—mecosf , 12
UL = - Dl — . 11
do + sin @ U, ? [(l +m+ )(l m)] um+1,n ( 0)

For a given spin-weight m, the family of irreducible representations obtained for I > |m|, [ —|m| € N,
is the decomposition into irreducible parts of the representation acting on weighted scalar functions
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on S? with spin-weight m. It follows that for any spin-weight m, 2m € ZZ, if we define the set of
indices
Im ={(,n); I —|m| €N, | —|n|] € N}, (111)

the family
{(Win(0,0)} ez (112)

is a Hilbert basis of L2 (SQ; dwz). For m = 0, we recover ordinary spherical harmonics, i.e.

Wt =Y. (113)
For a more detailed account on spin-weighted spherical harmonics, their construction and properties,
see for example [6].

Square integrable weighted scalar functions on I x.S2, I C R, with spin-weight m can be expanded
uniquely in a series of the form

“+o0o l
DY d (W (0,0), al, € L*(I) (114)

I=|m| n=-1

and this expansion will be invariant under rotations. Thus we have a way of separating the variables
for equations which are invariant under rotations, like zero restmass field equations in spherically
symmetric backgrounds. The advantage of using the Newman-Penrose formalism for translating
2-spinor equations is that we obtain a form in which the spinors are already decomposed into com-
ponents of different spin-weights. Therefore, it allows us to separate the variables without further
manipulations on the equation. In our case, putting

W’fb = (Wl_§ nvwl_l naWi n’ Wl_l nywi nvwé n) ) (l,?’l) € Il/2a (115)
2 2 2 27 27 29
with the convention i .
WE%%EWE%’_%EO, (116)
we have
H= @& HoW (117)
(L)€L, /2
and for k£ € IN*
DHY= o HeWw, (118)
(l,n)EZLy )2

the spaces H*, k € IN being defined in (96). We separate the variables in equations (86), (87) and

using the basis o . This comes down to saying that the component oy, of o5/
88) using the basis W), of [L2(5%)]°. Thi down to saying that th t 09, of o4,
has spin-weight —3/2, that ¢,;, and o(,, have spin-weight —1/2, 0%, and o},;, have spin-weight
1/2 and o01,;, has spin-weight 3/2.

Lemma 4.1 For (I,n) € Iy, if
V - V ® W’f}.’ V - ¢ (f(())/o/, fgll/,flo/ll,f&/o/,f&/ll,fll/l/) € Hk, k € ]N*,

then .
HV e H* '@ W, (119)
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and we can write HV = (ﬂ’ﬂ/) ®@ WL, with

F1/2

Or. fror — icr B2 £,

F F . pl/2
—0r for — v fov — T foo — i1 = [

' F F1/2
: O [ — 5 fon = T fo — forv
HV = (120)

1 F r1 F £0 . pl/2 4
Or, foor + 5 foor + 5 forr —ice=—fo

F1/2

F F :
3T*f(}/1/ + 7‘][&/1/ + ?f{)’l/ - fl’l’

F1/2

=0 iy —

ap = [(z-é) <z+g)]m , oz2:l—|—%. (121)

Moreover, V satisfies he constraints (i.e. V. € D(H%).) if and only if V satisfies the following radial
constraint equations

forn

where

- 2F F' ia, F3 i F2
AV = (2&»* +—- 2> fo + f0/0/ lr foror = Qr fin =0, (122)
- 2F F' i F2 i F2
BV = <28r* +— - ) forv + f1/1’ — ——flv + ——fy =0. (123)

Proof of lemma 4.1: We just need to calculate HV and the constraints using the recurrence relations
(109) and (110). The first component of HV is

(8V), =0 (oW, 0.0)) +

F1/? 1 i 0 wonl
- (ag — 5 cotf - SM@) (180w, 00.0)).

From (109) and the definition of W, we see that

sin 6 2

:‘ﬂo‘;)c+3ﬂuiﬂ%kaw—szf<9w

1 i . B n— %cot 0\ | —ing
(89 -3 cot 0 — S_mea@) Wfén(ﬂ,ga) = (39 ———— | u_ 1 (0)e

whence the first component of HV can be written

B 0 F1/2
(HV)OI()/ = (8” fg’O' — iOéleooll/> Wl 3
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The same explicit calculation for the five other components entails

B 1/2
(ar* o0 —ion £ fo,l,) wi,
p) fo _EfO —Efl _ F1/2fo wl
T« J 01/ T 0’1’ r 0’0’ Oél - 0’0’ _%n

0 F' 0 F 1 L FY? o l
ar*fl/l/ - 7]"1/1/ - ?fo/l/ - /LCKQTfo/l/ w
- (]HN’) @ WL
F1/2

87- fo/o/ + fo/o/ + f0/1/ - ZaQ fO/ll)

F1/2

F F .
ar*folll ?fol/ll + 7f10/1/ -

S
|G
(
(

ER R )W,

. 1/2
(—87.*f11,1, —iaq FTfol,l,) Wl%n
We can apply the same method to the constraint equations. From (87) we can write

F1/2

< 2F F' F 3
AV = (2374* + — - > fO'l/W + 7f&/0/Wi%n <30 + 5(}0‘50

i . P2 1 0 .
+08@> f(g)’O’W—%n + r 89 + - COtQ — ma@ f?’l/W%n

sin 2

y (110) and (109) respectively we see that

3 1 . .
— <80 + §C0t0+ 511108‘9> Wign = ZOZle%n

and

(8@ + 3 cotf — 8 > = —iagwl_ln

whence

_ 2F F/ F1/2 ) F1/2
AV = |:(287n* + — — ) fo/l/ + fo/o/ + ZOél fO/O/ — 109 f1/1/:| 7%”‘.

And in the same manner we prove

2F F’ zolez za2F2
(287"* ; > forr + f1/1/ - fi + fO’O’] Wl

which proves lemma 4.1. [J ~ ~
It follows from the previous lemma that H, and D(HF)., k € IN*, can themselves be decomposed
into spin-weighted spherical harmonics in the following way :

BV =

H, = ® HYeW., DH.= o HEeWw, (124)
(L,n)€ETy /2 (L,n)€Zy /o

where, for k € N, [ > 1/2,

H, = {V e H*; (121), (122), (123) hold}. (125)
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For (I,n) € AYY H can be written on each ]Hk, k €N, as

H, = Ed,, + Pi(r) (126)
where
E = diag(1,—1,-1,1,1, —1) (127)
and the potential
0 —jay B2 0 0 0
—i 22 _E 0 -E 0 0
0 —iap 2 _E g _E 0
Por) = v Y v 128
1r) 0 E 0 £ g, 0 (128)
0 0 E E —iay B2
0 0 0 0 —iELZ 0

is clearly a bounded operator on H*. Moreover, E0,, is skew-adjoint on H* with dense domain
H !, We can now state and prove the following existence and uniqueness result

Lemma 4.2 Let Vy € H* ® WL keN, (I,n) € Ty/2, equation (86) has a unique solution V' such
that

vec(RsH W), Vizo= Vo (129)
and we have an exponential control on the norm of the solution :
CH > 0; VEe R |V(E)|ge < eS| Vollgn. (130)
We also have
k . .
Ve N ¢ (]Rt;]Hk_] ®W,ﬁ) : (131)
j=0

Moreover, if {V{"}men is a sequence in H* @ WL such that
Vi — TV in H* @ W, m — 4o,
for each m, we have a solution of (86)
vmec (]Rt; H © W,Q) (132)
associated with Vi™ and the sequence V'™ satisfies
VT VinC (]Rt; H* WL) . m — +o0, (133)

i.e. the convergence is uniform on each compact of Ry. The solutions are continuous with respect to
their initial data. Note that the propagation speed is lower than or equal to 1.

Proof of lemma 4.2: We use essentially a fixed point (or Picart) method. Firstly, we express the
evolution system (86) with the initial data condition

Vo = Vo € HF @ W

as an integral equation
V(t) =SV () (134)
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where

t
SV(t) = e v, +/ e IETL Py (r)V (s)ds. (135)
0

The solution of (134) on C(0,T;H" ® W.), T € R, is equivalent to the solution of (86) in the same
space with the initial data condition. For T" € R, the space C(0,T;H* @ WL is stable under the
functional § and for 7" small enough, S is a strict contraction on the closed ball

{vecomm ewvee 0,71 VOl <20 Voll | (136)

By a standard convexity argument, this gives the existence and uniqueness of local solutions of (86).
The boundedness of P; entails by Gronwall’s lemma that a solution of (134) in C(0,T;H" @ W!)
must satisfy the estimate

V() lge < e Vollge where Cru = [|P1| oge (137)

L(H") being the space of continuous linear mappings from H” to itself. This a priori estimate
guarantees global existence for local solutions. Together with the linearity of the equation, it also
entails uniqueness of solutions as well as the continuity with respect to initial data. O

The next step is to see that the constraints are conserved by the evolution. We start by proving
that the hamiltonian operator on each angular dependence conserves the constraints

Lemma 4.3 Let V=VoW, c H @ W,, (I,n) € T2 In the sense of distributions we have
o F\ - . F\ -
A HNV =— |0, + = ANV, BHV =+|(0,, + = B/V. (138)

Proof of lemma 4.3 It is just a long and explicit calculation without any difficulty. We denote

V= t(f8’0’7 (g)’l’aflo’l/v Ol’O’a 01/1’7f11’1’)'
The quantity
- 2F F' ~ 0 F /- 1
AV = <2@T* + - 2) (V) +=(mv)

+z’a1F1/2(~ )0 ia2F1/2(~ )0

" , (139)

where

- 0 F1/2
H V) = 67~ 0/ ’ ) O/ ’
( V)0 Joo —ian ” Jon

- - 0
is the first component of H;V, (HN') the second, etc..., is defined in the sense of distributions.
0/1/

We develop (139) completely using the expression of the components of HV. We do the same with

F\ - F 2F F'
o E)av = (- E) (o0 + )
r r r 2

ia1F1/2

r

F i /2
TR L LS (140)
and we substract the latter from the former. Remembering that 0,, = F0, as well as the values of
a1 and ag, we will find that all the terms cancel one another. The same sort of painstaking exercise

gives

- F\ -~
BHV = (am + ) BV (141)
T
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and lemma 4.3 is thus proved. [J
As an immediate consequence of (138), for V € H°

fllV =0 = AlHlV =0, BlV =0 = BZEV =0.
The upshot of this result is that the constraints are indeed conserved by the evolution. The precise
statement is given in the following lemma

Lemma 4.4 For any initial data Vy € Hf @ WL keN, (I,n) € 11,2, satisfying the constraints
AVy =0, BV, =0,
the solution V' of (86) in C (]Rt; HF ® W,ll) such that V=g = Vy satisfies the constraints, i.e.

Ve ]60 ¢’ (RiHl7 @ WL).

The case k > 1 is a straightforward consequense of the case k = 0. However, the proof of lemma 4.4
in the case k = 0 is slightly technical and will be detailed after the proof of the main theorem.

In order to establish the global existence in C (]Rt;ﬂc) and C (Rt;D(fIk)c), k > 1, of the

solutions of (86), we use an energy estimate. Let us consider the set

K=qV=> VmaW,; V"eCPR,.), AV"=0, BV"=0,. (142)

finite

K is obviously dense in H,. and D(ﬂk)c, k > 1 and we can define on K a propagator V for (86) by
linearity. Indeed, if
Vo= > VoW, ek (143)
finite
we denote by V™ the solution of (86) associated with the initial data V{™ ® W), and the action on
Vo of the propagator V at each time ¢t € R will be given by

V(t)WVo =Y V(). (144)

By construction, V satisfies the following properties :

V(t+s)=V(E)V(s), Vt,s € R, (145)
V(0) = Tig (146)
and for any Vy € K we have
~ too ko _
V(R € € (Ris e ) () none (Res D)) | (147)

The energy estimate will enable us to extend V to the whole of H,.. Let Vp € K and

V= ¢ (C((J)’O’aC(())’l’vC?’lHC&’O’aC&’l’aCll’l’) = V(t)‘/o

We have 5
a|V|2 =iHVV + ViHV = 2Re(ViHV).
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If we integrate this identity on [0,¢] x R,., x S, we obtain

IV (#)|I% vam;:2/ 4XyRe@mmHV@»dmmﬁ& (148)

From the second and fifth lines of (86), using (120) and the constraints, we find

2

F F Fi/2 1
atCS/l/ = _6r* C&/ll — (7‘ ) 40/1/ r <a€ + = cot 0 + ) COIOI

F F F'/? 1 i
8tC8/1/ = ﬁr* C(())’l/ + <7" > CO/l/ + — <89 + 5 cotf — 511'1(9884)) C?’l’?

2

Multiplying the first equality by 2¢0;, and the second by 2¢},;,, we integrate them on [0, ¢] xR, x S2.
Adding the results to (148) and developing the right handside of (148), we obtain

VO + 165 ONZ + Io @)1

= (IVOIZ + 1601 0)lI72 + lISo1 (0)1Z2) = 1(2) (149)
where ||.|[z2 denotes the norm in L?(R x S?;dr? + dw?) and

——F1/2 1
= 2/ / Re {Colola'r‘* (0/0/ + CO/O/ (80 — —cot 0 3
RXxS2 T 2

0 F'/? 3
_Collla’[‘* CO’l’ - CO/I/ (CO’I’ + CO’O’) + Colll , (89 + = cot 9 + > <O/0/
8

0’1/

2
—0y/0r, P — EFQI P — mFCO/l/ + Py F;,/Q (3«9 + 5 cotd + ) o
+CO,1/3T*C()/1/ + Coql <I: — Fl) (o + oy F;/2 (39 + %cot@ - ) ¢
O Gl — %T(f_Fv%T+%TTf(%+;ww+ )@W
+Co/Or. Coror JFEF?/C(%/O/ +®F<O/l’ + o F:,/Q (89 + 5 cot 6 — 8 ) Conr

F1/2 3 '
+<0/1/81‘* CO/l’ + <0/1/ (Co/ll + 41/1/) —+ Co/ll , <80 + 5 cot 0 n > Clll/

F/? 1 '
_Clll/ar* Cl'l' + Cl/l/ r (ae - 5 cot 9 + ) Colll} d?ﬂ*dwds. (150)

It is easy to see, using integrations by parts in ¢ and ¢, that the terms in /() involving the angular
operators Ly, or Ly all cancel one another. The same is true for the terms involving a partial derivative
with respect to r,. The remaining terms are of the form

t F t F/
2Re/ / g— fdridwds and 2Re/ / g— fdr.dwds
0 JRxs2 T 0 Jrxs2" 2

and can be estimated by
t
2/0 IV (5) 2, ds.
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Hence, we have the following estimate for t € R
t
IVl <20Vollz + CA IV (s)ll%ds , C>0

and using Gronwall’s lemma, we obtain

Lemma 4.5 There exists a constant C > 0 such that for Vo € K andt € R
IV()VallZ, < 2e“M V1% (151)
where V is the propagator in K for equation (86).

Moreover, if we consider
o= Y I e w,
finite
it is an element of K and HV'™ (t) @ WY, is the solution of (86) in the space C (]Rt; H* Wé), ke NN,
associated with the initial data V" @ W!, i.e. for all t € R we have

V(t (HVO> S EmVIG @ W, = BV(H)V, = HV (1)

finite

whence R ~
IHV (#)]|% < 2| HVpl|%,eM.

Repeating the process an arbitrary number of times, we can write for any k € IN*

IV gay < 2VollD guye™ (152)

(H*) (HF)°

Lemma 4.5 and estimate (152) show that for any ¢t € R, V() is a bounded operator on K for the
norms in H and D(H"), k > 1. This allows us to extend V(t), t € R, as an element of the following
space

V(t)ec(ﬂc)ﬂ :rj c(p(ﬁk)c) , (153)

L (7:[0) denoting the space of bounded linear mappings from H. to itself. We have the following

control on the norm of V(¢) in all these spaces

V)| < v2eC 1, ¢ = % >0, teR. (154)

By continuity, V satisfies
V(t +5) = V(O)V(s), in L (H)  tsER, (155)
V() = () (156)

and for Vp € £ (7:(6) (resp. D(H")., k> 1)

V)V €C (]Rt; c (H)) (resp. C (]Rt; D(ﬁk)c)) (157)

as a locally uniform limit of continuous functions. If we consider Vy € H,, by continuity in the
sense of distributions, V(¢)V} is a solutions of (86) in C (]Rt;ﬂc) such that (V(¢)Vo)|t=0 = Vo and
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this solution is unique as a consequence of the uniqueness of solutions on each angular dependence.
Thus, theorem 4.1 is proved. We shall denote U the propagator for equation (63). U can be defined
explicitely from V by

U Uy = (rF1/4)_1V(t) {rFl/‘on} (158)

and U on H, is isometric to V on H in the same way that H is isometric to H. O
Proof of lemma 4.2 : Let us consider for some (I,n) € Z; 5

Vo e HY, @ WL,

We know from (138) that fllﬁlVo = 0 and BlfIlVO = 0. Denoting by V; the propagator of the
equation in H° ® W! we wish to prove that for any ¢t € R

AVi(t)Vo =0 and BV(t)Vo = 0.

To this purpose, we express V;(t)Vp, t € R*, as the limit

—k

t ~

Vit)WVo= lim (1— kHl> Vo in H @W, (159)
k——+oo

We are justified in writing so since V), is a strongly continuous one parameter group on H° @ WL (see
[7]) and moreover the limit (159) is uniform with respect to ¢ in each interval of the form [e,1/e].
Indeed, we see immediately through an argument of convergence in the sense of distributions that
the operator H; is closed and is therefore the infinitesimal generator of V;. The idea is now to prove

that, under some suitable assumptions, the operator ( — %f[l) conserves the constraints. The

estimate (130) tells us that for [Re(A)| > Co;, where Re(\) denotes the real part of A, A cannot be
an eigenvalue of H; in H° ® W! and the resolvent

RO\ H;) = (A —Hy)™ (160)

is a bounded operator on H® ® W!. We wish to prove that for A € R, |\| > K; = Max {1,Cq}, we
have the following implication

ueHL@W, = (A—H) 'weH, W, (161)
Let us consider u € HY @ WY. We put
w=(\—H) u. (162)
With this definition, we have
weH @W!, u=(\—H)weH, oW,

A straightforward consequence is that both w and Hyw belong to ]H0®W,ll and therefore, w considered
as only a function of r, belongs to (H!(IR,.,))®. In other words, we have

weH @W,.

If now we put

v=Aw (163)

then obviously v belongs to L?(IR,..) and using (138), the fact that (A — H;)w satisfies the constraints
implies

F
v + (87«* + ) v=0, (164)
r
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i.e. v is an eigenfunction of 9,, + g in L2(R,.,) associated with the eigenvalue —\. It is very easy
to see that if u is a real eigenvalue for 9, + g associated with an eigenfunction f € L?(R,.,) (the
angular variables have no importance whatsoever here), then p has to satisfy

r

<1.

Loe

lu| <

Since by assumption |A| > 1, v must be identically zero, which means
fllw =0

and in the same manner we obtain R
Blw =0

which proves the implication (161). Using this result, we have immediately that for 0 < [¢t| < 1/K]
and for n € IN* the operator
-1
t o~
n

£\
(1-1m) .
n

Since both operators A; and B; on H® ® W are closed, the limit (159) implies that V;(t) conserves
the constraints for 0 < |t| < 1/K; and consequently for all ¢ # 0 using the group property. O

Proof of proposition 4.1: In all its generality, the Sparling 3-form (see [13]) plays a very important
role in General Relativity. It is defined by

conserves the constraints and so does

B = iW o Wyodz® A dx® A dat (165)

where
Wa = VB, (166)

Ap being a solution of the Sen-Witten equation on a foliation of space-like hypersurfaces. The

property
dg =0 (167)

is a necessary and sufficient condition for Einstein’s vacuum equations to hold, together with the
connection V, being tortion-free. The 3-form that we are considering here

B = ioeciopcdz® A dab A dzt

is a special case where W, p: has been replaced with a spin 3/2 potential. It is convenient to express
0 as
- _abed — 1 b c d
B8 =1 opcTac Xy, Xo= geabcddx Adx® A dx?, (168)

€abea being the Levi-Civita tensor, i.e.
€abed = €[abed] 5 €0123 = 1. (169)
€abed Can be expressed in terms of € spinors as
€abed = 1€ ACEBDEA'D'ER'C' — 1€ ADEBCEA/C'ER' D (170)
and the equivalence between the 2 expressions of § is straightforward. Using (170), we have

ﬂ = — (O’BB/B/EAIBA — O'BB/A/EB/AB) Xq.- (171)
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0% g being symmetric in A’, B’, opp'® =0 and
B=oppt el APX,. (172)

If we want to integrate 8 on the space-like hypersurface

S =]1,4+00[, xS2, (173)
we choose
Xo =18 (174)
where t, is the unit normal to .S, i.e.
tr=F"2g0% to=F"?g,° (175)

and § is the 3-volume element on S, given by the square root of the determinant of the induced
metric on S

S = F7 1212 sin 0drdfdep. (176)
Hence, we find that
/ 8= / UBB/AIEB'ABgaOTQ sin Odrdfdp (177)
s s
and we just need to evaluate op g8 AB 9. Using concrete indices, we have
O_BB/A’EB’ABgaO _ O_BB,A’HB’ABQAA/O _ O_BB,A’EB’ABgAA/O

and the components gaa/® of ¢g,° in the spin-frame are the components of the first Infeld-Van der
Waerden symbol. After calculation and putting

Cg/c/ = TF1/4J§/C/, (178)

we find that the integral of 3 over S can be expressed as
-1
/56 = 7 { (o o) + (Clrrs Cinr) + (Corars Cornr) + (SO Sorr)

+2Re ((P1rs Conr) + 2Re (0 Coror) } (179)

where (.,.) denotes the scalar product on L? (]RT* x S2:dr? + de). From the previous expression,
we define the sesqui-linear form for £&,n € H

<& >p= (S0 M0) + (Esmis) + (Eons o) + (€00 1017

+ (&0 mo1) + (o mins) + (Sororsmor) + (€015 m570r) - (180)

We want to see that if V' is a solution of (86) in C (]Rt; 7:[6), then < V, V' >3 is conserved throughout

time. Let us first prove that for £,n € D(H),
< HEn>p=— < & Hyp>p. (181)
Considering the particular case when

fﬂ?ecfj)o (R7*)®W,£“ (lan)EII/Qa
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and &, n satisfy the constraints, it is a tedious but straightforward calculation to check that (181)
holds. Consequently, (181) has to be satisfied by any two &,n in K. Indeed, if I; and Iy are two
finite subsets of Z; /, and

&= Z oWl ek, n= Z n"mew ek,

(t,n)en (I,n)el,

then
< HEn>p=< Y H"oW., > n"eW,>;s.
(Ln)el, (Ln)els
By orthogonality of spin-weighted spherical harmonics, we can take the sum out of the scalar product
and we obtain 3 3
< HEn>p= Y < HE™@WL), 0" W, >;

(I,n)el1UI,

with the convention
Em=0if lbn)elh—1, ""=0if (I,n) eI, — L.
We can now use (181) on each angular dependence

< HEnp>p=— Y <d"oW, HnmaW),) >;
(I,;n)€IUI,

=—< Y oW, LH Y ngmeW,ss=- <& Hyp>p
(I,;n)el (I,;n)€ls

Hence, (181) holds on K and by density of K in D(H)., (181) is satisfied by any two &, 1 € D(H)..
Note that this is equivalent to (77). As a simple consequence, we can see that for Vj € D(H),,

< V(t)Vo, V() Vo >p=< Vo, Vh >3, VteR. (182)

Indeed, if we recall that
V(t)Vs € ¢ (Ris D)) ()€ (Rii e
then we have
< V(t)Vo, V(t)Vo >5€ Ct (Ry),
whence we can write

d
7 < V(t)WVo, V() Vo >p

=< HV(t)Vo, V(t)Vo > + < V() Vo, HV(H)V) > 5= 0

using (181). And by continuity of the solutions with respect to their initial data, (182) is satisfied
for any Vi € H, which is equivalent to saying that if U is a solution of (63) in C (Ry; He), < U, U >3
is conserved throughout time, where < .,. >3 is defined by (76). This completes the proof of
proposition 4.1. [
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5 Conclusion

Thus, we have established that the Cauchy problem for the Dirac equation for a spin 3/2 massless
first potential is well-posed in a natural class of functional spaces. As for the gauge quantities,
they are simply solutions of the Weyl neutrino equation, which in the zero rest-mass case can be
identified with the Dirac equation. Consequently, we know (see [9]) that the Cauchy problem for these
quantities is also well-posed in a similar family of spaces. Therefore, at least in the Schwarzschild
space-time, there doesn’t seem to be anything pathological about the propagation of the spin 3/2
potential modulo gauge. This is of course only a beginning of answer to the twistorial issue we
have mentionned in the introduction. But one would actually expect the situation to be similar in
all Ricci-flat space-times. More precisely, we have said in the introduction that the flat-space time
topological construction which allows one to define a twistor as a charge for a spin 3/2 field cannot
be carried out successfully in Ricci-flat space-times. The reason for this does not seem to be of an
analytic nature, i.e. some pathological behavior of the propagator of the potential modulo gauge
in the cone of dependence of a topologically trivial space-like compact hypersurface. Therefore, it
is more probably of a topological nature, a proper covering of S? (as described in [10]) might turn
out not to exist at each time. However, proving it should be quite difficult. It requires to study
the propagator for the spin 3/2 potential and for the Weyl field in a general Ricci-flat space-time,
which really means solving the Cauchy problem for both equations in a space of minimum regularity
solutions. Then, it would be necessary to work out the exact nature of the topological obstruction.

Along more usual analytic lines, there remains quite a lot to be done about spin 3/2 fields
in Ricci-flat space-times. Having solved the Cauchy problem, it would seem natural to develop a
time dependent scattering theory for these fields. The main problem is of course the absence of a
natural self-adjointness framework. It seems however possible to overcome this difficulty by means
of a gauge transformation, probably at the level of the Rarita-Schwinger equations. The Dirac
formulation of the spin 3/2 equations already corresponds to a gauge choice in the Rarita-Schwinger
system. A different gauge fixing could lead to a formulation where the conserved quantity is positive
definite, which corresponds to a naturally self-adjoint hamiltonian. This possibility is currently
under investigation in a joint work with L.J. Mason. It could also have interesting applications to
the theory of integrable systems.
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